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Preface

Discrete linear approximation is one of the most frequently used
techniques in all areas of science and engineering. Linear
approximation of a continuous function is typically done by digitizing
the function, then applying discrete linear approximation to the
resulting data. Discrete linear approximation is equivalent to the
solution of an overdetermined system of linear equations in an
appropriate measure or norm, with or without some constraints.

This book describes algorithms for the solution of overdetermined
and underdetermined systems of linear equations. Software
implementations of the algorithms and test drivers, all written in the
programming language C, are provided at the end of each chapter.
Also included are piecewise linear approximations to plane curves in
the three main norms, as well as solutions of overdetermined linear
inequalities and of ill-posed linear systems.

It is assumed that the reader has basic knowledge of elementary
functional analysis and the programming language C.

All the algorithms in this book are based on linear programming
techniques, except the least squares ones. In addition, Chapter 23 uses
a quadratic programming technique.

Linear programming proved to be a powerful tool in solving linear
approximation problems. The solution, if it exists, is obtained in a
finite number of iterations, and no conditions are imposed on the
coefficient matrix, such as the Haar condition or the full rank
condition. The issue of the uniqueness of the solution is determined by
methods that use linear programming. Characterization of the solution
may also be deduced from the final tableau of the linear programming
problem.

The algorithms presented in this book are compared with existing
algorithms and are found to be the best or among the best of them.

The first author developed and published almost all the algorithms
presented in this book while he was with the National Research
Council of Canada (NRC), in Ottawa, Canada. While at the NRC, the
algorithms were applied successfully in several engineering projects.
Since then, the software was converted to FORTRAN 77, and then to
C for this book.
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The second author is the son of the first author. He has been
instrumental in converting the software from FORTRAN 77 to C. He
has worked for over 25 years as a software engineer in the high-tech
industry in Ottawa, and has spent 4 years teaching courses in software
engineering at Carleton University in Ottawa, Canada.

This book may be considered a companion to the books,
Numerical Recipes in C, the Art of Scientific Computing, second
edition, W.H. Press et. al, Cambridge University Press, 1992 and
A Numerical Library in C for Scientists and Engineers, H.T. Lau,
CRC Press, 1994. Except for solving the least squares approximation
by the normal equation and by the Singular Value Decomposition
methods (Section 15.4 in the former and 3.4.2 in the latter), they lack
the subject of Numerical Linear Approximation. Also, the generic
routine on linear programming and the simplex method in the former
reference (Section 10.8) has little or no application to linear
approximation. Standard Subroutine Packages, such as LINPACK,
LAPACK, IMSL and NAG, may contain few linear approximation
routines, but not in C.

This book is divided into 5 main parts. Part 1 includes
introductory chapters 1 and 2, and tutorial chapters 3 and 4. Chapter 1
describes some diverse applications of linear approximation. In
Chapter 2, the relationship between Discrete Linear Approximation in
a certain norm and the solution of overdetermined linear equations in
the same norm is established. The L, the least squares (L,) and the
Chebyshev (minimax or L) norms are considered. A comparison is
made between the approximations in the three norms, using a simple
example. An explanation of single- and double-precision compu-
tation, tolerance parameters and the programmatic representation of
vectors and matrices is also given. The chapter concludes with a study
of outliers or odd points in data, how to identify them, and some
methods of dealing with them. Chapter 3 gives an overall description
of the subject of linear programming and the simplex method. Also,
the (ordinary or two-sided) L; and the (ordinary or two-sided)
Chebyshev approximation problems are formulated as linear
programming problems. Chapter 4 starts with the familiar subject of
vector and matrix norms and some relevant theorems. Then,
elementary matrices, which are used to perform elementary operations
on a matrix equation, are described. The solution of square linear
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systems using the Gauss LU factorization method with complete
pivoting and the Householder’s QR factorization method with
pivoting follows. A note on the Gauss-Jordan elimination method for
a set of underdetermined system of linear equations is given. This
chapter ends with a presentation of rounding error analysis for simple
and extended arithmetic operations. Chapter 4 serves as an
introduction to Chapter 17 on the pseudo-inverses of matrices and the
solution of linear least squares problems.

Part 2 of this book includes chapters 5 through 9. Chapters 5, 6
and 7 present the ordinary L, approximation problem, the one-sided
L, approximation, and the L, approximation with bounded variables,
respectively. Chapters 8 and 9 present, respectively, the L; polygonal
approximation and the linear L; piecewise approximation of plane
curves.

Part 3 contains chapters 10 through 16. Chapters 10 through 15
present, respectively, the ordinary Chebyshev approximation problem,
the one-sided Chebyshev approximation, the Chebyshev approxi-
mation with bounded variables, the Restricted Chebyshev approxi-
mation, the Strict Chebyshev approximation and the piecewise
Chebyshev approximation of plane curves. Chapter 16 presents the
solution of overdetermined linear inequalities and its application to
pattern classification, using the one-sided Chebyshev and the
one-sided L; approximation algorithms.

Part 4 contains chapters 17 through 19. Chapter 17 introduces the
pseudo-inverses of matrices and the minimal length least squares
solution. It then describes the least squares approximation by the
Gauss LU factorization method with complete pivoting and by
Householder’s QR factorization method with pivoting. An
introduction of linear spaces and the pseudo-inverses is given next.
The interesting subject of multicollinearity, or the ill-conditioning of
the coefficient matrix, is presented. This leads to the subject of
dealing with multicollinearity via the Principal Components Analysis
(PCA), the Partial Least Squares (PLS) method and the Ridge
equation technique. Chapter 18 presents the piecewise approximation
of plane curves in the L, norm. Chapter 19 presents the solution of
ill-posed systems such as those arising from the discretization of the
Fredholm integral equation of the first kind.

Part 5 contains Chapters 20 through 23. They present the solution
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of underdetermined systems of consistent linear equations subject to
different constraints on the elements of the unknown solution vector
(not on the residuals, since the residuals are zeros). Chapter 20
constitutes the L; approximation problem for the elements of the
solution vector. Chapter 21 describes (a) the solution of
underdetermined linear equations subject to bounds on the elements
of the solution vector and (b) the L; approximation problem for these
elements that satisfy bounds on them. Chapter 22 describes the L,
approximation problem for the elements of the solution vector.
Finally, Chapter 23 describes the bounded L, approximation problem
for the elements of the solution vector.

Chapters 5 through 23 include the C functions that implement the
linear approximation algorithms, along with sample drivers. Each
driver contains a number of test case examples. The results of one or
more of the test cases are given in the text. Most of these chapters also
include a numerical example solved in detail.

To use the software provided in this book, it is not necessary to
understand the theory behind each one of the functions. The examples
given in each driver act as a guide to their usage. The code was
compiled and tested using Microsoft™ Visual C++™ 6.0, Standard
Edition. To ensure maximum portability, only the most basic features
of the ANSI C standard were used, and no C++ features were
employed.

It is hoped that this book will be of benefit to scientists, engineers
and university students.
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Chapter 1

Applications of Linear Approximation

1.1 Introduction

In this chapter, we present a number of everyday life problems
whose solutions need the application of linear approximation, which
is the subject of this book. The problems presented here occur in
social sciences, economics, industry and digital image processing. In
the following, we assume that mathematical models have been agreed
upon, that observed data have been collected constituting the columns
of a matrix A, and that the response data constitute vector b. The
solution of the problem, vector x, is the solution vector of the matrix
equation

Ax=Db

The nby m, n>m, matrix A consists of n observations in m
parameters. Because of measuring errors in the elements of matrix A
and in the response n-vector b, a larger number of observations than
the number of parameters are collected. Thus system Ax=Db is an
overdetermined system of linear equations.

Equation Ax = b may also be written as

X1 +X232+ +xmam=b

where aq, a,, ..., a,, are the m columns of matrix A and the (x;) are
the elements of the solution m-vector x.

In many instances, the mathematical model represented by Ax =b
is an approximate or even incorrect one. In other instances, matrix A
is badly conditioned and needs to be stabilized. A badly conditioned
matrix results in a solution vector x that would be inaccurate or even
wrong.
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4 Numerical Linear Approximation in C

Since Ax = b is an overdetermined system, in most cases it has no
exact solution, but it may have an approximate solution. For
calculating an approximate solution, usually, the residual, or the error
vector

r=Ax-b

is minimized in a certain norm. The p-vector norm of the residual r is
given by

n 1/p
Irlp = {Z‘r(xiﬂp} , 1<p<o

i=1

There are three main vector-norms, namely for p=1 (the L;
approximation), p = 2 (the L, or the least squares approximation) and
for p=o0 (the L., the minimax or the Chebyshev approximation).
This notion of norms is repeated in Chapter 2.

The approximate solution of Ax = b may be achieved as follows:
(a) One may minimize the norm of the residual vector r.

(b) One may also minimize the norm of the residual vector r
subject to the condition that all the elements of r are either
non-negative; that is, r; >0, or non-positive; 1;<0,
1=1,2,...,n. This is known as the linear one-sided
approximation problem.

(c) The solution of Ax =b may also be obtained by minimizing
the norm of r subject to constraints on the solution vector x.
The elements (x;) may be required to be bounded

b, <x;<c;, 1=1,2,...,m

where (b;) and (c;) are given parameters. This problem is
known as the linear approximation with bounded variables.
If all the c; are very large positive numbers and all the b; are
0’s, then the approximation has a non-negative solution
vector a.

(d) One may also minimize the norm of the residual vector r in the
L, norm subject to the constraints that the lLh.s. Ax is
bounded; that is

I1<Ax<u
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where 1 and u are given n-vectors. This approximation is
known as the restricted Chebyshev approximation. If vector
1 is 0 and all the elements of vector u are very large numbers,
the approximation is known to be with non-negative
functions.

(e) Instead of solving an overdetermined system of linear
equations, we may have an overdetermined system of linear
inequalities in the form

Ax>b or Ax>0

where 0 is a zero n-vector. Such systems of linear inequalities
have applications to digital pattern classification.

6] Once more, in some cases, particularly in control theory,
equation Ax = b is an underdetermined system; that is, n < m.
The residual vector r =0 and system Ax=b has an infinite
number of solutions. In this case, one minimizes the norm of
the solution vector x (not the residual vector r, since r = 0),
and may set bounds on the elements of x.

In Section 1.2, applications to social sciences and economics are
presented. In Section 1.3, we present two applications to industrial
problems and in Section 1.4, applications are presented to digital
image processing.

For all the problems in Section 1.2, the matrix equations are
overdetermined and are solved in the least squares sense. However,
they may also be solved in the L or in the Chebyshev sense. These
problems are taken from published literature.

1.2 Applications to social sciences and economics

Let the response vector be b and the columns of matrix A be (a;),
i=1,2,..., m. As mentioned before, in all of these applications, the
linear model Ax=b is a convenient way to formulate the problem
mathematically. In no way is this model assumed to be the right one.
Whenever possible, for each problem, comments are provided on the
given data and/or on the obtained solution.

Note 1.1
The minimum L, norm ||r||, of a given problem is of importance
in assessing the quality of the least squares fit. Obviously, if this norm
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is zero, there is a perfect fit by the approximating curve (surface) for
the given data. On the other hand, if ||r||, is too large, there might be
large errors in the measured data that cause this norm to be too high,
or the used model may not be suitable for the given data and a new
model is to be sought.

1.2.1 Systolic blood pressure and age

The data of this problem is given in Kleinbaum et al. ([18], p. 52).
It gives the observed systolic blood pressure (SBP) and the age for a
sample of n = 30 individuals.
b = The observed systolic blood pressure (SBP)
a = 1
a, = The ages

Equation Ax = b is of the form
X0 + X142 = b

where 1 is an n-column of 1’s and x() and x; are the elements of x.

The straight line fit reflects the trend that the SBP increases with
age. It is observed that one of the given points seems to be an odd
point to the other points. This is known as an outlier. Because outliers
can affect the solution parameters X, and x;, it is important to decide
if the outlier should be removed from the data and a new least squares
solution be calculated. In this problem, the outlier was removed and
the new line fit was slightly below the one obtained by using all the
data.

On the other hand, if this example is solved in the L; norm instead
of the least squares, the fitted straight line would have ignored the odd
point and would have interpolated (passed through) two of the given
data points (Section 2.3).

1.2.2 Annual teacher salaries

The data of this problem is given in Gunst and Mason
([16], p. 221) and it gives the average annual salaries of particular
teachers in the USA during the 11 year periods from 1964-65 to
1974-75. By examining the average salaries vs. time, three different
curve fitting methods were used. Here, we consider only the first two;
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a linear fit and a quadratic fit
xgl +x1t=Db
and
Xol +xyt + th2 =b

where b is the average salary, a; =1, an n-column of I’s and
a, = (t}, ty, ..., t;;)", represent the tlme (years). For the quadratic fit,
b, a; and a, are the same and a5 = (tl B st HT,

The quadratic equation gives the better ﬁt since the residuals are
the smallest for almost all the points and are randomly centered
around zero. The linear fit is not as good as it offers larger residuals
and are not distributed as randomly well around the zero value.
Hence, the quadratic fit seems the best. However, it is observed that
the quadratic curve is an inverted parabola. It reaches a maximum
value and decreases after this value. This is unrealistic, as after this
maximum, the salaries of teachers decrease in the latest years!

1.2.3 Factors affecting survival of island species

The Galapagos, 29 islands off the coast of Ecuador, provide data
for studying the factors that influence the survival of different life
species. The data of this problem is given in Weisberg ([26], pp. 224,
225).

b = Number of species

a; = Endemics

a, = Area of the island in square km

ay; = Elevation of the island in meters

a, = Distance in km from nearest island
a; = Distance in km from Santa Cruz

ag = Area of adjacent island in square km

In this data, one complicating factor is that the elevations of 6 of
the islands (elements of a3) were not recorded, so provisions must be
made for this; delete these 6 islands from the data or substitute a
plausible value for the missing data.
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1.2.4 Factors affecting fuel consumption

For a whole year, the fuel consumption in millions of gallons was
measured in 48 states in the United States as a function of fuel tax,
average income and other factors. The data of this problem is given in
Weisberg ([26] pp. 35, 36). The model Ax = b is as follows:

b = Fuel consumption in millions of gallons

a; = 1, ann-columnof I’s

a, = Fuel tax in cents per gallon

ay; = Percentage of population with drivers licenses
a, = Average income in thousands of dollars

a; = Length in miles of the highway network

In this problem all the variables have been scaled to be roughly of
the same magnitude. This scaling does not affect the relationship
between the measured values. For example, it does not matter if the
elements of column a5 are expressed as fractions or as percentages.

1.2.5  Examining factors affecting the mortality rate

In 1973, a study was conducted to examine the effect of air
pollution, environmental and other factors, 15 of them, on the death
rate for (60) sixty metropolitan areas in the United States. The data is
given in Gunst and Mason ([16], Appendix B, pp. 368-372). In this
problem

b = Age adjusted mortality rate, or death per 100,000

population
a; = Average annual precipitation in inches
a, = Average January temperature in degrees F
a; = Average July temperature in degrees F

a, = Percentage of 1960 population 65 years and older
a; = Population per household, 1960

ag = Median school years completed to those over 22 years
a; = Percentage of housing units that are sound

ag = Population per square mile in urbanized area, 1960

ag = Percentage of 1960 urbanized non-white population

a;o= Percentage employed in white collar in 1960
a; = Percentage of families with annual income < $3000

© 2008 by Taylor & Francis Group, LLC



Chapter 1: Applications of Linear Approximation 9

a;, = Relative pollution potential of Hydrocarbons

a;;= Relative pollution potential of Oxides of Nitrogen
a;4= Relative pollution of Sulfur Dioxide

a;;= Percentage relative humidity, annual average at 1 pm

One purpose of this study was to determine whether the pollution
variables defined by a;,, a;3 and a;4 were influential in the results,
once the other factors (other a;) were included.

1.2.6  Effects of forecasting

This example displays a case of mild multicollinearity
(ill-conditioning of matrix A). For the subject of multicollinearity, see
Section 17.8. The problem discusses the factors of domestic
production, stock formation and domestic consumption of the
imports, all measured in millions of French francs, from the years
1949 through 1966. The data for this problem is given in Chatterjee
and Price ([14], p. 152).

b = Imports

a; = 1,ann-columnof I’s
a, = Domestic production
a; = Stock formation

a, = Domestic consumption

Statistically, this model is not well specified. The solution of this
problem gives a negative value to x;, the coefficient of a,. The reason
is that the problem has collinear data. In other words, matrix A is
badly conditioned. It means that one or more of the columns of matrix
A are mildly dependent on the others.

This example is solved again as Example 17.5 in Section 17.11,
using the Ridge equation.

1.2.7  Factors affecting gross national products

This example displays case of strong multicollinearity. The
gross national products for 49 countries were presented as a function
of six socioeconomic factors. The data for this problem is given in
Gunst and Mason ([16], Appendix A, p. 358).

b = Gross national products
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a; = Infant dearth rate

a, = Physician/population ratio

a; = Population density

a, = Density as a function of agricultural land area
a; = Literacy measure

ag = An index of higher education

The results of this data indicate a strong multicollinearity
(dependence) between the population density and density as a
function of agricultural land area (columns a5 and a,).

Mason and Gunst ([16], pp. 253-259) solved this example and
gave the results for few options, of which we report the following:

(1) They obtained the least squares solution for the full data by
ignoring the strong multicollinearity (dependence) between a3
and a,4, and as a result, matrix (ATA) is nearly singular.

(2) They used a Ridge technique (Section 17.11) to overcome the
near singularity of matrix (ATA); reasonable results were
obtained.

3) Two points that influenced the outcome of the results were
deleted. These two points were outliers (odd points) and their
influences masked one another in one of the statistical tests.
When these two points were deleted from the data, satisfactory
results for certain estimates were obtained. See Mason and
Gunst [20].

Once more, solving this example in the L, sense instead of the
least squares sense would resolve the issue of the odd points.

1.3  Applications to industry
1.3.1 Windmill generating electricity

A research engineer was investigating the use of a windmill to
generate DC (direct current) electricity. The data is the DC output vs.
wind velocity and is given in Montgomery and Peck ([21], p. 92). The
suggested model was

(131) X11+X2V:DC

where DC is the current output, 1 is an n-column of 1’s and V is the
wind velocity.
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Inspection of the plot of DC (the y-axis) and V (the x-axis)
suggests that as the velocity of the wind increases, the DC output
approaches an upper limit and the linear model of (1.3.1) is not
suitable.

A quadratic model (inverted parabola) was then suggested,
namely

Xol + XIV + X2V2 = DC

However, this model is also not suitable because the inverted parabola
will eventually reach a maximum point and will bend downwards.
A third model was suggested which is

X01 + X]V' =DC

Here, V' = (1/V). A plot of DC (y-axis) and V' (x-axis) is a straight
line with negative slope and it seems more appropriate.

1.3.2 A chemical process

This example displays a case of severe multicollinearity. This
example concerns the percentage of conversion of n-Heptane to
acetylene P. It is given in Montgomery and Peck ([21], pp. 311, 312).
There are three main factors; reactor temperature T, ratio of H, to
n-Heptane H and contact time C. Data is collected for 16
observations. The given model is quadratic, as follows

(1.3.2) P=xpl +2X1T + X22H + X%C +x4TH + x5TC + xcHC
+ X7T + XgH + X9C

That is, in (1.3.2), b=P, a;=1, a,=T, az;=H, ...,etc. TH
means each element of T is multiplied by the corresponding element
of H. Similarly, T? means each element of T is squared, etc. In this
example, matrix A is highly ill-conditioned, or one says, there is
severe multicollinearity due to strong near linear dependency in the
data. Column a, =T is highly interrelated with a, = C, the longer the
time of operation, the higher is the temperature. There are also
quadratic terms and cross product terms.

Model (1.3.2) was replaced by 5 other models which are 5 subsets
of (1.3.2). We cite two of them here: (a) Linear model, where the first
4 columns of A are kept and the other 6 columns were eliminated and
(b) All the columns with C were eliminated and the equation is full
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quadratic in T and H only. The first model still maintains
multicollinearity. The second model appears more satisfactory, since
the causes of ill-conditioning of matrix A are eliminated. This
problem is studied further in Example 17.6 of Section 17.11, using the
Ridge equation.

1.4  Applications to digital images
1.4.1 Smoothing of random noise in digital images

Digital images are usually corrupted by random noise. A gray
level image may be enhanced by a smoothing operation. Each pixel in
the image is replaced by the average of the pixel values of all the
pixels inside a square window or a mask centered at the pixel. Let the
window be of size L by L, where L is an odd integer.

We show here that the smoothing operation is equivalent to fitting
a plane in the least squares sense to all the pixels in the window. The
ordinate of the fitting plane at the centre of the window is the new
pixel value in the enhanced image, which equals the average of the
pixel values inside the window.

This idea was given first by Graham [15] and was rediscovered
later by Haralick and Watson [17]. We present here this idea and
elaborate on it.

Let N = L? be the number of pixels inside the window. Let us take
N =09, 1i.e., L =3. Let the coordinate of the pixel at hand be (0, 0). Let
the pixels around the centre have coordinates as shown in Figure 1-1.
Let these pixels be labeled 1 to 9 as shown in Figure 1-2.

=]
V(1L-1) <L,0) (-1,1)
i (0,-1) (0,00 (0,1
(1,-1) (1,0) (1,1)

Figure 1-1: Relative coordinates of pixels inside a 3 by 3 window

1 2 3
4 5 6
7 8 9

Figure 1-2: Pixel labels inside the 3 by 3 window
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Let the pixel values inside the window be given by z,
k=1,2,...,9 and let the fitting plane for the pixels be
(1.4.1) xl+xit+x3j=12

where 1 is an 9-column of 1°’s, i and j are the coordinates of the pixels,
and Xy, X, and x5 are to be calculated. By substituting the pixel
coordinates from Figures 1.1 and 1.2, into (1.4.1) we get the equation

(1.4.2) Ax=1z

which is
_ - Zl
1-1-1 s
1-10 2
1-1 1 73
1 —111*1 Zy
1 01[Xy] = |25

The least squares solution of this equation is obtained by solving
the so-called normal equation to equation (1.4.2), which is obtained
by pre-multiplying equation (1.4.2) by AT, the transpose of A
(equation (17.2.3)), namely (ATAx = ATz), which gives

90 0[|X1 Z
06 0||Xy| — 22
006 X3 Z,

where

ZIZ(ZI+Z2+...+Z9)
Zy=(—2z1—2p—23 T 27+ 23 + 29)
Zy=(—2z; t23—24+ 25— 27+ Z9)
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14 Numerical Linear Approximation in C

From equation (1.4.1), x; is the value at the centre of the window,
(0, 0), which is

9
z z,/9
k=1
or for any other size of window N = L2

N
sz/N
k=1

The obtained result proves the argument concerning smoothing of
random noise in digital images.

Smoothing random noise by applying non-square masks, such as
pentagonal and hexagonal windows were suggested by Nagao and
Matsuyama [22]. Such operations are explained in a similar manner to
the above in [3].

1.4.2  Filtering of impulse noise in digital images

Another type of noise that contaminates a gray level digital image
is the impulse noise known as salt and/or pepper noise. The noisy
image, in this case, has white and/or black dots, investing the whole
image. Filtering the impulse noise may be done by applying a simple
technique using L; approximation. The noise salt and pepper dots are
identified as follows. If the gray level intensity of the image be
measured from 0 to 256. A white (salt) noise pixel has the intensity
zero and a black (pepper) noise pixel has the intensity 256.

The L, approximation has an interesting property that the L,
approximating curve to a given point set interpolates (passes through)
a number of points of the given point set. The number of interpolated
points equals at least the number of the unknown parameters of the
approximating curve. As a result, the L approximation of a given
point set that contains an odd (wild) point, almost entirely ignores the
odd point. See Figure 2-1. Each of the salt and the pepper points in the
gray image is an odd or a wild point.

Let us have a set of three points in the x-y plane of which the
middle point is a wild point. Let us fit the straight line y =a; + a,x in
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the L; norm to these three points. According to the property described
above, the best fit in the L; norm would be the straight line that
interpolates the first and the third points. In this case, the
approximated y value on the straight line of the middle (wild) point
=(y; ty3)/2, where y; and y; are the y-coordinates of the first and
third points respectively. This idea is now utilized to filter the impulse
noise corrupting a digital gray level image.

Let the image in the x-y plane be of size N by M pixels. We first
scan the digital noisy image horizontally, one row at a time and
identify the impulse noise pixels (that have gray intensity zero or
256). We scan the image from row 1 to row N, starting from the
second pixel to the last pixel but one in each row. A horizontal
window of size 1 by 3 is centered at each noise pixel. Let the three
pixel values inside the window be denoted in succession by
z1, Zp and z3. An L fit of the three pixel values would interpolate
pixels 1 and 3 of the window. The approximated pixel value of the
middle (noise) pixel would be z, = (z; + z3)/2. This would filter the
impulse noise pixel.

At the end of this process, the noisy image is only partially filtered
as the impulse noise pixels may not all be removed. Any two adjacent
white pixels or any two adjacent black pixels in any row would not be
filtered.

We then reapply the same process to the partially filtered image in
a column-wise manner. At the end of the second process, most of the
impulse noise pixels are filtered. Experimental results [3] show that
this technique is powerful in filtering impulse noise.

143 Applications to pattern classification

We solve here overdetermined systems of linear inequalities. This
problem is discussed in detail in Chapter 16. We describe it here for
completion. Given is a class A of s patterns and a class B of t patterns,
where each pattern is a point in an m-dimensional Euclidean space.
Letn = (s +t). Usually n >> m.

It is required to find a surface in the m-dimensional space such
that all points of class A be on one side of this surface and all points of
class B be on the other side of the surface. Let the equation of this
separating surface be
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ald)l(x) + a2¢2(x) +...+ am+1(1)m+1(X) =0

where a = (ay, ay, ... amﬂ)T 1s a vector of parameters or weights to be
calculated and {¢;(x), ¢o(x), ..., dp+1(X)} 1s a set of linearly
independent functions to be specified according to the geometry of the
problem. Following Tou and Gonzalez ([25], pp. 40-41,48-49), a
decision function d(x) of the form

d(x) =a;9;(x) + aypp(X) + ... + a4 Opr1(X)
is established. This function has the property that
(1.4.3a) d(x;)) <0, x;€ A
(1.4.3b) dx;)>0, x;€ B
By multiplying the first set of inequalities by a —ve signs, we get
(1.4.3¢) —d(x;) >0, x;€ A

The problem may now be posed as follows. Using (1.4.3¢) and
(1.4.3b), let C be an n by (m + 1) matrix whose ih row C;is

C; = (-01(x1), —02(Xi)s -, O (X))s —dp+1(X)), 1 <1 <5
and
Ci = ((I)I(Xi)’ ¢2(Xi)7 ceey q)m(Xi)a (I)m+l(X))7 (S + 1) <i<n

It is required to calculate the elements of the (m + 1)-vector a that
satisfies the inequalities

Ca>0

We now have a system of linear inequalities and is solved by linear
one-sided approximation algorithms [2]. See Chapter 16.

1.4.4  Restoring images with missing high-frequency
components

We solve here a constrained underdetermined system of linear
equations. Let the algebraic image restoration problem in the
one-dimension case be defined by the system of linear equations

(1.4.4) Ax=b

where A is the discrete Fourier transform low-pass filter matrix and b
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is the observed image vector. Matrix A is an N by L matrix, N > L.

Equation (1.4.4) is an inconsistent equation and thus has no exact
solution as vector b is often contaminated with noise. By inconsistent,
we mean rank(A|b) >rank(A). It is made consistent by pre-
multiplying it by matrix AT the transpose of A. We get

(1.4.5) ATAx=ATp
This equation may be written as
Cx=c¢

where C = (ATA) and ¢ = (ATh).

If matrix A is of rank L, equation (1.4.5) is the normal equation
and its solution is the least squares solution of Ax =b and is given by
x = (ATA)'ATb (Chapter 17).

However, in general, matrix A is a rank deficient matrix and is of
rank k, k < L. As a result, matrix (ATA) is singular and has no inverse.
In other words, system (1.4.5) or equation Cx = ¢ has k <L linearly
independent equations and (L — k) redundant equations. Let these k
linearly independent equations be given by (see also equation (1.4.13)
in Section 1.4.7)

(1453) C(k)X = C(k)

which is an underdetermined system of k equations in L unknowns.

One may obtain equation (1.4.5a) from equation Cx=c by
applying Gauss-Jordan elimination steps (Section 4.6) to matrix C and
its updates with partial pivoting. Since C = (ATA) is symmetric
positive semi-definite, one may pivot on the diagonal elements of
matrix C and its updates and exchange (permute) the equations of
Cx =c and the columns of C. After k <L steps, the pivot elements
become small enough and would be replaced by 0’s. We thus get the k
linearly independent equations (1.4.5a).

The physical problem identifies the solution vector x of (1.4.5a) as
having non-negative and bounded elements

(1.4.6) 0<x;<x 1i=1,2,...,L

maxo>

The underdetermined system (1.4.5a) may now be solved by
minimizing its solution vector x in the L; norm subject to the
constraints (1.4.6). This problem is known as the minimum fuel
problem for discrete linear admissible control systems and it is

© 2008 by Taylor & Francis Group, LLC
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solved in [9] by the algorithm described in Chapter 21.

One may also solve equation (1.4.5a) subject to the constraints
(1.4.6) in the least squares sense (L, norm) [1]. This problem is
known as the minimum energy problem for discrete linear
admissible control systems and it is solved by the algorithm
described in Chapter 23. See Section 1.4.7.

It was found, however, that solving equation (1.4.5a) in the L,
norm subject to the constraints (1.4.6) is much faster than obtaining
the solution in the L, norm [10].

1.4.5  De-blurring digital images using the Ridge equation

In the linear model for image restoration of digital images, the
problem is described by the Fredholm integral equation of the first
kind (Chapter 19). The discretization of this equation gives a system
of linear equations of the form

(1.4.7) [Hlf=g

where g is a stacked real m-vector representing the known or given
degraded (blurred) image, f is a stacked real n-vector representing the
unknown or un-degraded image. [H] is an n by m real matrix.

If the degraded image g is represented by an I by J matrix,
n=1xJ. Also, if the unknown un-degraded image f is represented by
a K by L matrix, m =K x L. Without loss of generality, we assume
that n > m.

It is common to solve equation (1.4.7) in the least squares sense.
However, this equation is ill-posed in the sense that small error in
vector g may cause large error in the solution vector f. A successful
technique for overcoming the ill-posedness of equation (1.4.7) is to
regularize or dampen its least squares solution. This method is also
known as the Ridge technique (Section 17.11). Variations of the
Ridge equation were given by some authors, such as Phillips [23].

The dampened least squares solution to system (1.4.7) is obtained
from the normal equation

(1.4.8) ((H]'[H] + e[IDf = [H]"g

[H]T is the transpose of [H] and [I] is an m-unit matrix. The parameter
g, 0 <e <1, is known as the regularization parameter. Adding the
term g[I] in the above equation results in adding the positive quantity

© 2008 by Taylor & Francis Group, LLC



Chapter 1: Applications of Linear Approximation 19

€ to each of the diagonal elements of [H]'[H] which are themselves
non-negative and real. Also it means adding the positive quantity € to
each of the eigenvalues of [H]'[H].

Hence, assuming that the matrix on the Lh.s. of (1.4.8) is
non-singular, an approximate solution to (1.4.8) is given by

= ([H]"[H] + ¢[1]) '[H] g

The parameter ¢ is increased or decreased, and a new solution is
calculated each time. This is usually done a few times until a visually
acceptable solution is obtained. The cost of these repeated solutions in
terms of computation time is prohibitive if the problem is to be solved
from scratch each time. However, in this problem, the regularization
parameter for the best or near-best solution may be obtained by an
inverse interpolation method. This is explained in detail in [8]. The
inverse interpolation method is described by Ralston ([24], p. 657).

1.4.6  De-blurring images using truncated eigensystem

As in the previous example, in the linear model for image
restoration of digital images, the problem is described by the
Fredholm integral equation of the first kind. The discretization of this
equation gives a system of linear equations of the form

(1.4.9) [H]f=g

The definitions and the dimensions of matrix [H] and vectors g
and f are exactly as are given at the beginning of the previous
example. We consider here the case where matrix [H] is the
discretization of the so-called space-invariant point-spread function
(SIPSF).

Equation (1.4.9) is ill-posed in the sense that small changes in
vector g result in large changes in the solution vector f. There are two
main approaches for obtaining a numerically stable and physically
acceptable solution to this equation, using direct (non-iterative)
methods. The first approach is demonstrated by the Ridge technique
described in Section 1.4.5.

The second approach is the technique of a truncated singular value
decomposition (SVD — Chapter 17), or truncated eigensystem of
matrix [H]. A major drawback to using the SVD expansion is the high
cost in terms of the number of arithmetic operations of computing the
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singular value system, especially for large size matrices.

However, in this example, an efficient method is used since matrix
[H] has a structure similar to that of the so-called circulant matrix.
Circulant matrices have special properties [13]. Hence, [H] may be
replaced by its approximate circulant matrix. As a result, the border
regions are the only regions in the unknown image that are affected.
The obtained system of linear equations may be solved efficiently by
using the Fast Fourier Transform (FFT) techniques. See for example,
Andrews and Hunt ([11], Chapter 8).

Matrix [H] in (1.4.9) should be a square and symmetric one, so as
to have real eigenvalues. If [H] is not square and symmetric, we
pre-multiply (1.4.9) by [H]", and get a square symmetric coefficient
matrix of the equation [H][H]f= [H]Tg.

Without loss of generality, we assume that the coefficient matrix
in (1.4.9) is m by m and symmetric. We now replace matrix [H] in
(1.4.9) by its approximate circulant matrix, denoted by [H.]. We get

[H Jf=g

Once more, following the approach of Baker et al. [12], matrix
[H.] may be approximated by another circulant matrix of smaller rank
r. This is done by retaining the largest r diagonal elements in absolute
value, in the eigensystem of [H.], r <m, and replacing the remaining
(m —r) diagonal elements by 0’s. Hence, this is called the truncated
eigensystem technique.

A method for finding out the optimum value of the rank r of
matrix [H] is described in detail in [7]. Also in [7], analysis is
provided for the case when the point-spread function is
spatially-separable. That is, matrix [H.] may be written in the form
[H.] = [A]®[B], where ® is the Kronecker product operator.

We note here that some experimentation was done with a
truncated LU factorization for restoring blurred images [5]. However,
results were not as successful as with the truncated eigensystem
technique.

1.4.7  De-blurring images using quadratic programming
As in the previous two examples, in the linear model for image

restoration of digital images, the problem is described by the
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Fredholm integral equation of the first kind. The discretization of this
equation gives a system of linear equations of the form

(1.4.10) Hlf=g

The definitions and the dimensions of matrix [H] and vectors g
and f are exactly as those given in the previous two examples.
However, in this example, for a realistic solution, equation (1.4.10) is
solved under the conditions that the elements of vector f satisfy

(1.4.11) 0<f <fax
where £, is a specified pixel value, usually equal to 256.

Equation (1.4.10) is ill-posed. As in the previous example, the
ill-posedness of equation (1.4.10) is dealt with by one of two ways.
The first is by a dampening technique such as that demonstrated by
the Ridge technique described in Section 1.4.5. The second approach
is by using a rank reduction technique to matrix [H] or equivalently to
matrix [H]T[H]. One way of doing this is to use a truncated
eigensystem of matrix [H], as demonstrated by the previous example.
In this method, we apply another rank reduction technique to matrix
[H]T[H]. That is besides taking into account the physical conditions
(1.4.11).

To start, convert system (1.4.10) to a consistent system of linear
equations by pre-multiplying by H]T. We get

(1.4.12) H]'H]f=[H]"g
Let [D] = [H]'[H] and b = [H]'g. Then (1.4.12) becomes
(1.4.13) [DIf=Db

Assume the m by m matrix [H] in (1.4.12) is of rank r. Then
system (1.4.13) has r linearly independent equations and (m —r)
dependent (redundant) equations.

Assume that the equations in (1.4.13) are permuted such that the
first r equations are linearly independent and the last (m —r) are the
linearly dependent equations. Let the first r equations be given by

(1.4.14) [CIf=p

where [C] is an r by m matrix r <m, and p is an r-vector. Equation
(1.4.14) is a consistent underdetermined system of linear equations
and thus the residual r = [C]f — p = 0 and it has an infinite number of
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solutions (Chapter 4).

In order to obtain a unique least squares solution, the problem is
formulated as find f that minimizes (f, f), subject to the condition
[Clf—p=0. This is known as the minimal length least squares
solution of (1.4.14) (Theorem 17.3).

Let us now take condition (1.4.11) into account. Let
4 = fl/ f

maxs 1=1,2,...,m

and
d_] =pj/fmax’ J = 1, 2, cees I

where a; and d; are the elements of vectors a and d respectively.
This problem is now formulated as a quadratic programming
problem with bounded variables, as follows
minimize a'a
subject to
0<a<1, i=1,2,...,m
and
[Cla=d

As in Section 1.4.4, this problem is also known as the Minimum
energy problem for discrete linear admissible control systems
(Chapter 23). In the current example, for estimating the rank r of
system [C]a =d, which gives a best or near-best solution, we may use
a special technique, based on the knowledge of the unbiased estimate
of the variance and the mean of the noise in the blurred image. The
detail of this method is given in [6].

The above cited applications are a small fraction of those in the
field of linear approximation. The author also applied linear
approximation to segmentation of 3-D range images [4, 19] and
similar problems.
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Chapter 2

Preliminaries

2.1 Introduction

Each algorithm described in this book is implemented by a C
function that typically has several child functions to perform sub-tasks
in the computation. Every algorithm is accompanied by a driver
function that provides examples of how to use the algorithm. All code
is provided at the end of each chapter.

For naming convention, algorithm and child function names are
prefixed with “LA_” (for Linear Approximation) and driver function
names are prefixed with “DR_". Source file naming follows a similar
convention. For example, the Linear L; approximation algorithm
(Chapter 5) is implemented by LA _L1() and its child functions, all of
which are in the source file LA L1l.c. Similarly, DR _L1() is in the
source file DR _L1.c. For ease of use, the header file hierarchy is kept
to a minimum. An application that exercises these algorithms must
include the header file LA Prototypes.h to access all the algorithms.

In this book, we adopt vector-matrix notation and use bold letters
for vectors and matrices. In this chapter, we discuss the following
issues:

(1) To start with, we show that the discrete linear approximation
in a certain residual (error) norm is equivalent to the solution
of an overdetermined system of linear equations in the same
norm [1, 2].

(2) A comparison is made between approximation in the 3 main
residual norms, the L;, the L, and the L, using a simple
practical example. We also describe some main properties
concerning the L; and the L, approximations.
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3)

4

©)

2.2

To

Numerical Linear Approximation in C

In dealing with approximation problems using digital
computers with finite word length, we have to specify
tolerance parameters to account for round-off error. The
values of the tolerance parameters are set according to the
word lengths of single- and double-precision numbers.

The C implementation of vectors and matrices in this book
facilitates array indexing from 1ton, instead of from
0 to (n — 1), the latter being the convention in C. This allows
indexing, such as that found in “for” loops (“DO” loops in
FORTRAN), to match the mathematical convention used to
describe the algorithms. The algorithms dynamically allocate
vectors and matrices according to the size of the data passed to
them, then relinquish that memory upon termination.

Outlier, spikes, wild or odd points in a given data are
identified and some methods of dealing with them are
described.

Discrete linear approximation and solution of
overdetermined linear equations

clarify the relationship between discrete linear approximation

and the solution of overdetermined systems of linear equations,
consider the following example.
Let us have the set of 8 points in the x-y plane: (1, 2), (2, 2.5),

3.2),

(4,6.5), (5,3.5), (6,4.5), (7,6), (8,7). It is required to

approximate this discrete set of points by the vertical parabola

2.2.1)

y=ajtax+ a3x2

where a;, a, and a5 are unknowns to be calculated. If we substitute the
8 given points in equation (2.2.1), we get

(2.2.2)

a1 + k) + a3 = 2
a; + 2a, + 4a3 =25
a1 + 332 + 98.3 =2
a; + 4a, + 16az = 6.5
a + 532 + 2533 =35
a1 + 632 + 368.3 =45
a; + 7a, + 49a; = 6
a; + 8a, + 64a; =7
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In vector-matrix form, the set of equations in (2.2.2) is written as
(2.2.3) Ca=f

C is the matrix on the L.h.s. of (2.2.2), a is the solution vector and f is
the vector on the right hand side r.h.s., as in

111 9]
12 4 2.5
13 9[, 2
1416 _ 165
ay
1525 35
16 36|73 45
17 49 6
1864 7]

This set of 8 equations in the 3 the unknowns (a;, a,, a3) has no
exact solution and can only be solved approximately. The
approximate solution is done with respect to a certain measure or
norm of the error vector. The error, or the residual vector, is the
difference between the L.h.s. and the r.h.s. in (2.2.3)

r=Ca—f

As indicated in Chapter 1, the (approximate) solution vector a of
problem (2.2.2) or (2.2.3) requires that the norm of vector r be as
small as possible. The p-measure or p-norm of vector r, is denoted by
L, or by ||r||, and is given by

n 1/p
z = |rlp= [Z |r(xi)‘P} , 1<p<o

i=1

where n is the number of elements of vector r.
Let r = (r(x;)), where r(x;) are the elements of vector r. In (2.2.2) it
is given by

— 2 S
r(x;) =a; tax; ta3x"—y;, 1=1,2,..,n

Then for p = 1, the approximate solution of (2.2.2) or (2.2.3) requires
that the norm z
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n n
z= Z|r(xi)‘ = Z‘aﬁrag;ﬁugxf—yi
i=1 i=1

be as small as possible, where for this example n=8. We call the
obtained (approximate) solution vector a, the L; solution of system
(2.2.2).

For p = 2, the approximate solution of (2.2.2) require function z be
as small as possible

z = sqrt[z [r(xi)]z} = sqrt[z [a, +a2xi+a3xi2—yi]2

i=1 i=1

The obtained solution vector a is the L, or the least squares solution
of system (2.2.2).
For p = o, we require that

z = max|r(x;)| = max|a; + ap x; + a3 Xiz -yil, 1=1,2,...,n

be as small as possible. We call the solution vector a the Chebysheyv,
the L, or the minimax solution to system (2.2.2) or (2.2.3).

Now consider the following two problems and assume that all the
functions are real valued.

Problem (a)

Let f(x) be a given function defined on a finite subset
X = {Xq, Xy, ..., X,} of an interval I on the real line. Let the set of
arbitrary linearly independent continuous functions {¢;(x), ¢»(X), ...,
dn(x)}, m<n, be defined on I. We define the polynomial

P(ay, ay, ..., ay, X) as
(2.24) P(aj, ay, ..., a2, X) =a;0;(X) + ... + a,,0,(X)
or simply the function P(a, x), where a denotes the parameter vector
@, ... am)T in the E,, space. By comparing (2.2.4) and (2.2.1),
¢;(x) =1, an n-vector of 1’s, ¢,(x) = x and ¢3(x) = X2,

The linear L; approximation problem for f(x) on X is to determine
vector a that minimizes the function
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n
z = z |r(x;)|
i=1
where the residuals r(x;) are given by
(2.2.5) r(x) =P(a, xj) - f(x;), i=1,2,...,n

The linear L, or the linear least squares approximation problem
for f(x) on X is to determine vector a that minimizes the function

z = sqrt{z [r(xi)]z}

i=1

The linear Chebyshev, L, or minimax approximation problem for
f(x) on X is to determine vector a that minimizes the function

z=maxr(xy)|, 1=1,2,...,n
Problem (b)
Consider now the overdetermined system of linear equations

Ccjja;tcpay ...+ cypam =
(2.2.6)
Ch1d1 tCmpar + ...+ Cymam = £y

where C = (c;5) is an n by m constant matrix of rank m, m < n, and
f=(f) and a=(a;) are n- and m-vectors in the Euclidean m- and
n-spaces respectively.

The linear L; solution to system (2.2.6) is to determine vector a
that minimizes the function

n
zZ = ZM

i=1
where

(2.2.7) =cpat...tcpan—5f, 1=1,2,...,n

1
In the same manner, the L, and the L., approximations for the system
of linear equations (2.2.6) are defined.

The symbols used for problem (b) are chosen to match those of
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problem (a). In (2.2.6), f=(f;) and a = (a;) correspond to (f(x;)) and
(a;) of problem (a) respectively. Also, matrix C = (c;;) corresponds to
(6;(x)). Consequently (r;) of (2.2.7) corresponds to (r(x;)) of (2.2.5).

It is clear, as demonstrated, that problem (a) is equivalent to
problem (b); that is, the discrete linear approximation problem in a
certain norm is equivalent to the solution of an overdetermined system
of linear equations in the same norm. Throughout this book, the
above-mentioned 3 norms are used.

Note 2.1

The approximation for each of the 3 norms is called linear
because the residuals in (2.2.5) or in (2.2.7) depend linearly on the
solution vector a.

Note 2.2

In most algorithms in this book, we define the residuals r(x;), as in
(2.2.5), or r;, as in (2.2.7). In some algorithms, the residuals are
defined as the negative of the r.h.s. of (2.2.5) or (2.2.7). This choice is
arbitrary and does not affect the analysis of the algorithm. Hence, if
r=Ca—f thenCa=f+r,andifr=f-Ca,thenCa=f-r.

Note 2.3

From now on, the expressions discrete linear approximation in a
certain norm and the solution of an overdetermined system of linear
equations in the same norm, would be used alternatively.

2.3  Comparison between the Ly, the L, and the L, norms by a
practical example

The motivation behind this section is summarized by the
following. Suppose we are given a set of experimental data points in
the x-y plane that contains spikes, odd or wild points. Let this data be
approximated by a curve in the L, norm, where p > 1.

It is known that the L; norm is recommended over other norms for
fitting a curve to a data that contains odd or wild points [11]. We are
given the set of 8 points of Section 2.2, which contains the wild point
(4, 6.5). This set is approximated by vertical parabolas of the form
y=a;tax+ a3X2 in the L;, the L, and the L, norms. The
parameters a;, a, and a; are calculated for each case. The results are
shown in Figure 2-1.
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We observe in this figure that the L; approximation almost
entirely ignores the wild point (4, 6.5), while the L, and especially the
L., approximation curves bend towards the wild point.

Barrodale [4] presented numerical evidence showing that the L;
approximation is superior to the L, approximation for data that
contains some very inaccurate points. Rosen et al. [12], in a practical
application of signal identification, also illustrated the robustness of a
solution based on minimizing the L error norm over minimizing the
L, error norm.

The wild point (4, 6.5) is called an outlier, since its residual in the
L, approximation is very large, compared with the residuals of the
other points. As explained in the next section, the fitting curve in the
L, norm passes through at least m points of the given set, where
m = rank(C). On the other hand, the Chebyshev approximation curve
bends towards the wild point since (m+ 1) residuals in the L
approximation, have the same absolute maximum L., norm. The least
squares approximation curve also curves towards the wild point but
not as much as the Chebyshev approximation curve.

Figure 2-1: Curve fitting a set of 8 points, including a wild point, using
the L;, L, and L, norms

In Figure 2-1, the solid curve is the L approximation. The dashed
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curve is the L, (least squares) approximation and the dotted curve is
the L, (Chebyshev) approximation.

2.3.1  Some characteristics of the L; and the Chebyshev
approximations

(a) The L; approximation

A main property is that the L; approximation curve (see Figure
2-1) passes through m of the given points, where m is the number of
unknowns of the approximating curve. Here, y =a; + ayx + a3x°,
m = 3. It passes through points 1, 6 and 8. This is known as the
interpolatory characteristic of the L; approximation. This
property is explained further in Chapter 5. If the coefficient matrix in
(2.2.2) is of rank k, k < m, the fitting curve will pass through at least k
point. In fact, the interpolatory characteristic of the L; approximation
results in making the L; approximation curve be far away from the
wild point(s). See also Sposito et al. [14].

(b) The Chebyshev approximation

A main property of the Chebyshev approximation is that each of
the (m + 1) residuals for the given points equals +z, where z is the
optimum Chebyshev norm and m is the number of unknowns of the
approximating curve, which equals 3 in this example. We observe in
Figure 2-1 that the 4 residuals for the points 3, 4, 5 and 8§ are equal in
magnitude and oscillating in sign; that is, r3 = +z, 14 = -z, r5 = +z and
rg=—z. This characteristic is known as the equioscillatory
characteristic of the Chebyshev approximation. This property will
be discussed further in Chapter 10.

2.4 Error tolerances in the calculation

Since the programs in this book are for linear approximation, two
tolerance parameters named “PREC” and “EPS” are specified in
LA Defs.h.

PREC stands for precision, or the round-off error that occurs in
simple floating-point arithmetic operations [15]. Single-precision
(s.p.) floating-point numbers typically have a precision of around 6
decimal places. This means that the figure after the 6" decimal place
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is either truncated if it is < 5, or rounded up if it is > 5. Hence, for s.p.
computation we set PREC = 1.0E-06.

EPS is the tolerance to be used during computation. A calculated
number x is considered to be 0 if x| < EPS. For s.p. computation we
set EPS = 1.0E-04.

Double-precision (d.p.) floating-point numbers typically have a
precision of around 16 decimal places. Thus the figure after the 161
decimal place is either truncated or rounded up. For d.p. computation
we set PREC = 1.0E-16 and EPS = 1.0E-11. See Section 4.7.1 for a
description of normalized floating-point representation.

The values of the parameters PRES and EPS are controlled by
conditional compile variable DOUBLE PRECISION, which is used
to toggle PREC and EPS between single- and double-precision values.

The formats of s.p. and d.p numbers can vary between computer
systems, so the values of PREC and EPS need to be adjusted
accordingly.

Floating-point processors perform all simple arithmetic operations
in at-least double-precision (often higher than d.p.), regardless of
whether the result is stored in single- or double-precision.

All computation in our C implementation is performed in d.p. To
simulate s.p. computation, as indicated in several sample problems in
the book, we change PREC and EPS to s.p. values.

Note 2.4
Some programs in this book do not employ PREC, but all employ
EPS.

2.5 Representation of vectors and matrices in C

Arrays in C are zero-offset, or zero-origin, meaning that an array
of size n is indexed from [0] to [n — 1]). In FORTRAN (and the
mathematical convention of linear approximation), arrays are indexed
from [1] to [n]. In C, a vector v = (1, 2, 3, 4)T of length 4 is accessed
as v[0] =1, v[1] =2, v[2] = 3 and v[3] = 4, whereas in FORTAN (and
the mathematical notation), it is accessed as v[1] =1, ..., v[4] = 4.

In order to counteract the zero-origin nature of C, after memory
for a vector variable has been allocated (via malloc()), the pointer to
the memory is decremented to allow indexing to start from 1 instead
of 0. Statically-initialized vectors (used only for initial data in drivers)
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cannot have their pointers manipulated, so the value at the 0 index is
set to 0 and ignored, and data initialization is from indices [1] to [n]
such that v= (0, 1, 2, 3, 4)T, or v[1]=1, ... v[4] = 4. See also [8] and
[10].

An n by m matrix variable is allocated using similar pointer
manipulation such that it can be indexed from [1][1] to [n][m].
However, unlike statically-initialized vectors, statically-initialized
matrices (also used only for initial data in drivers) are not padded with
0 elements, as this would necessitate the entire first column and the
entire first row of each matrix to be set to 0’s. Instead, a
statically-initialized matrix, indexed from [0][0] to [n— 1][m — 1], is
copied to a dynamically-allocated matrix variable indexed from [1][1]
to [n][m].

LA Utils.c contains a collection of utility functions for dynamic
allocation, deallocation, copying and printing of vector and matrix
data. See any driver function for examples of how these utilities are
used.

2.6  Outliers and dealing with them

In Section 2.2, we have given 8 data points, with one of them
being an odd point, or outlier. When the L, approximation was used to
fit this data (Figure 2-1), the residual of the fourth point was much
larger than the residuals of the other 7 points, so we denoted this point
as an outlier. The L; curve fitting almost entirely ignores the outliers.
As mentioned earlier, the reason is that in the L; curve fitting, the
curve has to interpolate (passes through) at least k of the given points,
k is the rank of the coefficient matrix.

On the other hand, in the L (Chebyshev) approximation for the
same data, (k + 1) residuals have the same absolute maximum value
and the curve bends towards this outlier. The L, (the Least squares)
approximation also leans towards the outlier, not as much as the L,
approximation curve. As a result, the identification of these outliers is
difficult as their residuals in the L, norm have been made small.

Hence, for the L approximation, the fourth point of this data set is
an outlier, while for the L, approximation, this fourth point is not, and
thus the notion of outliers depends on the fitting strategy. Statisticians
mostly use the L, (the Least squares) approximation for which an
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outlier has a larger residual, compared with the residuals of the other
points. They would like to use statistical measures to detect the
outliers and discard them before the curve fitting takes place.

It is important to detect outliers, but it is equally important to
realize that outliers should be discarded only if it is determined that
they are not valid data points. Outliers that are valid data points
usually suggest that the used model is incorrect. If the model is
correct, an outlier that is a valid point might be given a smaller weight
to suit the model. Deleting odd points as outliers from the data should
be done if their presence can be attributed to a provable error in the
data collection.

Ryan ([13], p. 408) gives an example of 10 data points that were
fitted by a least squares method, in which the last point was an outlier.
When using only the first 9 points, the residual estimator was reduced
by 50%. The last point caused high correlation (dependence) between
two of the columns of the coefficient matrix.

However, it is reasonable to discard the outlier that does not
suggest the unsuitability of the model. Consider the fourth point in
Figure 2-1. This point is not extreme in either its x-coordinate nor in
its y-coordinate, but it has an influence on the equation of the L, and
the L, fit. In fact, when this outlier is removed, both the L, and the L,
curve fits for the remaining 7 points, almost coincide on the L; curve
fit (see an almost identical example in [3], p. 420).

According to Ryan ([13], p. 350), there are 5 types of outliers:

(1) Regression outlier: a point that deviates from the rest of the
points or at least from the majority of them.

(2) Residual outlier: a point that has a large calculated residual,

3) x-outlier: a point that is outlying in regards to the x-coordinate
only.

4) y-outlier: a point that is outlying in regards to its y-coordinate
only.

(5) x- and y-outlier: a point that is outlying in both coordinates.

Each one of these types of outliers may severely distort the
coefficients of the approximating curve. These types of outliers may
also be detected by statistical tests, which are outside the scope of this
book. For statistical study of the problem, see for example, Belsley et
al. [5], Cook and Weisberg [6] and Ryan [13].
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2.6.1  Data editing and residual analysis

As suggested by Gunst and Mason [7], data screening before
approximation calculations may get rid of costly errors that computer
calculation may not detect. Because the approximating curve attempts
to fit all the data points, the residuals might all be large, while if one
or two odd points were eliminated before the calculation, that would
give a better fit with smaller residuals.

One of the easiest ways for spotting irregularities in a given data is
to visually scan the given data. Also, by routinely plotting the given
data, one may specify the approximating curve, would it be a straight
line or maybe better a quadratic, or a higher degree polynomial. By
plotting the given data points, one may distinguish the outlier in the
data and determine if it belongs to any one of the types described
above.

One important point when examining plots of data points is to
look at the overall trend of the data, not at small perturbations of few
points. In some problems, plotting the data points does not clearly
identify the pattern of the data. Eliminating the variability of the data
may be done by a smoothing technique. This results in enabling the
recognition of the trend of the data.

Gunst and Mason ([7], pp. 39-41) presented an example where
they did just that. Given is the raw data of a set of points; the y-value
of each data point (apart of the first and the last ones) is replaced by
the median of the y-values of three points. These are the point itself
and the points before and after it. This kind of smoothing technique
may be repeated once or twice. Even after smoothing, one should
examine the overall trend of the smoothed data rather than the
localized trends. Median smoothing is not the only type of smoothing
to reduce the variability of the raw data. Moving averages and
exponential smoothing have also been used effectively.

Residual analysis is an important task in the approximation of
given data. It means examining the differences between the residuals
of the scanned or the plotted given data and the calculated residuals
from the fitted curves. This kind of examination assists the detection
of large residuals such as those of the outliers. A certain pattern may
be observed and suggests actions to be taken, such as using a different
approximation equation, eliminating some points from, or adding
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other points to the data.

Montgomery and Peck ([9], pp. 74-79) suggest plotting the
residuals against the calculated values of y (or against x). If the plot
indicates that the residuals are contained in a horizontal band, then
there are no obvious model defects. Otherwise there might be
symptomatic model deficiencies. Also, the effect of outliers on the
fitting equation may be easily checked by dropping the outliers and
re-calculating the fitting equation again. If the coefficients of the
fitting equation are over sensitive to the removal of the outliers, then
the chosen fitting equation may not be suitable for the given data, or
that the outliers are to be removed to give a better fit for the remaining
data points.
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Chapter 3

Linear Programming and the Simplex Algorithm

3.1 Introduction

This chapter is a tutorial one. Its purpose is to introduce the reader
to the subject of Linear Programming, which is used as the main tool
for solving all the approximation problems in this book, with the
exception of some least squares approximation problems.

In general, linear programs deal with optimization problems in
real life, such as those found in industry, transportation, economics,
numerical analysis and other fields [6, 8, 10, 11].

A linear programming problem is an optimization problem in
which a linear function of a set of variables is to be maximized (or
minimized) subject to a set of linear constraints. It may be formulated
as follows.

Find the n variables Xxi,X,, ..., X, that maximize the linear
function
(311) Z:C1X1+C2X2+...+Cnxn

subject to the m linear constraints (conditions)

apXp ToapXy to 7t oapX, g by
X T oapX; to.. T oanX, M b
(3.12)
amiXp T oamXy too T appXy  Mim bm

where n;, i=1,2...,m, is a <, 2, or = sign. The following n
constraints are also specified

(3.1.3) x; >0, x>0, ..., x,>0

The following is a common linear programming problem that
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occurs in industry. The so-called simplex method solves the problem
via Gauss-Jordan elimination processes.

Example 3.1

A firm has 3 workshops, one for parts, one for wiring and one for
testing. The firm produces 2 different products A and B. Each product
has to undergo an operation in each workshop consecutively.

One unit of product A requires 1, 1, and 2 hours in the 3
workshops respectively. One unit of product B requires 1, 3, and 1
hours in the 3 workshops respectively. The workshops are available
20, 50 and 30 hours per week respectively.

The profit in selling one unit of product A is $20 and in selling one
unit of product B is $30. What is the number of weekly output units x;
and x, of products A and B respectively that will maximize profit?

The formulation of the problem is

maximize z = 20x; + 30x,

subject to the constraints

Xl + X2 < 20
(3.1.4) x; +3xy <50
2X1 + X2 < 30
and
(3.1.5) Xy =20andx, >0

Conditions (3.1.5) indicate that we cannot produce a negative number
of goods.

This problem has two independent variables x; and x, and may be
solved graphically. It is known that a straight line, say
axy + bx, + ¢ =0, divides the Euclidean plane into two halves. The
quantity (ax; +bx,+c)<0, in one half of the plane and
(axq + bx, + ¢) > 0 in the other half.

The intersection of the five half planes satisfying the above five
inequalities (3.1.4) and (3.1.5) constitute the feasibility region for the
solution (x;, X,). For this problem, it is a polygonal region that has 5
sides and 5 corners as shown in Figure 3-1.

The value z=20x; +30x, defines a straight line that moves
parallel to itself as z increases or decreases. The maximum value of z,

Zmax» Will be obtained when this line touches the region of feasible
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solution. That is when the line z = 20x; + 30x, passes through the
furthest corner of this region. The solution of the problem is (x{, x,) =
(5, 15) and z,,, = 550, depicted in Figure 3-1.

max

X,
30

20

10 §

~

20x, + 30x, = 0°~_ 10 20

Figure 3-1: Feasibility Region

In this example, the region of feasible solution has as boundaries
the lines given by the set of constraints (3.1.4) and (3.1.5). One vertex
(corner) of this region is the optimal solution. This result is always
true for any general linear programming problem with the number of
variables > 2.

We see from this example that since all the functions in linear
programming problems are linear, the feasible region defined by
problem (3.1.1-3) is a convex set. Thus the linear programming
problem is convex. Again, the optimizer of linear programming must
lie on the boundary of the feasible region.

In this problem the solution is said to be feasible and unique.
However, there are some exceptional cases, which are discussed next.

3.1.1 Exceptional linear programming problems
Various possibilities may arise in linear programming problems.

A problem may have a unique solution, an infinite number of
solutions or no solution at all. In the last case, the problem may have
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an unbounded solution or it may have inconsistent constraints. In both
cases, we say that the problem has no solution. Consider the following
examples.

Example 3.2: (non-unique solution)

Example 3.1, illustrated by Figure 3-1, has the unique solution
(X1, X9) = (5, 15). Consider the same example and assume instead that
z is given by z = 20x; + 20x,. Again, z,,, is obtained when the line
z =20x, + 20x, touches the region of feasible solution. However, in
this case, this line coincides with one of the constraint lines, namely
the line x; + x, =20 (Figure 3-1). Any point on the portion PQ of this
line is a solution to this problem. The solution is thus not unique.

Example 3.3: (unbounded solution)
Consider the example
maximize z = X; + X,

subject to the conditions
-1
5

X1 — X2
_Xl + 3X2

IN IV

X1 20,x,20

Figure 3-2: Unbounded Solution

For this example the region of feasible solution is given by the
shaded area in Figure 3-2. The line representing z can be moved
parallel to itself in the direction of increasing z and z can be made as
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large as one wishes. The problem thus has no solution as the solution
is unbounded.

Example 3.4: (inconsistent constraints)
Consider the example
maximize z = x| — X,

subject to the constraints
2
3

X; + 2%,
X1 + 2X2

IV IA

X1 20,x,20

X, +2x,=2

1 2 3 X

Figure 3-3: Inconsistent Constraints

In this example the constraints are inconsistent as there is no
common feasibility region between them, as shown in Figure 3-3.

In Section 3.2, some notations and definitions are given. In
Section 3.3, a well-known version of the simplex method is described
and in Section 3.4 the simplex tableau is illustrated with a solved
example. In Section 3.5, the two-phase method of the simplex
algorithm is introduced.

In Section 3.6, the duality theory in linear programming is
presented and in Section 3.7, degeneracy, which often occurs in linear
programming, is described and its resolution discussed. In Section
3.8, the relationships between linear programming and the discrete
linear L; and Chebyshev approximations are established. Finally, in
Section 3.9, the stability of linear programs is considered.
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3.2

Numerical Linear Approximation in C

Notations and definitions

Let us recall the linear programming problem formulated by

(3.1.1-3). The following are well-known notations and definitions:

(a)
(b)
(c)

(d)

(e)

The objective function: Function z of (3.1.1) is known as the
objective function.

The prices: Constants (c;) in (3.1.1) are known as the prices
associated with the variables (x;).

The requirement vector: Vector b, whose elements are
(by, ..., by) of (3.1.2), is often known as the requirement
vector. It is preferable to have the b; all positive. If one or
more of the b; is negative, the corresponding inequality might
be multiplied by —1 and the inequality sign reversed.

Slack and surplus variables: The simplex method described
in Section 3.2, in effect, deals with constraints in the form of
equalities, not in the form of inequalities as those of (3.1.4) for
example. It is thus necessary to convert these inequalities into
equalities. This is done by using the slack and surplus
variables.

A slack variable: An inequality of the form

41X + 4jpX9 + ...+ AinXp < bi
is transferred to the equality
aj1X1 T apXy + ...+ ajpXy F X = b

by adding to the L.h.s. a new variable, say x;;, > 0, known as a
slack variable.
A surplus variable: Also, the inequality

41X + 47X9 + ...+ AinXp > bi
is transferred to the equality
aj1X] T apXy + ... F 24Xy — Xjuy = by

by subtracting from the Lh.s. a new variable, say xj;, >0,
known as a surplus variable.

Artificial variables: It is sometimes desirable, as in the
two-phase method of Section 3.5, to add other variables to the
problem. Such variables are neither slack nor surplus. They
are known as artificial variables.
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()
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(k)
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(m)

3.3

A hyper plane: Anyone of the resulting equalities in (3.1.2) is
known as a hyper plane. This is the generalization of a plane
when it has more than three variables.
A solution: Any set of variables x1, X,, ..., X, that satisfies the
sets of constraints (3.1.2) is known as a solution to the given
programming problem.
A basic solution: Let us now assume that the m constraints
(3.1.2) are converted, by using the slack and surplus variables,
to m equations in the form Ax =b, where A is an m by N
matrix, m < N of rank m. Then a basic solution to this set is
obtained by equating (N —m) variables (x;) to 0’s and solving
for the remaining m variables (x;). These m variables are
known as basic variables, or the basic solution.
Basis matrix: The m linearly independent columns of matrix
A, in the system Ax = b, associated with the m basic variables
form an m by m matrix, known as the basis matrix. If the basis
matrix is denoted by B, the basic solution xg is given by

Xg = B'b
and each of the other (N —m) variables (x;) is 0.
A basic feasible solution: Any basic solution that also
satisfies the non-negativity constraints (3.1.3) is called a basic
feasible solution.
A vertex in the region of feasible solution: It is easy to show
that a basic feasible solution is a vector whose elements are the
coordinates of a vertex (or a corner) in the region of feasible
solution.
Degenerate solution: If one or more basic variables x; is 0,
then the basic solution to Ax =b is known as a degenerate
solution. Often degeneracy in linear programming should be
resolved. See Section 3.7.
Optimal basic feasible solution: Any basic feasible solution
that maximizes (or minimizes) the function z of (3.1.1) is
called an optimal basic feasible solution.

The simplex algorithm

By adding the necessary slack variables and by subtracting the
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necessary surplus variables in the set of constraints (3.1.2), we get an
underdetermined set of linear equations. Problem (3.1.1-3) might be
reformulated as follows.

Maximize the objective function

(3.3.1) z=cC1X; T ... tcpX, T 0xpg ... T 0xy

subject to the constraints

Zapl ; =by,, p=1,2,..,w
i=1

(3.3.2) Z a;X; T X, | =b, j=1,2,..,u

i=1

n
Zakixi_xn+u+k=bk, k=1,2,...,V
i=1
and
(3.3.3) X150 Xp 20, Xpip, -0, XN 20

In writing (3.3.1-3), we have assumed that in (3.1.2) there are w
equalities, u inequalities with <0 signs and v inequalities with > 0
signs. Also in (3.3.1), N=n+u+ v. Note that the coefficients (the
prices) of the slack and surplus variables in (3.3.1) are 0’s.

In vector-matrix notation, this formulation reduces to

(3.3.4) maximize z = (¢, X)

subject to the constraints

(3.3.5) Ax=Db
and
(3.3.6) x>0

Vector ¢ in (3.3.4) is vector ¢ appearing in (3.3.1), namely
c=(cy,..sCpr 0, ..o, 0)T

and vector b in (3.3.5) is the requirement vector (b;) of (3.3.2) which
is assumed to have non-negative elements. Matrix A is an m by N
matrix given by (assume thatu=3,v=1andw=1)
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apap a3 ay -2, 13,1000
ay) 8y Ax3 84 B 18, 0100
(3‘37) A - 331 332 333 334 cos a3!n71 a3’n 0 0 1 0

A1 Bgp Ag3 Bgq Ay 1 84, 0001

a5) sy A5y Asq - A5 1 85, 000 0]

Problem (3.3.4-6) is solved by the simplex algorithm, described next.

The simplex algorithm is an iterative one. It starts by calculating
the coordinates of one of the vertices (corners) of the region of
feasible solution. It then goes from one vertex to a neighboring one in
such a way that at each step the objective function z increases (or
decreases), until the optimal solution is reached. This process takes a
finite number of steps, usually between m and 2m steps, where m is
the number of constraints in (3.3.2).

If the programming problem has an unbounded solution or if it has
an inconsistent set of constraints, the simplex algorithm will detect
this in the course of the solution. The simplex method will also
indicate whether the solution is unique. Another important merit is
that the simplex algorithm detects any redundancy in the set of
constraints (3.1.2). It removes such redundant constraints and
proceeds to find the solution after discarding them. By redundant
constraints, we mean that one or more equations in (3.3.5) are linearly
dependent on other equations in (3.3.5).

Consider the linear programming problem given by (3.3.4-6). Let
us further assume that rank(A|b) =rank(A), where matrix (Alb)
denotes the m by (N + 1) matrix with b as the (N + 1) column of
matrix A.

3.3.1 Initial basic feasible solution

As indicated, the simplex method solves the problem by first
finding any basic feasible solution to the problem, i.e., by first finding
m non-negative coordinates of a vertex of the region of feasible
solution.

In the case where a slack variable exists in each constraint
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equation in (3.3.5), matrix A of (3.3.7) has the form
(3.3.8) A =(R|D)

where I is an m-unit matrix. In this case, the slack variables
themselves form an initial basic feasible solution. Let us write
X = (X, X) ', where x,, contains the original variables and x contains
the m slack variables. Then it is obvious that by setting x, =0, we
have

Ix;=b

The slack variables x;=b and they form an initial basic feasible
solution.

The parameters of interest in the simplex algorithm are
(1) Vectors (y;), given by

ijBflajZaj, j=1L,2,..,n

since B! =1 here
(i1) Scalars (z; - ¢;), known as the marginal costs, given by

zj—cj=(cB, yj)—ch—cj, j=1,2,..,n

as the prices associated with the slack variables (elements of
cg here) are 0’s. See (3.3.13) and (3.3.14).

Hence, for this initial basic feasible solution, no computation is
needed to obtain the initial parameters of interest in the simplex
algorithm.

3.3.2 Improving the initial basic feasible solution

Once an initial vertex is available, one iteration in the simplex
algorithm is used to find a neighboring vertex associated with a larger
value of z. This is done in a straightforward manner using what is
known as the simplex tableau.

Let the columns of matrix A in (3.3.5) be denoted by
a|, 2y, ..., ay. Then equation (3.3.5) may be written as

(339) X1 + Xsay +...t Xmam +...+ XNAN = b

Let the initial basic feasible solution be the m non-negative (X;)
denoted by xl(l), %™, .., x, (V. The superscripts on the x; denote
that the x; are those of the first vertex. Let the columns a; associated
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with the x; be denoted by a;(!). These columns form the initial basis
matrix B.
The initial basic solution is given by

(3.3.100  x;Na, D +x,Da, (D4 15 Dy (D=}
The initial value z of (3.3.4), denoted by Z1 is also given by
(33.11)  z0=¢Wx D+ ¢, Dy, (D + 4 Dy D

The columns in (3.3.10) are assumed to be linearly independent.
Thus these columns (vectors) form a basis for an m-dimensional real
space E,, and therefore any other m-dimensional real vector can be
expressed as a linear combination of the m-vectors a; (D In particular
the (N — m) non-basic columns a; in (3.3.9) may be expressed in terms
of the basis columns a; M of (3.3.10) in the form

(3.3.12) aj(1) - Ylj(l)al(l) + Y2j(1)32(1) e Vg (1)a Q)
j=m+l,m+2, ..., N
where the yij(l) are none other than the elements of vector yj(l) given
by
(3.3.13) y{V=B"a, j=m+1,m+2, ., N
where B is the basis matrix whose columns are (al(l), 32(1)’ ag ),
For j=m+1, m+2, ..., N, let us denote the scalar product zj(l) by
7 = (cp, y;'V)
or
(3.3.14) Zj(1) = CI(I)YIj(l) +c,\Dy .(1)+ .ty .(1)
where the elements of cl? are those of (3.3.11), assomated with the
basic columns (al(l) a, a (1))

Our task now is to replace one of the basic columns a(l) by a
non-basic column a;(! in such a way that the new basic Varlables X; 2)
will all be non-negative and also that the new value 7 will be greater
than z(1). This is done by manipulating equations (3.3.10-14).

Let us multiply (3.3.12) and (3.3.14) by a positive parameter 6 and

subtract the resulting equations from (3.3.10) and (3.3.11)
respectively. We thus get

(3.3.15)  (x; 1 —0y;Ma; D+ (D — 0y, Dya, (D + .+
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(Xm(l) _ eymj(l))am(l) + eaj(l) —b
and
3.3.16)  (x; P =0y + L+ (M = Oy e, + 0D
=20+ 0V -7V), j=m+l,mt2, .., N
All the coefficients but one of ak(l) in (3.3.15) will form the new
basic variables. Also, the r.h.s. of (3.3.16) will be the value 722,
Therefore, to achieve our goal, we search for an index j for which

(Cj(l) — Zj(l)) in the r.h.s. of (3.3.16) is positive. Also, for this value of
J, 0 is chosen so that

(3.3.17) 8= B,y = miny(x Vi) = x,Vry (D (say), V>0

This choice of 0, reduces one of the coefficients in (3.3.15) to 0
and leaves the remaining m coefficients positive. Such coefficients are
the coordinates of the new vertex, and are denoted by

Xl(z), xz(z), oo Xm(z). The value 2 is now greater than 7 and is
given by
(3.3.18) 2 =720+ 0(ci V) - 7V

In general, there may be several values of j for which
(cj(l) - Zj(l)) > 0. It would be reasonable to choose 0 for which z® in
(3.3.18) yields the greatest increase over Z(D. However, this requires
some extra computational efforts.

Instead, one usually selects j for which (cj(l) — zj(l)) is the largest
and thus the increase in z{1) will be

oz = (mini(xi(1)/yij(1)))maxj(cj(l) - zj(l)), (cj(l) - Zj(l)) >0, yij(l) >0

The coordinates of the new vertex are now the coefficients of the
vectors ai(l) in (3.3.15), where 0 is given by (3.3.17).
The new values of (Cj(z) — Zj(z)) are given by

(Cu(z) o Zu(Z)) =0
(Cj(Z) _ Zj(2)) - (Cj(l) _ Zj(1)) —0 (cu(l) _ Zu(l)), j#u
where u is defined in (3.3.17).
This iteration is repeated several times until the optimal value z
is obtained. The value z,,, is achieved when (¢; — z;) < 0 for all j.

The above calculation is greatly simplified if we arrange the
parameters of interest in the form of a table called the simplex tableau.

max
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34 The simplex tableau

Without loss of generality, let the basis matrix B consist of the
first m columns of matrix A in (3.3.5) and let us pre-multiply (3.3.5)
by B~!. We shall then get the equation (for m = 5)

10000y, ey oy | [L]  [bi”

01000y, 1" yyn” X(ll) b

00100y, wysn 2 = b

00010y, i yyn o by

0000 1ys " oy IS )
and X1 =Xpi2 = ... = XN = 0.

In this matrix equation, it is obvious that the bi(l) are the basic
variables. Also, for the non-basic vectors, aij(l) = yij(l), from which
the parameters zj(l) may be calculated. In other words, this equation
gives the information needed for the next iteration.

Once an iteration has been performed, it would be advantageous to
obtain a new set of parameters from which the information needed for
the next iteration is obtained. These concepts of the simplex tableau
are best illustrated by an example.

Consider Example 3.1, which was solved geometrically in Section
3.1. By adding the slack variables to the inequalities (3.1.4), we get
the formulation

(3.4.1a) maximize z = 20x; + 30x, + 0x3 + 0x4 + 0x5

subject to the constraints

Xl + X2 + X3 = 20
(3.4.1b) X; t+ 3x, + X4 = 50
2X1 Xy + x5 = 30

(3.4.1¢) X120,%20,%x320,%x420,x520

Tableau 3.4.1 is the simplex tableau for the first iteration.
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Tableau 3.4.1
el 20 30 0 0 0
CB B bB al 32 33 34 35 Gi
0 a3 20 1 1 1 0 0 20
0 a, 50 I 3) 0 1 0 (50/3)
0 as; 30 2 1 0 0 1 30
z=0 (zi—¢) -20 (-30) 0 0 0

The second column from the left shows the vectors forming the
current basis matrix B, namely a3, a4 and a5. The first column on the
left shows the parameters cg associated with these vectors, namely
0,0 and 0. The third column from the left gives the initial basic
feasible solution, i.e., the coordinates of the initial vertex, namely
X3 = 20, X4 = 50 and X5 = 30.

The inner product of the column ¢g with each of the non-basic
columns, namely a; and a,, is obtained. The z;, calculated as in
(3.3.14) are subtracted from the top row of the tableau, and the result
is written in the bottom row; the (c; — z;) row.

However, in this book we adopt the opposite notation and record
the values (z; — ¢;) instead. Lastly, the value of z is entered in the last
row, namely z = (¢g, bg) = 0 in this tableau.

In Tableau 3.4.1, it is shown that the basic feasible solution is
associated with the unit (vectors) a3, a4 and a5. The entries in columns
a; and a, are simply y; and y,.

It is expected that one iteration in the simplex algorithm is used to
find a new feasible basic solution (a neighboring vertex) associated
with a larger value of z. This is done as follows.

From the last row in Tableau 3.4.1, it is found that maximum
(¢; —zj), or minimum (z; — ¢;) is (2, — ¢). Then if a; replaces one of
the basic columns a3, a4 or a5_the resulting value of z will be larger
than the current one. This is done by first calculating the parameters
0;, where 0, are obtained by dividing the elements of column by by
the corresponding elements of a; which have the minimum (z; — ;).

Since we are interested in the parameters 6; that have positive
values, and that the elements of bg are non-negative, the elements of
a, used in the divisions are the positive elements, which they are in

© 2008 by Taylor & Francis Group, LLC



Chapter 3: Linear Programming and the Simplex Algorithm 53

this case. The possible 6; are recorded in the last column to the right
of the tableau, from which it is found that 0, is the minimum of the ;.

Therefore, if a, replaces a, in the basis, the new basis matrix will
have a3, a, and a5 as its columns. The new basic solution will be
feasible (all its elements are non-negative) and the value of z will
increase.

The so-called pivotal entry in the tableau is now decided by the
intersection of the key column (of minimum (z; — ¢;)) and the key row
(of minimum ;). The pivotal entry is then used to establish the
simplex tableau for the next iteration, which results in a larger value
of z.

Step (1)

Divide all the entries in the key row by the pivotal entry. This
step is equivalent to dividing one of the equations in a linear
set of equations by a constant and it does not result in any
change in the solution.

Step (2)

Reduce all the entries in the key column, except the pivotal
entry itself, which is now unity, to zero. This is done by
subtracting an appropriate multiplier of the altered key row
from each of the other rows of the column bg and the a;. This
step is equivalent to one step of the Gauss-Jordan (elimination
step) method, outlined in Section 4.6.

The calculated entries in the (z; — ¢;) row of the simplex tableau,
including the z entry, are obtained by extending step (2) to the (z; — c;)
row also. This is done by subtracting an appropriate multiplier of the
altered key row from the (z; — ¢;) row that reduces the (z; — ¢;) entry of
the key column to 0. The results are recorded in Tableau 3.4.2.

In Tableau 3.4.2, the key column is that of a; and the key row is
the first row, and thus the pivotal entry is determined. It is used to
construct the next tableau and this is done by observing the two steps
described above. The tableau for the next iteration is Tableau 3.4.3.

The end row of Tableau 3.4.3 contains non-negative entries and
this indicates that no further improvement to the solution is possible
and the programming problem is now solved. The optimal solution is
X1 =35, %, =15and z,,, = 550.

max
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Tableau 3.4.2

¢! 20 30 0 0 O
CB B bB al 32 33 34 35 Gi
0 a; 103 23) 0 1 -13 0 (5
30 a, 50/3 173 1 0 13 0 50
0 a5 40/3 53 0 0 -13 1 8

z=500 (z;—c) (-10) 0 0 10 O

Tableau 3.4.3
el 20 30 0 0 0
cg B bg a, a a3 a; a;s
20 a, 5 1 0 32-12 0
30 a, 15 1 =12 12 0
0 a; 5 0 0 =52 12 1
z=550 (z;—¢) 0 0O 15 5 0

It is easy to see that the increase in the value of z after each
iteration is given by [—0,in(Z; — ¢))minl- That is, if z1 and z® are the
values of z in tableaux k and (k + 1) respectively

22 =1 - Omin(Zi — C)min
where 0,,;, and (z; — ¢;);n;, are those of tableau k.

In this example, if Z) and z® are those of Tableaux 3.4.1 and

3.4.2 respectively

Z? =0+ (50/3)x30 = 500
Also

723 =72 1 (5)x10 = 550

where z&) is that in Tableau 3.4.3.

In this example, we found that because of the slack variables, an
identity matrix appears in matrix A and as a result, the initial
calculation is an easy task. However, in many cases no identity matrix
appears in A. This will be the case when some constraints have
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equality signs or >signs. In such cases, the initial basic feasible
solution is constructed by the so-called two-phase method, which is
described in the next section.

3.5 The two-phase method

In this method, artificial variables are added first to every equality
constraint and also to every constraint having a surplus variable, so
that matrix A of (3.3.5) may have the form (3.3.8).

The problem is solved in two-phases. In phase 1, we try to derive
all the artificial variables to 0. In phase 2, we try to maximize the
actual objective function z, starting from a basic feasible solution that
either contains no artificial vectors or that contains some artificial
vectors at zero level; that is, whose associated x; = 0.

3.5.1 Phase 1

In phase 1, we assign to each artificial variable a price ¢; =—1. To
all other variables, which include the original n variables, the slack
and surplus variables, we assign the price c; =0. We then use the
simplex method techniques to maximize the function

z=—1x,— 1xp, — ... = 1X,

where the x;, are the artificial variables.

Since in the simplex method any variable is not allowed to be
negative, the x;, are also non-negative and hence z would be
non-positive. The maximum value of z will be 0. If there is no
redundancy in the constraints, maximum z=0 and no artificial
variable will appear in the basis.

Furthermore, z may become 0 before the optimality criterion is
satisfied. In this case, some artificial vectors appear in the basis at a
zero level. This case may result from the presence of redundancy in
the original constraints. In any case, if z is 0 before the optimality
criterion is satisfied, we end phase 1 and start working on phase 2.

On the other hand, if maximum z < 0, then the artificial variables
in the basis cannot be driven to 0 and the original problem has no
feasible solution.
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3.5.2 Phase 2

In phase 2, we assign the actual prices c; to each legitimate
variable and a price 0 to each slack and surplus variable. Also, we
assign 0 to each artificial variable that may appear in the basis at zero
level. The simplex method is then used to maximize the original
function z. The first tableau in phase 2 is itself the last tableau in
phase 1. The only difference is that the (z; — c;) for the last tableau in
phase 1 are altered to account for change in the prices.

If at the beginning of phase 2, one or more artificial variables
appear at zero level, we ensure that such artificial variables remain at
zero level at each iteration in phase 2. See the second example in
Hadley ([7], pp. 154-158).

3.5.3 Detection of the exceptional cases

In Section 3.1, different exceptional cases of a linear
programming problem were described. Such cases are detected easily
from the simplex tableaux in the course of the solution of the problem.
At the end of phase 1, we found that the following possibilities exist:
(a) The presence of redundancy in the original constraints.

(b) The possibility of inconsistent constraints.

() Feasible problem.
If no artificial vectors appear in the basis, then we have found
an initial basic feasible solution, and thus the original problem
is feasible. The original constraints are consistent and none of
them is redundant.

However, in phase 2, the following may occur:

(d) An unbounded solution.
Suppose that in a simplex tableau in phase 2, it was found that
for some non-basic variable j, (z; — ¢;) is negative, but all the
elements of the corresponding y; are non-positive. Then the
solution to this problem is unbounded. See Hadley ([7], pp. 93,
94).

(e) Non-unique optimal solution.
If the optimal solution is degenerate, i.e., one or more
elements in the basic feasible solution is 0, then we may have a
non-unique optimal solution.
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3.6  Duality theory in linear programming

The dual problem

If a problem has a dual, the dual problem is usually given in terms
of the same variables of the original problem, with the roles of certain
variables being interchanged. The original problem, in this case, is
known as the primal problem.

Consider the primal problem

(3.6.1a) maximize z = (¢, X)

subject to the constraints

(3.6.1b) Ax<b

and

(3.6.1¢) x>0

The dual problem to (3.6.1) is

(3.6.2a) minimize Z = (b, w)
subject to the constraints

(3.6.2b) Alw>ec

and

(3.6.2¢) w>0

Note in (3.6.1) and (3.6.2) that the roles of b and ¢ are
interchanged and the matrices of the constraints are the transpose of
one another. Hence, if we consider Example 3.1, also given in (3.4.1),
as a primal problem, its dual will be

(3.6.3a) minimize Z = 20w; + 50w, + 30w;
subject to the constraints

Wi + W2+ 2W3 >20

(3.6.3b) w; + 3w+ wz 230
and
(3.6.3¢) wy;20,wy,>0and wy3>0

The solution of a dual problem is related in some defined way to
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the solution of its primal problem. We convert (3.6.3a) to a
maximization problem and also subtract surplus variables in (3.6.3b).
We get

(3.6.4a) maximize Z = -20w; — 50w, — 30w,
subject to the constraints

w; + Wy 2wy — Wy =20
(3.6.4b) wy; 3wy + ws - ws = 30
and
(3.6.4¢) w;=0,wy,>0,w32>0,w,>0and ws>0

We only write the initial and final tableaux for each of the primal
and the dual and also omit the rows and the columns corresponding to
the artificial variables.

The primal problem (3.4.1) is

Initial Final
¢! 2030 0 0 0 ¢ 2030 0 0 0
0 20 1 1 1 0 0 205 1 0 32-120
0 5 1 3 0 1 0 3015 0 1-12 12 0
0 30 2 1 0 0 1 0 5 0 0-52 12 1

z=0 2030 0 0 O z=550 0 O 15 5 O
The dual problem (3.6.4) is

Initial Final
b —20-50-30 0 O b 20-50-30 0 0

0 20 1 1 2 -1 0 215 1 0 5232 12
0 30 1.3 1 O0-1 505 0 1-12 12-172

Z=0 20 50 30 0 0 Z=-550 0 0 5 5 15

Let us examine the final tableaux of the two problems. We notice
that the basic variables for the dual, namely 15 and 5, appear in the
last row of the primal. Also, the basic variables in the primal, namely
5, 15 and 5, appear in the last row of the primal.
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Also, the columns of the non-basic vectors in the dual are found in
the rows of the primal with negative signs.

It is sometimes easier to solve the dual problem rather than the
primal. If a linear programming problem contains many constraints
and only a few variables, then the dual to this problem contains only a
few constraints and many variables. In this case, it is much easier to
solve the dual problem, which has a smaller basis matrix. For this
reason, for all the algorithms of the L; and Chebyshev solutions of
overdetermined linear equations in this book, we found that solving
the dual forms of the linear programming problems are easier than
solving the primal forms.

Moreover, a knowledge of the properties of the dual problems also
leads to a much better understanding of all aspects of linear
programming theory. It led, for example, to the discovery of the dual
simplex algorithm and to the primal dual algorithm. See for example,
Hadley [7].

3.6.1 Fundamental properties of the dual problems

Theorem 3.1
The dual of the dual is the primal.
Theorem 3.2

If x is any feasible solution to (3.6.1) and w is any feasible
solution to (3.6.2), then

(c,x)<(b,w), thatis,z<Z
Theorem 3.3

If x is a feasible solution to (3.6.1) and w is a feasible solution to
(3.6.2) such that

(¢, x) = (b, w)

then X is an optimal solution to (3.6.1) and w is an optimal solution to
(3.6.2).

Theorem 3.4

If one of the set of problems (3.6.1) and (3.6.2) has an optimal
solution, then the other also has an optimal solution.
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Theorem 3.5

If the maximum value of z is unbounded, then the dual has no
feasible solution.

Note 3.1

The converse of Theorem 5.5 is not true; that is, if the dual has no
feasible solution, this does not imply that maximum z is unbounded.
Neither problem has a feasible solution.

3.6.2 Dual problems with mixed constraints

The primal problem (3.6.1) has all its constraints in (3.6.1b) with
the same < sign. Consequently all the constraints in the dual in
(3.6.2b) have the > signs. However, a primal problem may have both
kinds of inequality signs and also may have some equality signs. We
first observe that an > sign in the primal is reversed by multiplying the
whole inequality by —1.

We also observe that a constraint with an equality sign

Ta;x; = b;
may be replaced by the two inequalities
(3.6.5a) Ya;x; <b;

2a;X; 2 b;

177
When the last inequality is multiplied by —1, it is converted to

(3.6.5b) —Xa;X; < -b;

In other words, a constraint with an equality sign is replaced by
two constraints each having < signs. Therefore, a programming
problem with mixed constraints may always be converted to the
constraints with < signs.

Theorem 3.6

An equality constraint in the primal corresponds to an unrestricted
(in sign) variable in the dual.

Proof:

An unrestricted (in sign) variable say w, may be written as the
difference of two non-negative variables
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(3.6.6) w=w! —w?, where w' >0 and w?>0

On the other hand, an equality constraint in the primal, may be
replaced by the two inequalities (3.6.5a) and (3.6.5b), which yield two
variables w!' and w? in the dual. The dual column and the dual price
corresponding to w! are the negative to those of w2. Thus w! and w?
may be replaced by one unrestricted variable w, as in (3.6.6).

We conclude that the column corresponding to an unrestricted
variable is the one obtained had the original equation in the primal
was not replaced by two inequalities.

3.6.3 The dual simplex algorithm

It is observed in the simplex algorithm that any basic feasible
solution with all the (z;—c;) >0 is an optimal solution. It is also
observed that the z; are completely independent of the requirement
vector bg. These observations present an interesting alternative to the
method of solution.

We may start the simplex tableau in the dual with a basic, but not
feasible solution (not all the elements of bg are non-negative) to the
linear programming problem which has all the (z; — ¢;) = 0. If we then
move from this basic solution to another by changing one basic vector
at a time in such a way that we keep all the (z; — ¢;) =2 0, an optimal
solution would be obtained in a finite number of steps. This
constitutes the idea of the dual simplex algorithm.

The dual simplex algorithm does not have the general
applicability of the simplex algorithm because it is not always easy to
start with all the (z; —c;) 2 0. The algorithm is given this name since
the criterion for changing the basis is that for the dual, not for the
primal problem.

In the dual simplex algorithm, one first determines the vector that
leaves the basis and then the vector that enters the basis. This is the
reverse of what is done in the simplex algorithm. The criteria for
changing the basis are as follows:

(a) For the vector to remove from the basis, choose

bp, = min;(bg;), bp;<0

Column a, is removed from the basis and xg, is driven to 0.
(b) For the vector to enter the basis, choose
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0 = (2 — C/y = max;((z; — ¢))/yyj), ¥y <0
The increase in z is z = bg(z — C1)/ Y-

This algorithm is particularly useful in solving bounded linear
programming problems, as it eliminates the necessity for the
introduction of the artificial variables. A bounded linear programming
problem has the elements of its vector x bounded between upper and
lower bounds. Instead of x>0 in (3.6.1c), we have

d>x,20, 1i=1,2,..,n

where the (d;) are given constants.

A numerical example is solved in detail in Chapter 5; Example
5.1, for a bounded linear programming problem using the dual
simplex algorithm.

3.7  Degeneracy in linear programming and its resolution
3.71 Degeneracy in the simplex method

It is noted that in the simplex method, if one or more of the
elements of the basic solution by is 0, then the solution is known to be
degenerate. Degeneracy may occur in the initial basic feasible
solution, or it may occur in the course of the solution.

The initial basic feasible solution is degenerate if and only if one
or more of the elements in the initial bg column is 0. Degeneracy
occurs in the course of the solution if there are two or more values of i
which have the same

Omin = mini(X;/y;j), y;;>0

In this case, in view of (3.3.17), two or more of the nonzero xg; of
the current solution are reduced to zero for the next iteration, while
only one of the x; that is zero in the current solution becomes positive
for the next iteration.

When degeneracy occurs, the value of 0,,;, for the iteration that
follows will certainly be 0 and in view of (3.3.18), the new solution
7® = 7D that is, the objective function does not increase. Moreover,
as noted earlier, this degeneracy may persist for several successive
iterations and there is a possibility of cycling; that is, a set of bases
may be introduced again every few iterations. Hadley ([7], p. 190)
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presents an (artificial) example in which cycling occurred. In that
example there were two equal 0,,;, and the wrong basis vector was
removed. Hadley however states that no actual problem has ever
cycled.

Resolution of degeneracy is done, in effect, by perturbing the
elements of the bg column as explained next. In the next two sections
we deal with degeneracy in the simplex method. In the third section
we mention two cases where degeneracy was resolved in the dual
simplex algorithm.

3.7.2 Avoiding initial degeneracy in the simplex algorithm

Assume that k elements in the initial bg column are 0’s. Select a
small number € such that ke << 1. Replace the first zero element in bg
by ¢, the second zero element by 2¢, ... and the k' zero element in by
by ke. At the end of the problem, if necessary let € — 0. This would
resolve the problem of initial degeneracy.

3.7.3  Resolving degeneracy resulting from equal 0,;,

We replace the set of variables x; by another set x;', as follows

X|'=X|—g]
X)' =Xy~ &)
XN' = XN—EN
where €, €, ..., gy are very small positive numbers and that

E1FE&F ... FEN

We might instead make this procedure systematic by taking &, =&,

&= 82, ce EN T ¢\ and define the variables

Xj'=Xj—8J, _] = 1, 2, ,N
The i" constraint now becomes
b; =aj1x)" +apxy' ... T apNxy
or

_ 2 N
bi=aj(x;—¢) tap(xp—e7) + ... tanExN—¢€")
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Or in terms of the original variables, the new variables b;' are
— 2 n
b,'=Db;+a;;e tape” +... +a;,¢

This means that the perturbation, in effect, is to the bg column and the
degeneracy is resolved.

In practice, it is not necessary to follow this procedure literally. It
is observed that the biggest change in the elements bg; is caused by
the € term in (3.7.1), as the higher orders of € have negligible effects.
We can thus predict how the tie in 0,,,, will be broken without
actually calculating bpg;'.

3.7.4 Resolving degeneracy in the dual simplex method

In the dual simplex algorithm, degeneracy occurs when one or
more of the marginal costs is zero. A method for resolving this kind of
degeneracy is described in Section 5.6. This method is also used in
Section 21.3 for resolving the same kind of degeneracy.

3.8  Linear programming and linear approximation

Wagner [13] was the first to successfully formulate both the linear
L; and the Chebyshev approximation problems as linear
programming problems in both the primal and dual forms. Given, as
usual, is the overdetermined system of linear equations

Ca=f

C = (c;;) is a given real n by m matrix of rank k, k <m <nand f= ()
is a given real n-vector. The residual vector r is

r=Ca—f
Its i element, r; is given by
m
I; = Z c;a—f, i=1L2,..,n
i=1

3.8.1 Linear programming and the L; approximation

The L approximation problem is defined as to find the solution
vector a for the equation Ca = f such that the L; norm of the residual r
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be as small as possible. That is

n
minimize Z = Z ‘ri|

i=1

Since the residuals (r;) are unrestricted in sign; that is, r; may be

> =o0or<0,1i=1,2, ..., n, we write

I'i :ui—Vi
Hence

It =u; +v;

(u;) and (v;) are the elements of the n-vectors u and v respectively and
that

u;>0 and v;>0, i=1,2,...,n

The primal form of the linear programming problem for the L,
approximation problem is now

n n
(3.8.1a) minimize Z = z u; + Z V;
i=1 i=1
subject to the constraints

r=u-v=Ca—-f

or
Ca—utv=f
(3.8.1b) a; unrestricted in sign,1=1,2, ..., m
(3.8.1¢) u;>20,v;>0, i=1,2,...,n
From Section 3.6, the dual form to problem (3.8.1) is given by
(3.8.22) maximize z = flw
subject to
(3.8.2b) Clw=0
w;< 1, i=1,2,..,n
wiz-1, 1=1,2,..,n
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where CT is the transpose of C and the n-vector w = (w;). The last two
sets of constraints reduce to the constraints

(3.8.2¢) “1<w;<1, i=1,2,..,n

Problem (3.8.2) is a linear programming problem with bounded
variables (w;). That is, by defining b;=w; +1,1=1, 2, ..., n, we get
the following formulation of the problem

(3.8.3a) maximize z=f(b — e)
subject to the constraints

(3.8.3b) C'p=CTe
(3.8.3¢) 0<b;<2, i=1,2,...,n

e is an n-vector of 1’s and the elements of the vector b = (b;) are
bounded. Problem (3.8.3) is a linear programming problem with
non-negative bounded variables [7]. In Chapter 5, this problem is
solved by the dual simplex algorithm.

3.8.2  Linear programming and Chebyshev approximation

The Chebyshev approximation problem is defined as to find the
solution vector a for the equation Ca = f such that the L, norm of the
residual r be as small as possible. Let

z=maxjr, 1=1,2,...,n

Let h>0, be the value z = max;r;]. Hence, since r; is unrestricted in
sign, 1=1,2,...,n, the primal form of the linear programming
problem is

minimize h
subject to
h
h

vV IA

T
T
The above two inequalities reduce to

m
~h< Zcijaj—fiﬁh, i=1,2,...,n
i=1
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In vector-matrix form, these inequalities become

Ca + he> f
—Ca + he > —f
h >0 and aj,j =1, 2, ..., m, unrestricted in sign.
From Section 3.6, the dual form of this formulation is

(3.8.4a) maximize z = [f —f1]b
subject to

T T
(3.8.4b) C Clp=e¢_.,

T T

e e

(3.8.4¢) b;>0, i=1,2,...,2n

€,,+1 1S an (m + 1)-vector, which is the last column in an (m + 1)-unit
matrix. The 2n-vector b = (b;). In Chapter 10, problem (3.8.4) is
solved by the simplex method.

Relevant linear programming formulations are also made for other
problems in this book, such as the one-sided and the bounded L; and
Chebyshev solutions of overdetermined linear equations and the
formulations for the solutions of the underdetermined linear equations
of Chapters 20-23.

3.9  Stability of the solution in linear programming

In practice, it is common to solve linear programming problems
that have several hundred equations. Consequently, round-off error
plays a significant role in the accuracy of the result.

The basis matrix for a simplex tableau differs from that of a
preceding tableau in only one column. The inverse of the basis matrix
is updated at each simplex step by the Gauss-Jordan method rather
than by inverting a new matrix.

While this generally gives satisfactory results, it is susceptible to
round-off error in two respects. First, if the basis matrix is continually
updated, computational errors are propagated in the problem from
step to step. Second, because the Gauss-Jordan method is applied
without pivoting, inaccurate results are obtained when small pivots
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are met.

Wolfe [15] described some methods of round-off control. This
include (1) conditioning of the linear programming problem and (2)
precautions to observe in using the simplex algorithm.

Pierre [10] described in detail some scaling techniques applied to
the linear programming problem before the simplex algorithm is
applied. This process has the effect of conditioning the problem; that
is, by minimizing the condition number of the basis matrix. In this
respect, see also Noble ([9], Section 13.5).

Clasen [5] gave a criterion by which tolerances in linear
programming problems are calculated. Any number that is smaller in
absolute value than a specified tolerance is considered as round-off
error and is replaced by 0.

Storoy [12] described a simple method for error control in the
simplex algorithm. He also presented a method for improving the
obtained solutions.

Bartels [1] discussed the stability of Gauss-Jordan elimination
method by a round-off error analysis. He then implemented the
simplex method based on the Hessenberg LU decomposition of the
basis matrices.

In order to be able to select large pivots, Bartels and Golub [2]
implemented the LU factorization method with row interchanges of
the basis matrix. Additional accuracy is obtained by iteratively
refining the optimal solution, using a technique due to Wilkinson [14].

Bartels, Golub and Saunders [3] described computational methods
for updating the inverse of the basis matrix by both the LU
decomposition method and by the orthogonalization method of
Householder’s transformation.

Bartels, Stoer and Zenger [4] used a triangular decomposition
method for the basis matrix, which ensures numerical stability of the
results for ill-conditioned problems. A variation of this technique has
been used in the algorithm for calculating the L; approximation
problem in Chapter 5 and another variation has been used in the
algorithm for the restricted Chebyshev approximation problem in
Chapter 13.
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Chapter 4

Efficient Solutions of Linear Equations

4.1 Introduction

This is another tutorial chapter. It deals with the solution of real
non-singular systems of linear equations and inversion of matrices.
This chapter is intended to be an introduction to Chapter 17, on the
least squares problem and the pseudo-inversion of matrices.

It is required to solve the system of linear equations

Ax=Db

A = (a;) is an n by n real non-singular matrix, b = (b;) an n-real vector
and x = (x;) is the solution n-vector. We assume that matrix A is of a
reasonable size, and that it is not sparse.

We start in Section 4.2 with the familiar subject of vector and
matrix norms and some relevant theorems. A norm for either a vector
or a matrix gives an assessment to the size of the vector or the matrix.

In Section 4.3, elementary matrices, which are used to perform
elementary operations on a matrix equation, are introduced. In
Sections 4.4 and 4.5, two of the direct methods for solving linear
equations, which are among the most efficient known methods are
described. These are the Gauss LU factorization method with
complete pivoting and the Householder's QR factorization method
with pivoting. These two methods have been studied extensively by
many authors. However, we adopt here the approach of Wilkinson
[16]. The inverse of a square non-singular matrix is calculated.

In Section 4.6, a note on the Gauss-Jordan elimination method for
a set of underdetermined system of linear equations is given.
Gauss-Jordan method is the key elimination method for updating
simplex tableaux in linear programming. We end this chapter with
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Section 4.7, where a presentation of rounding error analysis for simple
and extended arithmetic operations is given.

4.2 Vector and matrix norms and relevant theorems

Given an n-dimensional vector x, real or complex, it is useful in
mathematical analysis to have a single non-negative number which
gives an assessment of the size of x. This number is known as the
norm of x and is denoted by ||x||. We already defined and used vector
norms in Chapter 2. We elaborate here on this subject.

4.2.1 Vector norms

Let vector x = (xq, Xy, ..., Xn)T. The norm of x plays the same role
as the modulus in the case of a complex number. It satisfies
(1) |Ix]| > 0, unless x = 0; ||x|| = 0 implies x =0,
(i1) |lcx|| = [c]| ||x]|, ¢ is a complex scalar, and
(1))  x+y| <|x|]| + |ly|]| (known as the triangle inequality) and as
a result, [[x —y[| > |Ix]| —ly]l.

As described in Chapter 2, there are three vector norms in
common use. They are derived from the p or the Holder’s norm

n 1/p
“.2.1) Ixl, = {zwp} C1<p<w

i=1

Then for p = 1, the L; norm of x is

(4.2.2) Ixlly = > Jx

i=1
For p =2, the L, or the Euclidean vector norm of x is
. 2
(4.2.3) Ix|l, = sqr‘{ Z ‘Xi| }
i=1
Again, for p = oo, the L, or the Chebyshev vector norm of x is

(4.2.4) IX]|o = max|x;|, i=1,2,...,n
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It is easy to show that these three norms are related by the
following inequalities

(I/sqrt(m))[|xly < [Ixllz < [Ixl[y,  (Mn)lx][y < [x[loo < [[x][y
[1X[loo < (%[ < 1 [[x|oo, [1X[loo < [x[]2 < sqrt(m)|x]ls
(I/sqrt(m))l|x[ly < [Ixllo < [Ix[l2,  [Ixllx < Ixl[y < sqrt(m)[|x]|

A useful inequality known as Schwartz’s inequality is

(S )RS bI(PRINI

where (X, y) denotes the inner product of vectors x and y.
4.2.2 Matrix norms

Similarly, given an n by n real or complex matrix A = (a;)), the
norm of A satisfies the conditions
(1) ||A]| > 0, unless A = 0; ||A|| = 0 implies A =0,
(i)  [|cAl[ = c| ||A]l; ¢ is a complex scalar,
(i)  ||A+BJ| <||A|| + ||B||; (A and B are of the same size), and
(iv)  [|AB[[ <Al [B]].

There are matrix norms that are said to be natural norms, i.c.,
that are associated with (subordinate to or induced by) vector norms.
Since for any vector norm, we expect that ||Ax| <[|A]l||x]|, the
subordinate matrix norm associated with a vector norm is defined by

1A, = max(||Ax[/[Ix][,), x=0
or equally
[|A[lp = max|[Ax][p, [x]}, =1

4.2.3 Hermitian matrices and vectors

Definition 4.1

A square matrix A is known as a Hermitian matrix if A=A,
where A is the complex conjugate transpose of A. This class of
matrices includes symmetric matrices when the elements of A are
real. The following are Hermitian matrices
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ab and a b+ci
bd b-ci d

where a, b, ¢ and d are real elements and i = sqrt(—1).

Similarly let x be a column vector whose elements are complex.
Then x is a row vector whose elements are the complex conjugates
of those of x. It follows that

xHH=x, (AH)H=A and (AB)H=BHAH

and x'x is real and positive, x # 0. In other words, Hermitian
transposes have similar properties to those of ordinary transposes.

Theorem 4.1

Let A be a Hermitian matrix. Then

(1) A has real eigenvalues
(11) AHA has real non-negative eigenvalues.
Proof:

Let A be an eigenvalue of a Hermitian matrix A and x the
corresponding eigenvector

AX = AX
Hence
xHAx = Axtx
Now x'x is real and positive, for x # 0. Again, xHAXx is scalar and thus
real, since

(XHAX)H = xHAHx = xHAx

proving (i) that is A real.
The proof of (i1) follows since

2. X X = (AX, AX) =X X
425 HAHAx = (Ax, A HAHA
= (AX)H(AX) = 2xtx = oxHx

Let the eigenvalues of (AHA) be Gi(AHA). Then sqrt(csi(AHA)) are
known as the singular values of A and are denoted by s;(A), i.e.,

siz(A) = sqrt(Gi(AHA)), i=1,2,...,n
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Theorem 4.2

Let A be an n by n matrix. Corresponding to the given vector
norms of Section 4.2.1, there are matrix norms [|Al|,, for p =1, 2 and
oo, that are subordinate norms:

(1) |All; = maximum absolute column sum of A

(i1) Al =max;s;(A) (maximum singular value of A)
(i)  ||All, = maximum absolute row sum of A.

Proof:

To prove (i), from (4.2.2)

Axl, = 3

i=1

zalj ]

j=1

< Z Z [ [xi

1j=1

and by re-arranging the summations
n n n
Xl <7 fay > x5 < (max > ‘%0(2 ‘xj‘]
i=1  j=1 i=1 j=1

Since the summation of the far right = ||x||;

n
1Al = max(IAx],/Ix],) < max; 3 Jay
i=1

Suppose that the maximum sum is for column k. Choose x; = 1
and x; = 0, for 1 # k. For this choice of x, equality is obtained.

To prove (ii), pre-multiply matrix A by AH. Then (AHA), being
Hermitian, has an orthogonal set of n eigenvectors {y;}, each
associated with a non-negative eigenvalue (Theorem 4.1 (ii)). Let x be
written as a linear combination of (y;), i.e.,

n
X = 2e
j=1
where the ¢; are constants. Then from (4.2.5)
IAX]* /%], = (MATAX) / (x, %)
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n n
22 2
= Dol 7s(A)/ 3 g

i=1 i=1

or
[[AX][ /[Ixl[2 < Smax(A)

Moreover, by choosing x = y; associated with GmaX(AHA), an equality
is obtained.

To prove (iii), from (4.2.4)
n n

n
All, = max; z a;;X;| < max; Z ‘ainxj‘ < max; Z ‘aij|max|xj‘
j=1 i=1 j=1

Hence

n
max|Ax],/[xll, < max; > |a

j=1

1Al

Again, assume that i =k gives the maximum sum on the right.
Construct a vector x with x; =1 if a; >0 and x;=-1 if a,; <0. For
this x, an equality is attained. The theorem is thus proved.

As a result of this theorem

=1

where I is an n-unit matrix and the norm is any natural norm.
4.2.4 Other matrix norms

There are other matrix norms [9, 11] that satisfy the four
conditions of Section 4.2.2 and are defined by

1/
Al = [Z\aﬂ ! 1<q<2
ij

For the case q = 2, the norm is known as the Schur or the
Euclidean matrix norm. It is easily calculated and hence often used
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1/2
Al = | 3 Jayf]
i

This matrix norm is consistent with the Euclidean vector norm |x||,
but it is not subordinate to any vector norm, since for an n-unit matrix

L [[T|g = sqrt(n).
4.2.5  Euclidean and the spectral matrix norms

An important property shared by both the Euclidean and spectral
matrix norms is given by the following.

Theorem 4.3

The Euclidean matrix norm and the 2 (the spectral) matrix norm
have invariant properties under unitary transformation. The same is
true for the 2-vector norm. For unitary matrices U and V, we have

X[l = U]
Al = [[UAV][ = [[UA]| = [[AV]]

(U is said to be unitary if UMU = UUH =1; that is, UH = Ul A real
unitary matrix is called orthonormal).

Proof:

To prove the first part of the theorem, since U is unitary,
UMl = My =1

IUx,? = (Ux)"(Ux) = x"UM0x = xx = ||x,?
To prove the second part of the theorem, we have for example
VAL, = ((UA)"UA(,, = [JAMUMUA], = [ATA],, = |Al,,?

For the Euclidean matrix norm, again consider for example UA,
then

VA = llAllg

The proof follows from the fact that the Euclidean length of each
column of UA equals the Euclidean length of that column and the
theorem is proved.
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4.2.6 Euclidean norm and the singular values

Definition 4.2

The trace of an n square matrix A, denoted by tr(A), is the sum of

its diagonal elements. For two square matrices A and B,

tr(AB) = tr(BA).

As a result:

(1) tr(A) = the sum of the eigenvalues of A.

(i1))  The sum of the eigenvalues of AB = sum of the eigenvalues of
BA. In fact, AB and BA have identical eigenvalues. See also
Theorem 4.10.

(i)  ||Allg” = tr(AMA).

Since ||A||E2 equals the trace of AHA which equals the sum of the
eigenvalues of (AHA), % Gi(AHA), and again, since Gi(AHA) = siz(A),
we have

n
2 2
AL = 3 s2(A)
i=1
Then since [|A||, = s;(A), the largest singular value of A, we have the
relations
(4.2.6) 1Al < [|Allg < sqrt(n)[|All,
Theorem 4.4

Let [[All, and [|A[jg be any two matrix norms. Then there exist
positive numbers a and b such that

a<|[Allg/ [[Allg=<b

Assume that A is an n by n matrix. The following relations
between matrix norms exist
(1/sqrt(m))[|Al[g<||All<[|AllE, (1/sqrt(n))[|Allg<||All<sqrt(n)||Al[g

(1/sqrt(n))[|Al[g<[|A]l <sqrt(n)||Allg, (1/sqrt(n))[|A[<[|All;<sqrt(n)||A]l,
(1/sqrt(n))||A[[r<]|Allo <sqrt(n)||All,, (I/m)||A]|<[|Al];<n[|Al|
Theorem 4.5 ([13], p. 133)

IAB||g < [|Allg [[Bll, and [[AB||g < [|Al], [[Bllg
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Theorem 4.6
For any matrix norm, we have
L= 1, A7 = 1A, JAY] <Ak

4.2.7 Eigenvalues and the singular values of the sum and the
product of two matrices

Theorem 4.7: Wielandt-Hoffman theorem ([16], p. 104)

Let C= A + B, where A, B and C are real symmetric n-matrices
having eigenvalues o;, [; and v; respectively, arranged in a
non-increasing order; that is, o,; > oy = ...2 o, etc. Then

> (ri-a)’ <IBlg = Y p;

i=1 i=1

This theorem relates the perturbations in the eigenvalues to the
Euclidean norm of the perturbation matrix B.

Theorem 4.8

Let C= A + B, where A, B and C are real symmetric n-matrices
having singular values s;(A), s;(B) and s;(C) respectively, arranged in
a non-decreasing order; o,y <o, < ... <. Then

Si(A) —s(B) <s(C) <s5(A) +s,(B), i=1,2,..,n
In particular, since ||B||, = s,(B) and since from (4.2.6), ||B||, < ||B||g
${(C)<s(A)+|Bllg, i=1,2,...,n
Definitions 4.3

Given an n by m matrix A, then ([11], p. 25)

(1) A k(<n) by s(<m) submatrix of A is obtained from A by
deleting certain rows and columns from A.

(i) A principal submatrix of A is a submatrix, the diagonal
elements of which are diagonal elements of A.

(ii1)) A leading submatrix of A is a submatrix (not necessary a
square one) that lies in the upper left hand corner of A.

(vi) A leading principal submatrix of A is a square submatrix that
lies in the upper left hand corner of A.
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Theorem 4.9 ([11], p. 317)

Let A be a real symmetric n-matrix and B be a principal
(n— 1)-submatrix of A. Let (a;) be the eigenvalues of A and (j3;) be
the eigenvalues of B, arranged in a non-decreasing order. Then

aq < B] SO(,zS Bz SO(,n71 Sanl S(Xn
Theorem 4.10 ([16], p. 54)
(1) Let A and B be square real n-matrices. Then the eigenvalues of
AB and of BA are identical,
(i) Let A and B be an n by m and an m by n real martices

respectively, n>m. Then AB and BA have m identical
eigenvalues and the extra (n — m) eigenvalues of AB are 0’s.

4.2.8  Accuracy of the solution of linear equations

Theorem 4.11

Assume that ||[dA|| < 1, where dA is a perturbation to matrix A.
Then (I + dA) is non-singular and

aiaan <10+ 4 < i
Proof:
Let us write
(4.2.7) I=(I+dA)I+dA)"!
Then by taking norms

L <1+ AT+ dA) || < (1 + [[dA]DIIT + dA) |
which proves the left inequality of the theorem.
To prove the right inequality, write (4.2.7) in the form
(I +dAY ' =1-dAI +dA)!
By taking norms, we get
I+ dAY | < 1+ (A +dA) | < 1+ A [[(X+dA) |

By dividing by ||(I + dA)_lH and arranging the terms, we get the right
inequality of the theorem.
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Suppose that in a certain problem a small change da in the data o
causes a change dx in the result x. If it is possible to write

|dx/x| = K|do/a

then K is called the condition number for the relative change in x
caused by a relative change in a. Let us consider the matrix equation

Ax=Db

If vector b is perturbed by db and matrix A is perturbed by dA, the
solution has to be given by

(4.2.8) (A +dA)(x +dx) = (b + db)
Theorem 4.12

Assume that A is a square non-singular matrix and that
IA7Y| |[dAJ| < 1. Then if x = 0

ldx] . IdA] . [db]
ldx]l CK(A)[——— + _}
x| IAl bl

where C=1/[1-K(A)||dA|/||A]|]] and K(A) is the condition number
of A. The spectral condition number of A is given by

K(A) = [All, [A™]]
See also Section 17.5.1.

Proof:

Subtract Ax = b, from (4.2.8)
(4.2.9) (A +dA)dx =db—dA x
Then

dx=(A+dA) !(db-dAx)=T+A'dA) A !(db - dA x)
and by taking norms
[ldx|| < [T+ A~ dAY | [JA7Y|([db| + [[dA]| x]])

By using the right inequality of Theorem 4.11, after replacing dA
A~'dA and since ||A7!]| [|dA|| < 1
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1 < 1
(1-a"aaly a-faiaan

la+aaa)| <

Since [|A7!]| [[dA]| = K(A)[|dA]/||A]], we get
1@+ A ldAay Y <C

where C is defined above. Then by dividing by ||x|| and noting that
|Ib|]| <||A]| ||x]|, the theorem is proved.

Again, since in the denominator of C, the quantity
K(A)|[dA[/||A]| = A1 |[dA]|, if [A7L] [IdA] << 1, C = 1 and we get

ldxl _ ., o\[1dAl , lldb]
42.10
(4210 HIRS AVRET

If db =0, we get from (4.2.9)
dx=—(I+A'dA)TA1dA x

Then by taking norms and using the right inequality of Theorem 4.11,
after replacing dA by AldA

[ldx]| < I(T+ A~ 'dAY Y| [|A1dA]| |Ix]|

and

|dx] { |a""da] }

7Tl

This inequality is used in estimating the relative error in the
solution vector x, due to rounding error in some matrix computations,
using backward error analysis. It is itself inequality (4.7.12) below.

Note 4.1

It is noted that if the set of equations Ax =b is ill-conditioned,
resulting in a large relative error ||dx||/||x||, we expect K(A) in (4.2.10)
to be large. Yet, the converse is not necessarily true. A large K(A)
does not necessarily imply that Ax = b is ill-conditioned. The reason
for this is that Theorem 4.12 gives an upper bound for the ratio
||dx||/||x|| and this upper bound may not be attained.
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4.3 Elementary matrices

Elementary operations to a given matrix equation involving
matrix A are mostly based on pre-multiplying and/or post-multiplying
A progressively by one or more of the matrices known as elementary
matrices. We describe here 3 of the elementary matrices.

(a) Diagonal matrix: A diagonal matrix D = diag(a., B, y, ...) isan
elementary matrix. Pre-multiplying matrix A by D results in
multiplying each element of the first row of A by o and each
element of the second row of A by B, ..., etc. Post-multiplying
A by D results in multiplying each element of the first column
of A by a and each element of the second column of A by
B, ..., etc.

(b) Permutation matrix: A permutation matrix Pj; is an n-unit
matrix I, except that its i and j columns are interchanged.
Pre-multiplying A by P;j; results in the interchange of rows i
and j of A. Post- multlplylng A by Pj; results in the interchange
of columns i and j of A. We note that P;=P; T =P 1 and
PIJPIJ =1L

(©) A matrix M;, which is an n-unit matrix I, except for its
column i which has the form (for the case n =5 and i = 2)

T
(mpy, 1, m3p, myy, ms,)

is another elementary matrix. Pre-multiplying A by M, results
in a matrix B, B=M,A. The second row of B equals the
second row of A. But the first row of B is the first row of
A + my, times the second row of A. The third row of B is the
third row of A +mj; tlmes the second row of A, ..., etc.
Post-multiplying A by M2 , where the superscript T refers to
the transpose, gives a similar result with the columns of A
instead.

Note 4.2

It is noted that the elementary matrices described above are never
stored in the computer. They are described here in order to elucidate
the operations that equation Ax = b undergoes.

In particular, the operations of the permutation matrices are
recorded by index vectors. For example, an index vector
IR(G)=(1, 2,5, 4, 3) indicates that rows 3 and 5 of matrix A have
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been interchanged.

Note 4.3
Elementary operations on matrices are performed on matrices of
any size, not only on square matrices (Chapter 17).

4.4 Gauss LU factorization with complete pivoting

Given a system of linear equations Ax = b, the Gauss elimination
method or the Gauss LU factorization is described as follows. The
method applies elementary operations successively to matrix A and
vector b, which finally reduce matrix A to an upper triangular matrix
U while vector b becomes vector L 'b, where L is a unit lower
triangular matrix (its diagonal elements are 1°’s).
Gauss LU factorization without pivoting is as follows. Let
A =AW and b =bW. Then
(1) Add multiples of the first row of equation AVx = b to each
of the second, third, ..., n? rows of equation ADx =pD g0 as
to eliminate x; from such equations. This results in the
equation APx =p?.

(i1) Add multiples of the second row of the new equation
A@x =p@ to each of the new third, forth, ..., etc. rows of
A@x =b?, 50 as to eliminate x, from such equations. This
results in the equation AGKx = b(ﬁ.

(ii1))  Continue this process until an upper triangular set of equations
is obtained as shown (for n = 4)

apxg + ap + a3+ a,Uxy = by
an@xy + ayxy + ayPxy = b
3) Ry, = 3)
(441) 333( X3 + ad3q4 Xy = b3

a, 4(4)X 4= Db 4(4)

In (4.4.1) the alj(l) are the elements of the first row of A() and
a2~(2) are the elements of the second row of A® and so on. Again,
b, D is the first element of b(!) and so on. The solution is obtained by
back substitution in the triangular system (4.4.1) starting with x4.

The first element an(l) of matrix A1) is the pivot element in
process (i) above. Likewise the element azz(z) of matrix A® is the
pivot element in process (ii) above and so on.

We now show that this method gives the factorization
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A=LU

As indicated above, U is the upper triangular matrix appearing on the
Lhs. of (4.4.1) and L7'b is the vector appearing on the r.h.s. of
(4.4.1).

4.4.1 Importance of pivoting

In the Gauss elimination method, complete pivoting is achieved
by means of interchanging the rows of the system of equations
AOx =p®, and/or the columns of the matrices A®, where
1i=1,2,...,n—1 such that the pivot element all(l) is the largest
element n absolute value in the whole of matrix A(D, while Ay ) s
the largest element in absolute value among the current aj; @) of A®),
withi,j>2, ..., and so on.

Partial p1v0t1ng is achieved by interchanging the columns of
A A such that a;, (! is the largest element in absolute value in
first row of A(l) azz(z) is the largest element in absolute value among
the current a J(Z) of A®), with j j=2..., and so on. By doing this, we
avoid pivots that are small in absolute value. Otherwise, due to the
finite precision of the computer word, inaccurate or even incorrect
results are obtained.

Example 4.1

This is a well-known classical example [3] which illustrates the
importance of pivoting in the Gauss elimination process. Assume that
all the results are rounded to four decimal places. Let us solve the
system of two equations

0.0001x; + 1.00x, = 1.00
(4.4.2) 1.00x; + 1.00x, = 2.00

The true result rounded to 4 decimals is
x1 = 10000/9999 = 1.0001 and x, = 0.9999

Yet, Gauss elimination without partial pivoting (without exchanging
columns) is done by using the first equation in (4.4.2) to eliminate x
from the second equation. That is by subtracting 10000 times the first
equation from the second equation and rounding the result to 4
decimal places, which gives
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0.0001x; + 1.00x, = 1.00
~9999x, = -9998

from which x, = 1.0 and x; = 0.0 (wrong result).

On the other hand, with pivoting (by first exchanging the two
columns on the Lh.s. of (4.4.2)), and subtracting the first equation
from the second, we get the triangular system

1.00x, + 1.00x; = 1.00
(1.0-0.0001)x; = 1.00

giving x; = 1.00/0.9999 = 1.0001 and x5, = 0.9999 (correct result).
4.4.2 Using complete pivoting

Let (A|b) denote the n by (n + 1) matrix with vector b situated to
the right side of matrix A.

The Gauss elimination process with complete pivoting consists of
(n—1) major steps in which matrix (A|b)= (A(1)|b(1)) is reduced
successively to (A@P), (APpO)y, ... (A®D™) as follows:

(1) Choose the element of aij(l of matrix A of maximum
absolute value among all the elements of A as the pivot.
Suppose this element is auv(l). Interchange rows 1 and u in the
complete n by (n+ 1) matrix (A(l)|b(l)) and interchange
columns 1 and v of A(). This may be done by pre-multiplying
(A(l)\b(l)) by a permutation matrix S; and post-multiplying
AW by another permutation matrix Pj.

(i1) Calculate and record the (n — 1) multipliers m;;

my = ail(l)/a“(l), 1= 2, 3, R 1 |

w?le):re ail(l) and a; 1(1) are the elements of the permuted matrix
AV
(ii1))  Calculate the matrix (A(2)|b(2)) as follows

fori=2,...,n
ai® = a(V - mya;;V  j=2,3,...n
bi(2) = bi(l) - milbl(l)
We remark that

(4.43) $;=8,"=s,7,p,=P,T=P, 7, $;S,=1, PP, =1
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Then in vector-matrix notation, step (i) is equivalent to changing
equation ADx =pD 1o

SIA(I)P1P1X = Slb(l)

Or in terms of the permuted matrix A(l) and permuted vectors x and
h(l), where A(l) = SIA(I)PI’ x =P;xand h(l) = Slb(l)

ADx =pD

Step (iii) is equivalent to pre-multiplying (A")|b()) by matrix M;
in order to obtain matrix (A(2 |b(2)). M, is a unit matrix, except for its
first column, which is given by

(1, —myq, M3y, ..., —mnl)T
where m,;, m3y, ..., m,; are given in step (i1) above. Hence, we get
(APp®) =M, aMp D)
Or in other words
A(z) = MlslA(l)Pl and b(z) = M]Slb(l)

The second major operation is similar. Determine the element of
maximum absolute value among the current a;® with i,j>2.

J
Suppose this element is ars(z). Interchange rows 2 and r in the

complete n by (n + 1) matrix (A(2)|b(2)) and columns 2 and s of A,
Calculate the (n — 2) multipliers

mp = aiz(z)/azz(z), 1= 3, 4, R 1 |

Again aiz(z) and azz(z) are the elements of the permuted matrix A,
Calculate the elements of (A(3)|b(3)) in the same manner as before.
This is equivalent to changing equation APx =pP to

S,A?P,P,x = S,b?

Then we pre-multiply it by M,, where M, is a unit matrix, except for
its second column, which is given by

(0, 1, —mszo, —Myy, ..., —I’Ilnz)T
The subsequent operations follow easily until we finally get
Ux = AWy = p®™

where
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(44.4) Mg Sy --- MS;M S| APP; ... P )=U

By pre-multiplying (4.4.4) successively by M(n,l)_ljs(n,l), ey
Mz’l, S, Ml’l, S;, ..., and making use of (4.4.3), we get
(4.4.5) APP, .. Py =S M 'S;My ! LS yM, U

It is not difficult to show that

(a) Mi’l is simply M; with the signs of the off-diagonal elements
reversed, and

(b) SIM;ISMy LS )M, )

— —Ing.—1 -1

- SlSz oo S(n_l)Ml M2 o M(n_l)

(c)  Also, MM, ... M(n_l)*l = L, a unit lower triangular
matrix, whose diagonal elements are 1’s and the sub-diagonal
clements are the calculated mj; elements. Hence

SIM;'SMy LSy M1y =84S, ... S L
We may thus write (4.4.5) in the form
AP =SLU
where  S=§;S,...84,4) and P=PP,...P, ;) and by
pre-multiplying by S we get
(4.4.6) A=SAP=LU
As a result of pivoting, the LU factorization in (4.4.6) is not for

matrix A but for matrix A =SAP, which is the permuted matrix A.
Equation Ax = b thus reduces to
(4.4.7) LUx=b
where

x=Px and b=Sb

The solution of (4.4.7) is obtained in two steps, i.e., by solving the
two triangular systems, Ly = b and Ux =y, from which x is obtained.
Finally, the solution of Ax =b is x = Px.

4.4.3 Pivoting and the rank of matrix A

We noted earlier that elementary operations may be performed on
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any matrix systems, not only on square non-singular systems. Besides
the importance of pivoting illustrated by Example 4.1, an equally
important purpose of pivoting is to determine the rank of matrix A.
Let us assume that complete pivoting has been used in deriving
the triangular equations (4.4.1) from the given set of equations
Ax =b. If rank(A) <n, we expect one or more rows of A to be
linearly dependent on the other rows. However, after each step of the
Gauss elimination method, such dependent rows will depend on one
row less than in the previous step. Hence, if rank(A) = k < n, after step
k in the Gauss elimination method, the set of equations (4.4.1) will
instead have the form (for n =4 and k = 2)
apxg + alz(i)xz + a3k +axy = b0
ay®xy + ayt g + apPxy = b
(4.4.8) 0 +0 = by
0 = b4(4)
In (4.4.8), if b3(2) and b4(2) are 0’s, then rank(A|b) = rank(A) = 2
and system (4.4.8), being an underdeterminerd system, has an infinte

number of solutions But if b3(2) and/or b,® is not 0,
rank(A|b) > rank(A), and (4.4.8) is inconsistent and has no solution.

Theorem 4.13 ([10], Section 3.5)

Let A be an n by n matrix and b be an n-vector. Then:
(1) System Ax=Db has a solution if and only if rank(Alb)=
rank(A).
(i)  Ifrank(Alb) =rank(A) = n, the solution is unique.
(iii)  Ifrank(A|b) = rank(A) < n, the solution is not unique.
(iv)  Ifrank(Alb) > rank(A), system Ax =b is inconsistent and it
has no solution.

Example 4.2
A simple example of inconsistent set of two equations is

4X1 + 6X2 =6
2X1 + 3X2 = 4

A Gauss elimination step produces

4x; + 6xy =
0 =1
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The Lh.s. of the second equation is half the Lh.s. of the first equation.
That is, rank(A)=1, while rank(Alb)=2. The two equations
represent two parallel lines that will never intersect. This system is
inconsistent and has no solution.

The following is a special case of the previous theorem.
Theorem 4.14

Consider the solution of the homogeneous set of equations Ax = 0
(i.e., b=0), where A is an n by n matrix. Then:
(1) If rank(A) = n, the equations have the unique solution x = 0,
(i)  Ifrank(A) =k < n, the solution is not unique.

4.5 Orthogonal factorization methods

Orthogonal factorization methods are used in factorizing an n by n
matrix A in the form of A = QR. They include Householder, Givens
and the Gram-Schmidt methods [5, 6, 8]. We shall consider here the
first method only and also assume that A and b are real. For
Householder's method, we introduce the following elementary
orthogonal matrices.

4.5.1 The elementary orthogonal matrix H

Let
(4.5.1) H=1-2ww'

where w is an n-dimensional vector such that (w, w) = w'w = 1. Then
H is symmetric and also orthonormal; H'H= I, since

H'™H = I-2wwh(I-2ww))
= 1-4ww! + 4w(w, w)wT
=1

H is known as an elementary orthogonal matrix.
4.5.2 Householder’s QR factorization with pivoting

This method gives the factorization of a square matrix A into

© 2008 by Taylor & Francis Group, LLC



Chapter 4: Efficient Solutions of Linear Equations 91

(4.5.2) A=QR

Q is an orthonormal matrix, Q'Q =1, and R an upper triangular. The
transformation of matrix A into an upper triangular matrix R is done
by pre-multiplying A res;;ectively by the (n—1) elementary
orthogonal matrices HDO 1O, gD,

Let A = AD and 1et A@, AG), ..., A® be defined by

ACD —gOA® =12 . n-1

The transformation A% = HAWD produces (n—1) 0’s below the
first element in column 1 of A®, Likewise, the transformation
A®) =HPAD), produces (n—2) 0’s below the second element in
column 2 of A®) and also leaves the 0’s obtained in the previous step
unchanged. The process continues until we obtain an upper triangular
matrix A™. To illustrate this process, we consider the 4 by 4 matrix
A= (alj)

We wish to determine the elements of the vector
w(h= (wl(l), wz(l), w3(1), w4(1))T such that A® =HMAD has zero
elements in the positions (2, 1), (3, 1) and (4, 1). We have from (4.5.1)

A = A _ ow(DyW(DT A (D
Let wTA®M =(d,, d,, d3, d;). The elements in the first column of
A® are thus
45.3) (a; D 2w Ddy), (@M - 2w, (Vdy), (a3, D - 2w5Mdy),
and (341(1) — 2W4(1)d1)
Each of the last 3 elements in (4.5.3) is equated to 0
azl(l) — 2W2(l)d1 =0
(4.5.4) a3V = 2wy(Dd; = 0
8.41(1) — 2W4(1)d1 =0

We also observe that since H) is orthogonal, the sum of the

squares of the elements of any column of AW is invariant. Thus from

(4.5.3) and (4.5.4), (a“(l) — 2w1(1)d1)2 + 0+ 0+ 0= the sum of the
squares of the 4 elements of the first column of AW =2, Hence

@55 a; M —2w,Vd; ==C or 2w;(Vd; =a;; D+ C
By squaring equation (4.5.5) as well as the three equations of (4.5.4)
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and adding the results, we get
(4.5.6) 2d,% = C%+2Ca;(V

To ensure numerical stability, the + or — sign in (4.5.6) is chosen
accordlng to whether a; ;{1 is > 0 or < 0 respectively. The elements of
wD are thus obtained from (4.5.5) and (4.5.4) by substituting d; from
(4.5.6), from which HW is easily calculated.

To calculate the elements of w® of H® =1- 2w(2)w(2)T, we
proceed in the same manner. We observe that the first element of w®
1s 0, i.e.,

W = (0, wy@), wy @), w7

This will ensure that the first row and also the 0’s in the first column
of A® are left unaltered in the transformation A®) = HHA®,

Likewise, in calculating w®), its first two elements are 0’s. This
also ensures that the first two rows as well as the 0’s obtained in the
first two columns of A®) are left unaltered in the subsequent
transformation, and so on.

For computational putﬁ)oses to summarize and simplify the above
calculation of w® and H® for k = 1,2,. —1, let

H® =1 _ Bkw(k)w(k)T
Fork=1,2,...,.n—-1, H® and A®™D are generated as follows [1]
sqrt(Z; |aik(k)|2) (sum from i =k to n)

Gk =
B = [owow +lag D1
(4.5.7) w,®) = 0, fori<k

wi = sgn(ag ) (o + fa M)

w~(k) = aj (k) fori>k
H® may thus be computed from (4.5.7) and consequently
AKD = gOA®) g computed.
4.5.3 Pivoting in Householder’s method

At the beginning of the k™ step, k=1, 2, . — 1, we compute
Gj 2 from (4.5.7) for each value of j from k to n. If c 2 is the maximum
sum interchange columns k and p of A® in the full array. This is
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done by post-multiplying A® by the permutation matrix Py, and in
order not to change the structure of the equation A®x =p® we
pre-multiply x by P.. That is

AWP, P x =p®

This eqhuation is then pre-multiplied by H®. Hence, at the end of
the (n — 1) step we get

(4.5.8) Ay =pm®
By denoting R as an upper triangular matrix
AW =HAP=R, x=Px and b™ =Hb
Equation (4.5.8) is re-written as
(4.5.9) HAPx = Rx = Hb
where H=H®™D  HPHD and P=PP, ... P, ,

Since H is orthonormal, H"' = HT, and by pre-multiplying (4.5.9)
by HT we get QRx =b, where Q = HT is an orthonormal matrix. The
QR factorization is thus not for matrix A but for the permuted matrix
A = AP. The solution X is obtained by solving the triangular system
Rx = QTb, and finally x is obtained from x = Px.

4.5.4 Calculation of the matrix inverse A™!

We may use either Gauss’ or Householder’s method in calculating

Al In the equation Ax =b, we take successively b=ej, e,, ..., €,

where e; is the i" column of the n-unit matrix I. The calculated
solution x; is the i" column of the inverse A~

Proof:
Let
Ax| =e], Ax; =€), Ax, = e,
Then since [e; e, ... e ] =1

[X] X5 ... X;] = A"
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4.6 Gauss-Jordan method

Gauss-Jordan elimination method is of importance in the solution
of linear programming problems [3, 7]. This method proceeds as in
the Gauss elimination method, described at the beginning of Section
4.4, but without pivoting. The only difference is that at the Kkt step, Xy
is eliminated not only from all equations below the kth equation, but
also from all equations above the kth equation. If we have a system of
n equations in n unknowns, after step n, we get (for n = 4)

(1 = pb,D

a X

11 X1 azz(z)Xz _ bl(z)
a33(3)X3

CT'
(98]
/-\
w
~

a, 4(4)X 4 = b 4(4)

Then the solution of the system is obtained by dividing equation i by
the coefficient a; ", i=1,2, .

We are interested here in the solutions of an underdetermined
system of linear equations by the Gauss-Jordan elimination method.
Let us suppose that we have applied this method to a system of 4
equation in 6 unknown and that the system is of rank 4. Let us assume
that we have also divided each equation i by the coefficient a;;

X1 + ajsxs + ajgxg = by

X2 + 325X5 + 326X6 = bz(z)

(461) X3 + 8.35X5 + a36X6 = b (3)
Xq T ays5Xs T ageXe = by @

Hence, if we assign any prescribed values to x5 and xg4, 0’s say, X1, X»,

x3 and x4 in (4.6.1) are known.

Let us assume now that we want to solve the given system not for

X1, Xp, X3 and x4 but for Xy, X5, X4 and x4 instead. Rather than solving

the original set of equations from the beginning, one iteration of the

Gauss-Jordan method is enough to give us the required result. This is

done in two steps, as follows:

(1) Divide the third equation (which contains x3) by as¢, so that
the coefficient of x4 in this equation is unity,

(2) Subtract a suitable multiple of the obtained equation from each
of the other three equations so that x4 is eliminated from such
equations. That is, apply a Gauss-Jordan elimination step to
eliminate x4 from all equations except the third one.
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The new set of equations will now have the form

— 1

X| Toapxy + a)5Xs = bl(z)

X9 + 473X3 + Ay5X5 = bz( )

(462) a33X3 + a35X5 + X6 = b3(3)
— 4

A3xXz + Xyt aysXs = b,

from which the solution for x;, X,, X4 and x4 is obtained. Obviously,
the coefficients and the r.h.s. of (4.6.1) and of (4.6.2) are not the same.
The method described above is that of changing basis in the simplex
algorithm, which is used for solving linear programming problems.

Note 4.4

We observe in (4.6.1), by assigning 0’s to x5 and xg, the values of
X1, Xy, X3 and x4 are themselves the r.h.s. of these equations,
namely = b;", by?), b;® and b, respectively. Hence, we name
vector b as the basic solution.

We end this chapter with an analysis of rounding errors in
arithmetic operations.
4.7  Rounding errors in arithmetic operations

4.7.1 Normalized floating-point representation

The general format of a normalized floating-point number consists
of a sign bit, an exponent and a mantissa, as shown in Figure 4-1.
Single- and double-precision numbers differ only in the number of
bits allocated to their exponent and mantissa.

K Exponent | Mantissa \

Figure 4-1: General floating-point format

Most present day implementations use the IEEE (Institute of
Electrical and Electronics Engineers) normalized floating-point
representation. The single-precision type “float” in C occupies 32 bits
(binary digits), consisting of a sign bit, an 8-bit exponent and a 23-bit
mantissa. The double-precision type “double” occupies 64 bits,
consisting of a sign bit, an 11-bit exponent and a 52-bit mantissa.
There is an implied leading “1.” in the mantissa, so s.p and d.p.
mantissas are actually 24 and 53 bits long respectively (even though
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the most-significant bit is not stored in memory) resulting in
1 < mantissa < 2.

We will simplify our examination of round-off error in
floating-point arithmetic operations by eliminating the implied
leading bit in the mantissa. Instead, the mantissa is normalized by
constraining the most-significant bit to be nonzero. This format was
typical of pre-IEEE floating-point implementations.

We can generalize the normalized floating-point representation to
any base, such as binary, octal, decimal, hexadecimal, etc. We denote
the base by B =2, 8, 10, 16, etc. [2, 3, 15]. Let t1 be the number of
digits in a s.p. mantissa and t2 be the number of digits in a d.p.
mantissa. A normalized s.p. floating-point number X is interpreted as

x =+p%0.d;d, ... dy)

({34

where b is the exponent, the “.” is the decimal point and d;, d,, ..., dy;
are the digits of the mantissa. Because d; # 0, we get

(4.7.1) (1/B) < 0.dyd,...dy < 1

so (2) £0.d;d,...d;; < 1 (binary), (1/10) < 0.d;d,...d;; < 1 (decimal),
(1/16) £0.d;d,...d;; < 1 (hexadecimal), etc. The value of x is thus

calculated by
X = iBb(%va%Jr +(-1i—ﬂ
p p
For example, the decimal numbers 4983 and 0.004983 are expressed
in normalized floating-point representation as 104(0.4983) and
1072(.4983) respectively.

Due to the finite length of floating-point representation, numbers
are rounded-off or truncated after each arithmetic operation. In this
chapter, round-off error is calculated for simple floating-point
arithmetic operations. Bounds for round-off errors are then obtained
for extended simple operations and for simple matrix calculations.
Backward round-off error analysis is introduced by an example.

4.7.2  Overflow and underflow in arithmetic operations

In an IEEE-format s.p. number, the exponent b has the range
-127 <b < 128, the stored value of which is offset by 127. This means
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that a s.p. number has a range of the order of 2127 < x <2128,
specifically, 1.175494351x10™% < x < 3.402823466x10°%. A d.p.
number has a range of the order of 271023 < x <1024, specifically,
2.2250738585072014x1073% < x < 1.7976931348623158x103%%,

Beyond the bounds of the given floating-point representation,
overflow or underflow occurs.

4.7.3 Arithmetic operations in a d.p. accumulator

Floating-point processors perform all simple arithmetic operations
in at-least double-precision (often higher than d.p.), regardless of
whether the result is stored in single- or double-precision.

Consider the following simplified examples in which we assume a
s.p. representation supporting 4 decimal places of precision, a d.p. of 8
decimal places and a d.p. accumulator also of 8 decimal places:

(a) Addition (subtraction) of two s.p. floating-point numbers.
Let x and y each be a 4-digit floating-point decimal number
and let us calculate z=(x+y). Before the arithmetic
operation, the smaller number is given an exponent equal to
that of the larger number. In the following three examples, we
show how round-off error can be affected by the numerical
signs and the relative magnitudes of the two numbers.

(la)  Consider 107°(0.1015) — 1077(0.9852):

10°0.10150000)
~107%0.09853000)

1090.00297000)

We denote the difference z, normalized in d.p. and then
stored in single-precision as

z=1fl(x—y) = 1078(0.2970)
where fl denotes the floating point calculation in s.p. In
this example, we see that there is no round-off error.

(1b)  Consider the same numbers as above, but in an
addition operation rather than a subtraction:
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(b)

2)

3)

Numerical Linear Approximation in C

10°0.10150000)
+107°(0.09853000)

10°0.20003000)
The rounded sum is stored in single-precision as
z=1fl(x +y) = 107°(0.2000)

giving a round-off error of 1071%(0.3000), which was
realized by simply changing the sign of the arithmetic
operation.

Consider 10%0.8314) + 101(0.5241):

There is a difference of 3 between the exponents of the
two numbers. Hence, the second number is shifted to
the right 3 places before the addition takes place

10%0.83140000)
+10%0.000524 1 0)

10%0.83192410)

The rounded sum z = fl(x +y) = 104(0.8319), giving a
round-off error of 1074(0.2410).

Consider 1076(0.3145) + 10%(0.6758):

The difference in exponent between the two numbers
is 10, (i.e., > the 8 decimal places in the accumulator),
and thus the computed sum z =fl(x +y) = 10% (0.6758)
=y, giving a round-off error equal to the whole of the
smaller number.

Multiplication (division) of two s.p. floating-point
numbers.
Let x and y each be a 4-digit floating-point decimal number
and let us calculate z = xy. Let us consider the following two
examples:

(1

)

Consider two numbers of similar magnitude:

1074(0.1714) x 1073(0.1213) = 107%(0.20790820)

The computed result z = fl(xy) = 1073(0.2079), giving
a round-off error of 10713(0.8200).
Consider two numbers of dissimilar magnitude:
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1074(0.8204) x 10%(0.3325) = 10%(0.27278300)

The product is then rounded to z=fl(xy)
= 102(0.2728). The least-significant digit is rounded up
from 7 to 8, giving a round-off error of 1072(0.1700),
which is much greater than the smaller number.

Theorem 4.15

Let us take two normalized floating-point s.p. numbers x and y
and let ‘op’ denote any of the arithmetic operations +, —, x or /. Let
(x‘op’y) be computed in d.p. before rounding it back to s.p. Let the
calculated result be denoted by z. Then

z=1l(x‘op’y) = (x‘op’y)(1 + €)
gl < (12)pt Y
Proof:
Let z before and after rounding be respectively
B°(0.d,d,...d;dg11q...) and BP(0.dyd,...dy)

where d;; is the rounded digit. Hence, the error resulting from the
rounding operation is

error = B0.dd,...d;dgy41... — 0.d;ds...dyy| < BOL(1/2)B7H]
The relative error (R.E.) = error/true value, is given by
R.E. < BP[(172)p~D1/BP(0.d,dy. ..dydyy41...)
Yet, we know from (4.7.1) that (1/B) < (0.dyd,...d{1d;1+;...) and thus
R.E. <[(1/2)B"D/(1/p) < (1/2)p—D
and the theorem is proved.
This theorem tells us that

lg| <27t (binary)
le| < (1/2)101)  (decimal)
le| < (1/2)16(1") (hexadecimal)

Truncating of the result

In some computers, the result z in the previous theorem is
truncated to s.p. t1 digits rather than rounded. In this case, we have
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Theorem 4.16
(4.7.2) z(truncated) = z(1 + €), where |g| <UD

It is also possible to prove the following alternative to the above
two theorems.

Theorem 4.17
Let ‘op’ denote any of the arithmetic operations +, —, x or /. Then
z=1fl(x"op’y) = (x‘op’y)/(1 + ¢)
where

lg| < (1/2)F>(l ) (rounded operation)
lg] < B 1-th (truncated operation)

474  Computation of the square root of a s.p. number

The bound for the error made in obtaining the square root depends
on the algorithm used to extract the root of the number. However, it
will always be assumed that [15]

fl[sqrt(x)] = sqrt(x)(1 + €), where |¢| < 1.00001(1/2)p( D
4.7.5  Arithmetic operations in a s.p. accumulator

Let us see what happens when arithmetic operations are instead
performed in a s.p. accumulator. Addition and subtraction operations
are more affected than multiplication or division. In the former, either
none, one or two rounding operations are performed for the single
arithmetic operation. Let us illustrate the worst case by the example

103(0.9741) + 10%(0.4936)
When a d.p. accumulator is used, the result is computed as follows
103(0.97410000) + 10°(0.04936000) = 10%(0.1023)
Yet, in s.p. we have
103(0.9741) + 103(0.0494) = 103(1.0235)

and the normalized result is 104(0. 1024); that is, the smaller number is
rounded up and the final result is also rounded up. In this case, let the
error in these two rounding operations be respectively & and 1. Let y
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be the smaller number, which is rounded off first; then & and n may be
given by
€] < B°(1/2)BC" D and n| < p°(1/2)p ™!

Thus we have

&+ nl <&+ i< 1+ A/BNB(12)P

Theorem 4.18

For a single-precision accumulator

z=1fl(x+y)=x+y)l+9)
8 < (1/2)(1 +(1/p)p"

Hence, [8| < (1.5)27" (binary), [5| < (0.55)10' " (decimal) and for
hexadecimal |5 < (1/2)(1 + (1/16))16' 1.

For multiplication or division, the error depends on how the
operation is performed for the given floating-point processor. In any
case, it is unlikely that an error greater than 1 in the least significant

digit of the final result will occur, so the result of the previous theorem
will still be valid for the multiplication and division case.

4.7.6  Arithmetic operations with two d.p. numbers

In case there is no quadruple word for two d.p. numbers in which
simple operations take place, we get

fly(x‘op’y) = (x°op’y)(1 +8), 18] < (1/2)(1 + (1/B)B'*
where t2 = the number of digits in the mantissa in a d.p. word.
From now on, ¢, and g, denote the round-off error in a s.p.
operation performed first in a d.p. accumulator, and the d.p. operation
performed in a d.p. accumulator respectively, where

(4.7.3) g = (1/2)B(lftl) and &, = (1/2)(1 + (I/B))B(If‘[Z)

Let us now consider extended simple arithmetic operations of s.p.
numbers.

4.7.7  Extended simple s.p. operations in a d.p. accumulator

Consider the following operations:
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(a) Extended multiplication:
Let us calculate w = xyz. This is done in two steps, namely by
calculating fl(xy) then fl(fl(xy)z). Thus

w = fl((xy)(1 +6))z)
(xyz)(1 +81)(1 +83), [81], 165 <

where ¢ is defined in (4.7.3). In general, by assuming |5;] < g,

w = fl(x] X5...Xp)
= (Xl X2...Xn)(1 + 81)(1 + 82)(1 + 6n,1)

(b) Extended addition (summation):
Consider w = (x + y + z). In the same manner, this is done in
two steps, by calculating fl(x+y) then fI(fl(x +y) + z). We get

w = fl((x+y)1+8)+2)
= (x+y)(d +3)) +2)(1+38,)

= (x+y)(1+8))(1+8) +2z(1+3)
In general

w = fl(x; + x5+ ... +x)
= (X1 +x)(1 +81)(1 +87)...(1 +8, 1)
+x3(1 +85)...(1+ 8, 1) +... ¥ x,1(1 + 6, )1 + 6, 1)
+x,(1 +6,_1)
18il < &

(c) Inner products:
Let us compute w = (Xy; + X»¥»)

w = (x1y1(1+81) +xy5(1 +8))(1 +83), |85 <gy
This result may also be extended.

Because the product of the factors (1 + d;) appear so often, it is
useful for practical purposes to obtain some rounding error bounds for
such products.

Lemma 4.1

Assume that |0;) <¢g;,1=1,2, ..., n, and that ng; <0.01. Then
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(4.7.4) 1 —ng; <I1,"(1 +3;) <1+ 1.01ng,
Proof:
From the assumption that |;| < g;

(1—g)"<II"(1 + &) < (1 +¢)"

It is easy to establish that
l-—ng < (1—¢)"
Also, assuming that ng; < 0.01, it is easy to show that
(1 +g)" <1+ 1.0lng,

and by applying (4.7.5a, b) to (4.7.4), the lemma is proved.

By using (4.7.4), we get the following bounds for the extended
multiplication, extended summation and inner products respectively.

(a) w = fl(x; X5 ... X,) = (X1 X5 ... Xy)(1 + 1), where
(4.7.6) l-(n-1)g; <1+1<1+1.0I(n-1)g

(b) w = fl(x; +x,+ ... +X,)
= fl(x; + x)(1 + 15) +x3(1 + 13) +...+ x,(1 + 1,,), where

47N -(n+1-1g<(1+1)<1+10I(n+1-1)g, r=2,3,...,n
(©  w = 1xy) =yt + Xoy(1+1 )t + X, vy (I1y)
where
l-ng; <(1+1)<1+1.0lng
l-n+2-1g; <(1+1)<1+10l(n+2-1)gy, r=2,3,..,n
Remark 4.1

The error in the extended-product case depends on the order in
which the numbers are multiplied. Yet, the upper bound of the error as
given in (4.7.6) is independent of such order. Also, the relative error
(R.E.) is appreciably small and from (4.7.6) is

IR.E.| < 1.01(n—1)g
Remark 4.2

In the summation operation, both the error and the upper bound in
(4.7.7) depend on the order in which the numbers are added. The
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upper bound of this error will be smaller if the numbers were added in
order of increasing absolute magnitude. That is because the largest
factor (1+1;) will be associated with the smallest x;. However, in this
process there is no guarantee that the relative error will be small.

n
2 X

i=1

n

2%

i=1

IR.E.| < /

It may happen that the positive and negative terms in the
summation of the denominator cancel each other in such a way that
the summation is very small. It may also happen that the terms in the
numerator will support each other. In such a case the relative error
will be very high. The same situation may occur in the inner product
case. This phenomenon of cancellation is very crucial and it magnifies
the harmful effect of the round-off error.

4.7.8  Alternative expressions for summations and
inner-product operations

(a) The expression for summations may take the form
w = flx;+x,+ ... ¥xp)

= (X1+X2+ +Xn)+€1
where

(4.7.8) |eq] <1.01g([(n— D)Xy + Xo| + (n=2)[X3] + ... +2x, 1| T [Xp]]
(b) Also, for the inner product operation, we may have
w = 1fl(x, y) =(x,y) + e,, where
(47.9)  lesl < 101, [nfx| [yy] + nfxol [yal + (0 — Dixs] lys]
Fot 2] [yl

4.7.9 More conservative error bounds

(a) The summation case, from (4.7.8)
w = flx;+x,+... +x)

= (x; +x,+... +X,) * ez, where
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les] < 1.01(n — Deg(Ixq] + %] + ... + X))
(b) The inner product case, from (4.7.9)
w = fl(x, y) = (X, y) + €4, where
leg| < 1.01Ing(|x], |y])

where |x| and |y| are the two vectors whose elements are
respectively the absolute elements of x and y.

4.7.10 D.p. summations and inner-product operations

In most computers there are facilities for accumulating the sum of
several terms in a d.p. accumulator for each partial sum and the whole
terms are added. The final result is then rounded to s.p.

(a) The summation operation.
First we obtain an expression similar to (4.7.7), namely

ﬂZ(Xl +X2 + ... +Xn)
= (xptx)(1+mp) +x3(1+m3) + ...+ x,(1 +mp)
and
1- (1’1 +1- I')82
<SA+n)<1+10l(n+1-r)g, r=2,3,...,n
and from (4.7.3)
&= (1/2)(1 + (1 + (1/R))p*~*2)
Then when this result is rounded to s.p. we get

SR e

= [(x; +x)(1 +mp) +x3(1 +M3)
Foxg(1 I +e), el <g
From this result we write

w=(X;+xy+... +x,) +E{, where
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n
[Ei|<¢ + l.Ol(n—l)SZZ X

i=1

n
2 i

i=1

(b) The inner product case.
In the same manner as above

w = fl(fl(x, y)) = (X, y) + Ey,
where
|Eo| < &ql(x, y)| + 1.01ney(|x], [y])

We observe that the second term on the right for both |E;| and
|E,| is a second order term, compared with the first term.

4.7.11 Rounding error in matrix computation

The obtained results so far are now applied to a simple matrix
computation. Let A = (a;;) be an n by n matrix and let x be an n-vector.
Let us compute the following:

(i)  y=Ax. The computed i element of'y is

n n
j

=1 ji=1
From (4.7.9)
| Ei| < 1.01g;[nfay| x| + nlajp| [x5f + (n — Dlaj3| [x3]
+ot 20ag] [Xpl]
We may write
y=Ax+E,;
|Eq|<1.01 |A| D x| &
and D is a diagonal matrix given by
D =diag(n,n,n—1, ..., 2)

Again, |A| denotes the matrix whose elements are the absolute
elements of matrix A. Thus by taking the Euclidean norms of
the above inequality, we get the following bound
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IE|l, < 1.01 ngy||Allg [1x]]

(11) C = AB, where each of A, B and C is an n by n real matrix.
In the same manner we write down

C=1l(AB)=AB +E,
where
[Exl|g < 1.01 ne,[|Allg [[Bllg
See for example Wilkinson ([15], p. 83).

However, if d.p. accumulations of inner products are made, the
results for (i) and (ii) are
(1) v = fl(fl,(Ax)) = Ax + E;, where

|Esly < &1]|Ax][[; + 1.01ng,||Allg (X[
Gi)  C=fl(fl(AB)) = AB + E,, where
IE4llg < &1[|AB||g + 1.01ng;||A|[ [IBJ|,

4.7.12 Forward and backward round-off error analysis

Let us now assume that we are calculating the value of

x=g(ay, ap, ..., a,)

where the a; are given. As a result of the round-off error, the computed
value of x, namely x will differ from the exact value x by dx = x — x.

In the forward error analysis, we attempt to obtain some bound on
dx. In the backward error analysis, we do not concern ourselves with
the value of dx. Instead, we try to show that the computed value X is
exactly equal to

X =g(a; +daj, a, +da,, ..., a,+ da,)

for some values of da,, da,, ..., da,, and we calculate the bounds for
the da;. The analysis has to be continued after this step to obtain some
bounds for ||dx||, usually by using some perturbation technique [3, 14].
In practice, it is found that the backward round-off error analysis
is much simpler than the forward analysis, in particular in the
floating-point computation. We give here a simple example to
illustrate the idea of the backward error analysis. Suppose that we are
computing the elements x; from the lower triangular set of equations
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apX = b
1X; +oapXp = b
(4.7.10) a3xp + oagpXy +oagx; = b;
aX) T oagpXy TagsXs tayxy = by

The variables x1, X,, ..., are computed in succession
x1 = fl(by/ayy)
i = fl[(—ajx) —apx, ... Tb)/al,1=2,3,4
From Theorem 4.17
X1 = by/[ay (1 +8yy)]

<

and
X = flf(—a (1 +8;)x; — ... —a; i1 (1 + 8 i_Xi1 T b))]
/Tag(1+8:)(1 +&)], i=2,3,4
where
19;i], lesl <€, 1=1,2,3,4,  [0;/<1.01G-1)g;, 1=2,3,4
and 85 < 101G +1-j)e;, i=2,3,4, j<i

Hence, we get

ap (1 +98y1)xy = by
321(1 + 821))(1 + 8.22(1 + 622)(1 + 822)X2 = bz’ etc.

or in matrix form
(A+dA)x=b
where

jay] 0 0 0
‘a21| 2|a22| 0 0
2|a31| 2|a32| 2|a33| 0

_3|a41| 3|a42| 2|a43| 2|a44|_

[dA| <1.01¢,

Hence, by taking the L., norm of dA, (maximum absolute row sum)
HdAHoo < (1/2) x 1.01 x 4 x 581 X maxij|aij
If instead, A is n by n (not 4 by 4), the error bound would be
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(471 1) ”dAHoo < (1/2)101n(n + 1)81 X maxij|aij

In other words, the computed solution to (4.7.10) is the exact
solution of (A + dA)x = b, where ||dA||,, is given above and the error
dx = (x — x) is calculated from Theorem 4.12 by taking db = 0 and
assuming HA_ldAH <1

47.12) ldx] [ la"dAl }
x| 1-— ”A_ldA”

4.7.13 Statistical error bounds and concluding remarks

We conclude that the upper bounds of round-off error may be
reached only in very special cases. The round-off error in a single
arithmetic operation lies between —¢; and €;. To realize the worst-case
estimated upper bound in the error of an accumulation of simple
arithmetic operations, every single round-off error would have to be at
either extreme —¢; or €1 and the data of the problem would have to be
arranged in such a form that the errors all accumulate in the same
direction. In the above, the obtained error bound for ||dA||,, is given by
(4.7.11). In practice, due to the statistical distribution of the round-off
errors the factor n(n + 1) in (4.7.11) is more likely to be n.

We note that the first detailed round-off error analysis in fixed
point arithmetic operations (not discussed in this section) was given
by von Neumann and Goldstine [12]. The corresponding analysis in
floating-point operations was first given by Wilkinson [14]. The
backward round-off error analysis was first introduced by Givens [4].

The pioneering contribution to the subject of round-off error
analysis in algebraic processes in both fixed and floating-point
computation is due to Wilkinson. Most of his published and
unpublished work is summarized in his two books [15, 16].
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Chapter 5

Linear L; Approximation

5.1 Introduction

Given is the overdetermined system of linear equations
(5.1.1) Ca=f

where C = (c;;) is a real n by m matrix of rank k, k <m <nand f= (f;)
is a real n-vector. In general, this is an inconsistent linear system and
has no exact solution; only an approximate one. The residual vector
for the system Ca = f, denoted by r is

r=Ca—f

In this chapter, we consider the linear L; solution of Ca = f, which
requires that the L; norm of the errors (the residuals) in the
approximation problem be as small as possible.

Since the early seventies, there has been an increasing interest in
the linear L; approximation. According to Bloomfield and Steiger
([14], pp- 33, 34), it has been given many names, such as Discrete L;
approximation [I,2,8], L; solution of overdetermined linear
equations [1, 3, 4], Linear discrete L; norm problem [6], L{ norm
minimization [22], Least absolute deviations (LAD) [14], Minimum
sum of absolute errors (MSAE) [17], Ll—Approximation [18], Least
absolute value (LAV) [23], L; linear regression [24], Least absolute
value regression [28] and others.

The robustness of the L; solution against odd points or outliers
(one or more inaccurate element in vector f) was illustrated in Figure
2-1. In this context, Rosen et al. [22] give necessary and sufficient
conditions that correct solution is obtained when there are some errors
not only in vector f, but also in the coefficient matrix C.
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114 Numerical Linear Approximation in C

The L; solution of system Ca=f, or the discrete L,
approximation, is the m-vector a = (a;) that minimizes the L; norm
of the residuals; that is

n
(5.1.2) minimize Z = Z It

i=1

where r; is the i" element of vector r and is given by

m
(5.1.3) r; = ZCijaj—fi, i=1,2,...,n
i=1

Abdelmalek [1] showed that the discrete linear L, approximation
is equivalent to the solution of the overdetermined linear equation
Ca =f in the L norm, as explained in Chapter 2. For the case when
matrix C satisfies the Haar condition, Usow [25] treated the discrete
L, approximation by solving a geometric problem equivalent to
solving Ca=f in the L; norm. Abdelmalek [1] generalized Usow’s
algorithm for the non-Haar case and showed that his algorithm is
completely equivalent to a dual simplex method applied to a linear
programming problem with non-negative bounded variables.
However, one iteration of Usow’s algorithm is equivalent to one or
more iterations in the latter.

The most widely used methods for solving the L; approximation
employ linear programming techniques, in the primal or the dual
form. Wagner [26] was the first to successfully formulate the L,
approximation problem (5.1.1-3) to a linear programming one in both
the primal and dual forms.

Barrodale and Roberts [8, 9] used a modification of the simplex
method of linear programming to solve the primal problem. Their
routine is able to skip certain intermediate simplex iterations. Matrix
C of (5.1.1) need not be of full rank, minimum computer storage is
required and an initial basic feasible solution is easily computed.

To advance the starting basis in the linear programming solution
for the L approximation problem, Sklar and Armstrong [23] solved
the equation Ca=f first in the least squares (LS) sense. They
computed and ordered the absolute LS residuals. Then the initial basis
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for the L problem corresponds to the columns related to the m
smallest absolute LS residuals. This is because the L approximation
is supposed to interpolate at least m of the given data points, m being
the rank of matrix C. Their method requires solving the problem in the
LS sense first and assumes that the coefficient matrix C is of full rank
m. See Section 5.1.1.

Bloomfield and Steiger [13] presented an algorithm identical to
that of Barrodale and Roberts [8, 9] except that they differ in the start
up of the algorithm. They assume that rank(C) =m and use the
characterization theorem outlined in Section 5.1.1. They consider all
m combinations with zero residuals and use an exchange method that
is a variation of the simplex method.

Among other methods that use linear programming is that of
Narula and Wellington [17]. They developed one algorithm that
solves both the L; approximation problem, calling it the minimum
sum of absolute errors (MSAE) regression and the Chebyshev
approximation problem, calling it minimization of the maximum
absolute error (MMAE) regression. They maintain that the
algorithm for MSAE regression is that of Barrodale and Roberts [8]
and the algorithm for MMAE regression retains the basic elements of
Barrodale and Phillips [7].

Following the analysis of Usow’s method, Abdelmalek [2, 3, 4]
next solved the linear programming problem in the dual form, in such
a way that certain intermediate simplex iterations are skipped.
Numerical results [3] on a large number of test cases show that this
method is comparable to that of Barrodale and Roberts [7, 8]. This is
not surprising since the two algorithms are identical as shown by
Armstrong and Godfrey [6]. However, the two methods differ in
obtaining the initial basic solution and the way a vector leaves and
enters the basis. Another difference is that in Abdelmalek [3, 4], for
the purpose of numerical stability for ill-conditioned problems, a
triangular decomposition to the basis matrix is used. Nevertheless, a
program without triangular decomposition of the basis, which is
faster, is also included here.

Robers and Ben-Israel [20] and Robers and Robers [21] described
an interval programming technique to solve the bounded variables
dual linear programming problem (5.2.3) below. No intermediate
simplex iterations are skipped in their method.
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Techniques for solving the L, approximation problem other than
linear programming, include that of Bartels et al. [10] who used a
projected gradient method for choosing a descent direction to
minimize a piecewise differential function. Wesolowsky [28] used a
technique closely related to that of Bartels et al. [10] with different
rules of descent. Bartels and Conn [11] used a descent method, which
is a variant of the simplex method.

In the following, we describe the solution using the dual form of
the linear programming formulation of the L approximation problem.
It reduces to a programming problem with non-negative bounded
variables. No artificial variables are needed in the algorithm and as we
noted earlier, it deals with rank deficient cases. Also, minimum
computer storage is used and an initial basic feasible solution is easily
computed. We are able to skip certain intermediate simplex iterations
and hence, the algorithm is an efficient one. In Section 3.8.1, we
outlined the formulation of the L; problem as a linear programming
problem. For the sake of completeness, we formulate this problem
again here.

5.1.1 Characterization of the L solution

For characterization theorems of the L optimal solution, see for
example, Madsen et al. [16], Pinkus [18], Powell [19] and Watson
[27]. The most important characterization is the following. For
practical purposes, for an optimal solution, if matrix C in (5.1.1) has
rank k, k<m, then at least k of the residuals are 0’s. This
characterization (theorem) is a direct result of the solution of the dual
linear programming problem of the L; approximation. See Section
5.7. However, simplex methods calculate such optimal solutions, but
not every optimal solution has this characterization ([24], p. 60).

5.2 Linear programming formulation of the problem

Since the residuals (r;) in (5.1.3) are unrestricted in sign; that is, r;
may be >, =, or<0,i=1,2, ..., n, we write
(5213.) L=u -V

Hence
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(5.2.1b) Il =u;+v;
where u; and v; are such that
(5.2.1¢) y;20andv; 20, 1i=1,2,...,n

When r; > 0, we have u; > 0 and v; =0 and when r; <0, we have
v; >0 and u; =0. Obviously, when r; =0, u; =v;=0. Hence, from
(5.2.1b), (5.1.2) becomes

n n
minimize Z = Z u; + Z V;
i=1 i=1
In vector-matrix notation, let vector u = (u;) and vector v = (vj).
Hence, the residual vector r is
r=u-v=Ca-f
The primal form of the linear programming problem is
T T

(5.2.2a) minimize Z=e u+e'v
subject to the constraints

a
(5.2.2b) (1, 1) |ul = f

v
(5.2.2¢) a; unrestricted in sign, 1i=1,2,...,m
(5.2.2d) v, >20,v;20, i=1,2,...,n

In (5.2.2a), e is an n-vector, each element of which equals 1, and
the superscript T refers to the transpose. In (5.2.2b), I, is an n-unit
matrix.

The dual form to problem (5.2.2) is

(5.2.32) maximize z = flw
subject to
(5.2.3b) Clw=0

w < e
(5.2.3¢) w > —e
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where the n-vector w = (w;). The last two sets of constraints reduce to
the following constraints

“1<w;<1, i=1,2,..,n

Then by defining b;=w;+ 1,1=1, 2, ..., n, we get the following
formulation of the problem.

(5.2.4a) maximize z = f'(b — e)
subject to the constraints

C™b=C"e
or

T ST
(5.2.4b) Cb-= Z C;

i=1

(5.2.4¢) 0<b;<2, i=1,2,...,n

CiT is the i column of matrix CT and b = (b;). We see that (5.2.4) is a
linear programming problem with non-negative bounded variables
[15]. We solve here this dual form (5.2.4).

5.3  Description of the algorithm

In (5.2.4c), for an optimum solution, the lower bounds of
parameter b;, i=1, 2, ..., n, are 0’s and their upper bounds are 2. A
dual simplex algorithm for solving this problem is described here.
Without loss of generality, assume that matrix C is of rank m.

Theorem 5.1

A necessary and sufficient condition for a nonzero program for
system (5.2.4) to be optimal is that (n — m) elements of vector b, each
has the value 0 (lower bound) or 2 (upper bound), and that the other m
elements of b are basic variables [15].

Let a basis indicator set for vector b be the index set
I(b) = {1, 2, ..., n} with the property that the variables {b; |1 € I(b)}
are basic variables. Let also the index sets L(b) and U(b) be indicators
for the non-basic variables {b; |1 ¢ I(b)} that are respectively at their
lower bounds (= 0) and at their upper bounds (= 2). Let B denote the
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basis matrix and the basic solution be bg = (ij), j=1,2,...,m.
As usual, the simplex tableau is formed by calculating the

non-basic vectors y; and their marginal costs (z;—f;), 1=1,2, ..., n.
Then

(5.3.1) y;i=B1¢T

and

(5.3.2) zi—fi=1g"y; - f;

The elements of fg = (f)), 1 € I(b).
Since some of the non-basic variables may be at their upper bound
(=2), from (5.2.4b), the basic solution

n
(5.3.3) by = Bl[z c-2 %Y ¢
i=1 icU(b)
By denoting the first term on the right by by and by (5.3.1)
icU(b)
Theorem 5.2

A basic feasible solution is maximal, if the marginal costs for the
non-basic variables (z; — f;), 1 ¢ I(b), satisfy the relations [15]

z;—£,20, 1€ L(b)
z;—£<0, 1€ U(b)

The solution of this dual problem is summarized as follows. A
non-basic column may replace a basic column, may go from a zero
bound to an upper bound or may go from an upper bound to zero. The
optimal solution is characterized by Theorem 5.1.

Theorem 5.3

At any stage of the computation, the residuals (r;) of (5.1.3) are
themselves the marginal costs (z; — f;) for the same reference

zi—fi=r, 1=1,2,...,n

Proof:
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For any i ¢ I(b), from (5.3.1), (5.3.2) is given by
z—fi=fg'B'C;' —f;=C;B 'fy — f;

where C; is the i row of C. Also, the elements of fg = (f), j € I(b).
Thus B 'fg =(ay, ..., am)T, and hence

m
z,—f = zcijaj_fi:ri» i=1,2,...,n
j=1

For i1 € I(b); that is, for the reference equations (z;—f;) =0, the
residual 1; = 0, which proves the theorem.

As a result, the objective function z of (5.1.2) is given by

n
z = z |Zi—fi‘

i=1
Theorem 5.4
The solution vector of the L approximation problem is given by
(5.3.5) al =f31B!

where B! is the inverse of the basis matrix for the optimum solution
of the programming problem and fg is associated with the optimal
solution.

The proof follows also from the fact that B T fg = (ay, ..., a) .

5.4  The dual simplex method

We start solving (5.2.4) by choosing any m linearly independent
columns of CT to form the basis matrix B. The simplex tableau is then
formed by calculating vectors (y;) from (5.3.1) and the marginal costs
(z; — ) from (5.3.2), fori=1,2, ..., n.

The following steps constitute none other than a dual simplex
algorithm for the non-negative bounded variables (b;) as described,
for example, in Hadley ([15], pp. 387-394). The choice of the vector
that leaves the basis is made first. Then the vector that enters the basis
is determined. At first, any non-basic variable b; is given the lower
bound 0.
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(1) Scan the marginal costs. For all marginal costs (z; — f;) <0, let
their b; take the value 2 (upper bound). Indicate that by putting

‘6 2

a mar above the corresponding columns in the simplex
tableau. Then the by is calculated from (5.3.4).

(2) Scan the elements of the basic solution bg. If all the elements
bgs, s=1, 2, ..., m, are bounded, i.e., 0 <bg <2, an optimal
solution is reached. Otherwise go to step (3).

3) The first element bg; that is <0 or >2 is considered. The
corresponding column in the basis is to be replaced by a
non-basic column according to one of the steps (3.1-4) below.
The scanning proceeds from element bg;.; and back again
from bg;.

Let at any iteration, C be associated with bg;, and let C,T replace
C; T'in the basis. The followmg steps are employed.

Case (1)
Ifbg; < 0, C,! is determined from
0, =max(0,,06,) <0
where
0, = (z, — f)/y;; = maxy((zs — £,)/yi), ¥is <0, s € L(b)
and
0, = (z, — f)/y;; = max((zg — £))/yis), ¥is>0, s € U(b)

(3.1) If 6,=0,, transfer the simplex tableau and go to step (2)
above.

(3.2) If6,=0,, transfer the simplex tableau, add 2 (upper bound) to
the new bg;. Remove the mark “x” from column r since b, is
no longer at its upper bound. Go to step (2).

Case (2)
Ifbg; > 2, C,! is determined from
T, =max(ty, T5) >0
where
11 = (2, — £)/yi = ming((zg — £5)/yis), Vis >0, s € L(b)

and

© 2008 by Taylor & Francis Group, LLC



122 Numerical Linear Approximation in C

= (Zr - fr)/Yir = mins((zs - fs)/Yis)o Yis < 0, se U(b)

(3.3) If 1, = 1y, transfer the simplex tableau. Mark column C.T with
“x” to indicate that b; is now at its upper bound (= 2). Subtract
2y; from bg and go to step (2).

(3.4) If 1, =1, transfer the sirn_})lex tableau as usual. Remove the
mark “x” from column C," and place an “x” on column CjT.

Add 2 to the new bp; and subtract 2y; from bg. Go to step (2).

In view of (5.3.4), steps (3.1-4) are analyzed as follows. When a
non-basic column CrT at its upper bound enters the basis, as in steps
(3.2) and (3.4), it is no more at its upper bound and according to
(5.3.4), we add 2y, to bg, or in effect, we add 2 to bg;. Also, when a
basic column CjT leaves the basis to its upper bound, as in steps (3.3)
and (3.4), we subtract 2y; from bg. To illustrate the steps in this
algorithm, so far, consider this example.

Example 5.1
Solve the following system of equations in the L; norm

a1 + a = 3
a; — ap =1
(5.4.1) a, +2a, =7
28.1 + 48.2 =11.1
3a; + ay, = 7.2

In the initial data, column bg is the sum of the 5 columns of c’.
Matrix B! is the inverse of the matrix formed by the first 2 columns
of CT.

Initial Data
T 3 1 7 111 72
B! b ¢’ &' ¢ ol o
0.5 0.5 8 1 1 1 2
0.5 -0.5 7 1 -1 2 4 1

In the initial data B! is not calculated yet, and in view of (5.3.3),
vector b is the algebraic sum of the five columns of C;.
Tableau 5.4.1 is formed by multiplying the initial data by Bl

© 2008 by Taylor & Francis Group, LLC



Chapter 5: Linear L; Approximation 123

However, we actually obtain Tableau 5.4.1 by pivoting over the first
element in row 1 of the initial data and apply a Gauss-Jordan
elimination step, as explained in Chapter 4. Then we pivot over the
second element in row 2 in the obtained tableau and apply a
Gauss-Jordan elimination step. We then calculate the marginal costs
(zi— £). i 2 1(b).

We find in Tableau 5.4.1 that (z; — ;) <0, for i=3,4 and 5.
Hence, the corresponding b; is given the upper bound 2, and this is
identified by marks “x” on these columns. Vector bg is modified by
subtracting 2(y3 + y4 + ys) from it.

In Tableau 5.4.1, the elements of column bg are —5.5 and 1.5. The
first element violates the inequalities 0 < bg; <2 of (5.2.4c). Column
C,T is the column in the basis that is associated with this element.
Hence, we replace this column in the basis.

Tableau 5.4.1
X X X
£ 3 1 7 111 72
bg B ¢t o' o' ¢t ¢St
7.5-2(1.5+3+2) =-5.5 C,! 1 0 15 3 (2
0.5-2(-0.5-1+1)=1.5 C,' 0 1 -05 -1 1
=63 z; — 0 0 -3 31 -02
0, 2 -1.03 -0.1
Tableau 5.4.2
X X
£ 3 1 7 111 72
bg B ¢t ot ¢ ¢ ¢4
—2.75+2 =-0.75 (oM) 05 0 075 15 1
425 C,’ 05 1 -125(25 0
z=5.75 z,— 1, 01 0 285 28 0
T, 228 1.12

The vector that enters the basis is calculated from steps (3.1-4)
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above via calculating the ratios 0, or t. In Tableau 5.4.1 the
parameters 0, represent the ratios of the elements of (z; — f;) over the
corresponding elements of the first row in that tableau.

For this Tableau we apply step (3.2) and the pivot element is
shown between brackets; that is, column C5T will replace column ClT
in the basis. We calculate Tableau 5.4.2, by applying a Gauss-Jordan
step and remove the mark “x” from the top of column C 5T.

For Tableau 5.4.2, both elements of bg violate the inequalities
(5.2.4¢), so we have the choice of replacing Cs' or C, in the basis.
We shall replace C2T by C4T by observing step (3.4) above. Again, in
Tableau 5.4.2, the parameters t, represent the ratios of the elements of
(z; — ;) over the corresponding elements of the second row in that
tableau.

We get Tableau 5.4.3, in which both elements of bpg satisfy the
inequalities (5.2.4c). Hence, Tableau 5.4.3 gives the optimal solution
for Example 5.1.

Tableau 5.4.3
X X
fr 3 1 7 111 72
bg B ST > I oL o /LI oPL)
1.8  —20.6)=0.6 Cs' 02 06 0 0 1
~1.7 +2-2(-0.4)=1.1 C4' 02 —04 05 1
z=3.23 z;— £ 0.66 —1.12 —-145 0 0

Note also that the elements of the last row in Tableau 5.4.3 are the
residuals of system (5.4.1). From Theorem 5.3, the sum of their
absolute vales =0.66 +1.12+145+0+0=3.23 =z. From (5.3.5)
or by solving the fifth and fourth equations of (5.4.1) of Example 5.1,
we get the solution of the problem; a = (a,, az)T =(1.77, 1.89)T.

5.5  Modification to the algorithm
We note in the above section that the process of adding 2y, and/or
subtracting 2y; vectors is done after the simplex tableau has been

changed by applying a Gauss-Jordan elimination step.
The efficiency of the algorithm is improved by skipping certain
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intermediate Gauss-Jordan iterations [2]. This is done with the

following modifications:

(1) Reverse the order of the two processes. The process of adding
the 2y, and/or subtracting the 2y; vectors from bg is done first.
Then it is followed by the Gauss-Jordan step.

(2) More importantly, the changing of the tableau may be
postponed until some non-basic columns each enter then leave
the basis. This is because the corresponding bg; does not yet
satisfy the bounds 0<bg;<2 of (5.2.4c). This process
continues until the last non-basic column for which bg;
satisfies this inequality is found. This ensures that in replacing
a basic column, the maximum decrease in the objective
function z has been achieved.

Let us assume that we start the procedure of the previous
paragraph from a basic solution given by a simplex tableau, say
tableau 1. Let us also assume that the (k — 1) non-basic columns have
each entered, then left the basis for which bg; violated the inequalities
(5.2.4c). Assume also that a k™ column entered the basis without
leaving, because bg; satisfied the inequalities (5.2.4c). Hence, in this
method, we have skipped calculating the (k — 1) intermediate tableaux
2,3, ..., k that correspond to the (k — 1) non-basic columns that each
entered, then left the basis. Only tableau k + 1 is calculated.

All necessary data needed for pursuing this procedure is contained
in the i row of tableau 1 and the marginal costs of this tableau. We
need to know the (bg;) and the pivot elements (y;,) for the (k—1)
intermediate iterations. We also note that each intermediate tableau is
obtained by pivoting over an element ylr in row 1 of the previous
(intermediate) tableau. As a result, the i element of the basic solution
and the pivot elements for intermediate tableaux t=2, 3, ..., k, are
(bpy/yi 1) and (3iyi 1) respectivly.

We also know that the (k+ 1)t tableau is the tableau that we
would have obtained, had we changed tableau 1 once, by pivoting
OVer Yik-

Let

(5.5.1a) b'g;=bp; and y;; =y, t=1
(S.S.Ib) bvBl bBl/yIt 1 al’ld ylt ylt/ylt—l’ =2, 3, ...,k

where b'g; and y;  are respectively the i i element of b'g and the pivot
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element in tableaux t=1, 2, ..., k. Also, b'g is bg with vector(s) 2y,
added to it and/or vector(s) 2y; subtracted from it. Again, let us start
an iteration from a basic solution given by, say, tableau 1. This
algorithm modifies the algorithm of Section 5.4 as follows.

Starting step

Scan by fork=1, 2, . m Consider the smallest of parameters
bgi <0 and (2 —bgy). Let C replaces CjT and each time calculate
b'g; from (5.5.1). This is done until the calculated b'g; satisfies
0 <b'g; < 2. Change the simplex tableau and re-scan the elements of
bg. This is repeated until all the elements by satisfy 0 <bg <2.
Steps (3.1-4) of Section 5.4 are now modified as follows.

Case (1"

If bg; < 0, the sequence of the non-basic columns C,! that enter
the basis and may leave the basis, corresponds to the parameters
0, = (z, —£)/y;; <0, r ¢ I(b), starting from the algebraically larger
ratio.

(3.1 Ify; <0, b's is not changed. Go to step (3.5").
(3.2") Ify;, >0, add 2y, to b'g. Remove the “x” from C,! indicating
that b, is no more at its upper bound. Go to step (3 5").

Case (2")

If bg; > 2, the sequence of the non-basic columns C,! that enter
the basis and may leave the basis corresponds to the parameters
1. = (z, — f)/y;; > 0, 1t ¢ I(b), starting from the smallest ratio.

(3 3') Ify; >0, subtract 2y; from b'g and place a mark “x” over CjT
indicating that it is now at its upper bound. Go to step (3.5").

(3.4) Ify,< O add 2y, and subtract 2y; from b'g. Remove the “x”
from C and place an “x” over C; T . Go to step (3.5").

(3.5" Calculate b'g; from (5.5.1a, b). If the resulting b'g; still violates
0 <b'g; <2, go to either case (1') or case (2'), according to
whether b'g; <0 or >2 respectively. If the resulting b'g;
satisfies 0 <b'g; <2, change the tableau. Go to the starting
step.

5.6 Occurrence of degeneracy

In the dual simplex method degeneracy arises when there exist
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one or more non-basic column r, for which the ratio (z, — f;)/y;, = 0. It
should be decided whether it is 1, =0 or 0, =0. This is resolved as
follows. If b, =0, we replace (z,—f;) by a small number 9§, and if
b, =2, we replace (z, — f;) by —0. We then calculate (z, —f,)/y;,, and it
will definitely be either > or < 0, and the degeneracy is resolved.

The small number & represents the round-off error in
floating-point arithmetic operations, denoted in our software by
PREC, and set to 10 and 10716 for single- and double-precision
computation respectively (see Sections 2.4 and 4.7.1).

Example 5.2
Solve the following system of equations in the L; norm.
—231 = 6
831 + 932 = 6
(5.6.1) —8a, = 24

2la; + 18a, = 3
12a; — 9a, = -6
—3231 —13.58.2 = -9
For simplicity of presentation, we are not using pivoting in

obtaining part 1 of the solution. As indicated above, in part 1 of this
problem, columns 1 and 2 form the initial basis matrix.

Initial Data
T 6 6 24 3 6 -9
%.C;T c,m ¢," ;7 ¢, ¢5" ¢t
-1 2 8 -8 21 12 -32
45 0 9 0 18 -9 -135

Tableau 5.6.2 (part 1)

' 6 6 24 3 -6 -9

T T T T T T

b C" G G G G G
2.5 1 0 4 -25-10 10

0.5 0 1 0o 2 -1 -15
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Tableau 5.6.1 (not shown) is obtained by pivoting over the first
nonzero element in the first row of the initial data and applying a
Gauss-Jordan step. Tableau 5.6.2 is obtained by pivoting over the first
nonzero element in the second row in Tableau 5.6.1 and applying a
Gauss-Jordan step.

Tableau 5.6.3 is Tableau 5.6.2, with the marginal costs (z; —fj),
i=1,2,...,6,added to it, and with by calculated.

We have an initial degeneracy, as 1, = (z; — f;)/y;, = 0, for r=3.
Since by =0, we replace the 0 value of (z3—1f3) by +6 and
(z3 — £3)/y13 > 0. From 1, = (z; — f;)/y;; in Tableau 5.6.3, the sequence
of the Columns that enter the basis and may then leave the basis is
C;T, ¢,T, CsT, ¢t The pivot y;3=4>0, and according to step
(3.3"), 2y, is subtracted from bg, and a mark “x” is placed above C; .
The new b'g; = (27.5 - 2)/4 25.5/4 > 2, and we stlll have case (2') of
the algorithm. Now C' leaves the basis and C,' enters the basis.
From (5.5.1b), the pivot y;4 =-2.5/4 < 0. Hence, from step (3.4"), 2y3
is subtracted from and 2y, is added to the prev1ousl}]/_ calculated b'g. A
mark “x” is placed over C;' and the “x” over C,! is removed. The
new b'g; = (25.5 -8 - 5)/(-2.5), which = 12.5/(-2. 5) < 0, and we now
have case (1') of the algorithm.

Tableau 5.6.3 (part 2)

X X
T 6 6 24 3 -6 -9
bg ' ¢, ¢ ¢, ¢ ¢f
2.5+5+20=27.5 1 0 4 -25-10 10
0.5-442=-15 o 1 0 2 -1 -15
z=126 z—f 0 0 0 -6 —-60 60
T, S/4 24 6 6

As C," leaves the basis, either Cs' or C, ! enters the basis as they
both have the same ratio t,. Let Cs' enter the basis. The pivot
yi5=-10/(-2.5) >0, and from step (3.2") of case (1') we add 2y5 to
the previously obtained b'g and remove the “x” from C5T. The
obtained b'gy = (12.5 —20)/(-10) = 0.75, which is between 0 and 2.
We thus change the tableau and get Tableau 5.6.4. That ends this

iteration.
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Tableau 5.6.4

X X

£ 6 6 24 3 -6 -9

bg T ¢,F 37 ¢, ¢t ¢t

0.75 0.1 0 —04 025 1 -1

1.25 01 1 -04 225 0 -25
z=39  z—f 6 0 24 9 0 0

In Tableau 5.6.4, both the elements of by are between 0 and 2 and
Tableau 5.6.4 is optimal. Hence, this example requires 3 iterations, 2
in part 1 and 1 in part 2.

The solution vector a is calculated from the fifth and second
equations of system (5.6.1). These two equations correspond to the

final basis (in Tableau 5.6.4)
a;=0 and a, =2/3
From Theorem 5.3, the residuals are the marginal costs
r=(-6,0,-24,9,0,0)T
and z = 39.

5.7 A significant property of the L; approximation

Assume that the n by m matrix C of Ca =fis of rank m, m <n.
Then the best L; approximation of system Ca=f has m equations
with zero residuals r;. This property is a direct consequence of using
the dual form of the linear programming for this problem, since the m
equations in Ca=f associated with the basis matrix have zero
marginal costs, (z; — f,), i.e., zero residuals r;.

This means that if n discrete points in the x-y plane are being
approximated by a plane curve in the L norm, the curve will pass
through m of the discrete points. This is known as the interpolation
property of the L; approximation, described in Section 2.3.1.

If the rank of matrix C is k, k <m < n, there exists an L; solution
to system Ca = f such that there are k equations in Ca = f for which
the residuals are 0’s. However, as noted in Section 5.1.1, Spath
([241], p. 60) argues that while optimal solutions calculated by simplex
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methods produce this property, not every optimal solution has this
characterization.

For the purpose of numerical stability for ill conditioned systems
Ca=f{, we employ a triangular decomposition to the basis matrix.
This is described in the next section.

5.8 Triangular decomposition of the basis matrix

In our modification to part 1 of the algorithm (Section 5.5), we
apply m Gauss-Jordan elimination steps with complete pivoting.

In part 2, a triangular decomposition method for the basis matrix is
used [3, 4]. This method is a variation of the method of Bartels et al.
[12]. Without loss of generality, let rank(C) = m.

Let at the end of part 1, the basis be denoted by I(b), the inverse
of the basis matrix be By, the basic solution be by, and the columns
of the simplex tableau be Y. In other words, the programming
problem (5.2.4) is described by the 5-tuple

{Io(b), L, By, by, Yo}
where an m-unit matrix I is added.

For part 2, the inverse of the basis matrix as well as the other
parameters in the 5-tuple are updated. The inverse of the basis matrix
B! may be updated as

B! =EB,!
E is a nonsingular m-square matrix and E™! is decomposed into
LE'=P

L is a nonsingular m-square matrix and P is a nonsingular upper
triangular m-matrix. Now, P and B! are stored and updated. For
each iteration in part 2, the above 5-tuple change to

(5.8.1) {I(b), P,G!, Vg, X}

In (5.8.1)

(5.8.1a) G'=LB,!, Vg=Lbgy, X=LY,
(5.8.2a) Bl=p'G!

The basic solution is given by
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(582b) by = P_I[VB—2ZXJ.+ZZXJ =Py,
j r

The summation over j is for vectors that go from zero bound to an
upper bound, and the summation over r are for vectors that go from
upper bound to zero bound. Vector by is calculated from

Pbg = Vg

by back substitution.
Vectors (y;) in the simplex tableau are given by

(5.8.2¢) yi=P'x; i=1,2,...n
The marginal costs which are the residuals are, as usual, given by
(5.8.2d) r,=fgly,—f, i=1,2,..,n

where fg is associated with the basis matrix.
In part 2, the non-basic column r, that enters the basis, is
determined from

(5.8.3) o, = +ming [r/y;, s & I(b)

where o, denotes 1, or 0, of Section 5.4.
If |o,| < 1, the residuals in (5.8.2d) are updated as

I"j =1 — 04 Yij» j ¢ I(b)
However, if |o,| > 1, the r'; are calculated from (5 8.2¢) and (5.8.2d);
that is, r'; = uTXJ £, where u is the solution of PTu = fg.
For the elements Tyls’ s ¢ I(b), from (5.8.2¢), y;s = W X,, where w
is row i of P"'and PTw = ¢;, where e; is column i of an m-unit matrix.
Let now

T

{I'(b)a P'a G'_la V'B5 X'}
be the update of (5.8.1) for which r ¢ I(b) replaces s € I(b). Then
U'(b) = {i, .oov i 1o et oor e T}
and

P={pi, -, Ps 1 Ps+15 - Py Xif
P is an upper Hessenberg matrix. Its (m —s) nonzero sub-diagonal
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elements are annihilated by (m — s) Gauss elimination steps with row
permutation.
Finally, the solution of the L; problem is given by Theorem 5.4

(5.8.4) al =fy'B!

where B! is the inverse of the basis matrix given by (5.8.2a), for the
optimum solution of the programming problem.

5.9  Arithmetic operations count

In the majority of algorithms, the number of additions/
subtractions in the arithmetic operations is comparable to the number
of multiplications/divisions (m/d). Yet, the CPU time of an addition or
a subtraction is very small, compared with the CPU time taken to
execute a multiplication or a division. Hence, in this section we shall
only count the number of (m/d) for this algorithm.

For part 1 of this algorithm, each iteration requires an average of
(nm + 0.5m?) m/d. This is to apply a Gauss-Jordan elimination step to
the simplex tableau and to calculate the inverse of the basis Bo’l. At
the end of part 1, from (5.8.2d), the residuals (r;), i ¢ I(b), are
calculated, which requires m(n—m) m/d. Then bg is calculated,
which requires mxn additions and subtractions, which are small,
compared with other m/d, and may be neglected.

For part 2, from (5.8.2b), by is calculated and it requires 0.5m?
m/d. If the residuals (r;), 1 ¢ I(b), are calculated from (5.8.3), (n —m)
m/d are required. Otherwise, approximately (mn—O.sz) m/d are
required to calculate vector u and the inner product uTxi, fori ¢ I(b).

The (n — m) elements y;, s ¢ I(b), need an average of 0.5mn m/d
to calculate vector w and the inner product w'xg. The parameter o,
requires (n — m) divisions. For more detail, see [3]. We come to the
following conclusion.

Each iteration in part 2 needs an average of about mn + 1.17m?
m/d if |o, <1 and about 2mn + 0.67m’> m/d if lo,| > 1. Numerical
experience shows that for most test examples conducted in [3], most
of the a., satisfy |a| < 1. Very few examples have |o,| > 1 for the first
few iterations; the |o,| then become <1 for the remaining iterations.
Hence, in practice, the arithmetic operations count per iteration in part
2 is comparable to that of part 1. At last, the solution of the L,
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problem as given by (5.8.4), where matrix B™' and vector fp are
associated with the optimal solution needs 1.5m? m/d.

Our final conclusion is that in part 1 of the algorithm the
arithmetic operations count per iteration is [m(n — m)] m/d. In part 2,
the arithmetic operations count per iteration is on the average of
approximately [mn + 1.17m?] m/d if o] <1 and [2mn + 0.67m?] if
lo | > 1. That means that the arithmetic operations count per iteration
in either part 1 or part 2 of the algorithm is a linear function of n and
m?. It is also known that in linear programming problems, the number
of iterations is proportional to m.

A number of examples were solved in [3] on the IBM 360/67
computer and their CPU seconds were recorded (Table 1 in [3],
p. 226). For problem 4 in that table, matrix C(nxm) has the values n =
23, 53, 103 and 203, for m = 6. In problem 5, matrix C(nxm) has the
values n =21, 51, 101 and 202, form = 11.

Table 5.1 (problem 4 in [3])

Example C(nxm) Iterations CPU  CPU/iter (CPUl/iter)/n

seconds in 10 3sec.
1 23x6 9 0.08 0.0089 0.386
2 53x6 10 0.21 0.0210 0.396
3 103x6 12 0.48 0.0400 0.388
4 203x6 11 1.03 0.0936 0.461

Table 5.2 (problem 5 in [3])

Example C(nxm) Iterations CPU  CPU/iter (CPUl/iter)/n

seconds in 10 3sec.
1 21x11 18 0.24 0.0133 0.633
2 51x11 27 0.88 0.0326 0.639
3 101x11 29 1.71 0.0590 0.584
4 201x11 36 5.12 0.1422 0.708

In Tables 5.1 and 5.2, we show that the CPU times/iteration for
these two problems are approximately proportional to the parameter n.
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In other words, (CPU times/iteration)/n is almost the same for the 4
cases in each problem.

5.10 Numerical results and comments

The functions LA L1() and LA Lone() both implement this
algorithm. LA Lone() is the same as LA LI(), except that
LA Lone() does not use a triangular decomposition of the basis
matrix. LA Lone() implements the algorithm described in [2] and
LA _L1() implements the algorithm [3] given in FORTRAN IV in [4].
LA Lone() is faster than LA _L1(), and it is used by other programs in
this book. DR_L1() and DR _Lone() both test the following examples.

Example 5.3

This example is the same as that solved in the L{ norm in ([2],
pp. 848-849). The obtained results are z = 90, the residual vector r =
(-5.6,-4.0,48.0,—22.4, 0,0, 10)T and a = (-0.2, 0.4, 0.0)".

LA Lone() and LA LI1() yield the same values of z and r as
obtained in [2], in 3 iterations. However, they compute a different
solution vector a = (0, 0.6, —0.2)", indicating that it is not unique.

Example 5.4

For 0<x<1, approximate in the L; norm the function
f(x) = exp(x), for x <(0.5), and f(x)=-exp(0.5), for x> 0.5. The
approximating function is

a; +a, sin(x) + a3 cos(x) + a4 sin(2x) + a5 cos(2x) + a, sin(3x)
+ a7 cos(3x) + ag sin(4x) + ag cos(4x) + ay( sin(5x) + a;; cos(5x)

This problem is the same as problem 2 of example 5 in [3]. The
coordinates of x are taken at 0.02 intervals, i.e., (0.0, 0.02, 0.04, ...,
1.0). Matrix C in Ca=fis a 51 by 11 matrix and is ill-conditioned.

When the solution is computed in s.p, both LA LI() and
LA Lone() give rank(C) = 8 and z = 0.3242. However, the elements
of vector a agree only to 2 decimal places; a=(-7.97, 0, 0, 7.40,
18.72,0,-19.64, -3.83, 15.03, 0.39, —S.IS)T. This indicates that for ill
conditioned problems in single-precision (s.p.), LA L1() gives more
accurate results.

In double-precision (d.p.), LA L1() and LA Lone() give identical
results (a and r), in 27 iterations; rank(C) =11 and z=0.1564. It is
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observed, however, that although the value of z in d.p. is about half
the value of z in s.p., the values of the elements of a in d.p. are very
large, compared with those of a in s.p., indicating that matrix C for
this problem is ill-conditioned.

Example 5.5

This is the curve fitting Example 2.1. We have the set of 8 points
in the x-y plane: (1, 2), (2, 2.5), (3, 2), (4, 6.5), (5, 3.5), (6, 4.5), (7, 6),
(8, 7), with the fourth point as an outlier. It is required to approximate
this discrete set in the L; norm by the vertical parabola
y =a, + a,x + a3x>, where a|, a, and a5 are unknowns.

In this example, the equation Ca = fis given by (2.2.2). The result,
computed by both LA L1() and LA Lone(), is z=4.857 and
r = (0, —0.429, 0.357, =3.643, 0.071, 0, —0.357, 0)'. The solution
vector a = (2.143,-0.25,0.107)7 is unique. The fitting parabola is
given by the solid curve in Figure 2-1.

This example is solved again where the given 8 points are
approximated by the curve y =a; + a)x + a3X2 + a4X2, where aj, a,, a3
and a4 are to be calculated. Matrix C is an 8 by 4 matrix, where the
first 3 columns are the same as in equation (2.2.2) and the fourth
column is the same as the third column; that is, matrix C is rank
deficient. The results r and z are the same as in the previous paragraph
but the solution vector a =(2.143,-0.25, 0.107, O.O)T and a is not
unique due to rank deficiency of matrix C. We shall be using this
example again in other chapters of this book.

Finally, we note that in our experience, cycling (as a result of the
occurrence of degeneracy) never occurred, and no failure of our
programs has been recorded. We also observe that our algorithm
compares favorably with that of Barrodale and Roberts [8, 9]. See the
comments later.

The techniques used in this algorithm, i.e., solving a linear
programming problem with non-negative bounded variables has
proved to be valuable in solving other problems such as the L
solution of overdetermined systems of linear equations with
bounded variables of Chapter 7 and the bounded and L; bounded
solutions of underdetermined systems of linear equations of
Chapter 21.

A large number of examples have been tested by the current
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method [3, 4] and compared with those of Barrodale and Roberts (BR)
[9]. A typical result is that the total CPU time for the current method is
about 15% higher than (BR). Spath ([24], pp. 74, 82) argues that this
is partially true. We also note that when we used partial pivoting in
part 1 of our algorithm LA L1() instead of complete pivoting, our
method was slightly faster. As noted earlier, it was concluded by
Armstrong and Godfrey [6] that the two algorithms, ours and that of
Barrodale and Roberts (BR) [9], are identical except for the starting
basis.

Bloomfield and Steiger [14] presented a unified treatment of the
role of the L; approximation in many areas, such as statistics and
numerical analysis. They also discussed and described different
algorithms for solving the L; approximation problem. In their book
([14], pp. 219-236) they compared the CPU times and the iteration
counts between three algorithms. These are of Barrodale and Roberts
(BR) [9], Bartels et al. (BCS) [10] and Bloomfield and Steiger (BS)
[13]. The comparison was over a variety of problems, some
deterministic and some random.

The coefficient matrices have row values n ranging from 50 to 600
and some from 100 to 900, in increments and column values
k=3,4, ..., 8. A characteristic difference was observed between the
(BR) and the other two. For all k, as n increases, the CPU times
increase almost proportional to n? while for the other two the CPU
increase linearly. A comparison was also made between the (BCS)
and the (BS) algorithms on some other data. The CPU times for the
(BS) algorithm was between one half to one third of that of the (BCS).

Spath [24] collected data (matrix C and vector f) for 42 examples
that were tested on a number of routines after converting them to
FORTRAN 77 on the IBM PC AT 102. He compared them with
respect to computer storage, CPU time and accuracy of results. The
routines were those of Robers and Robers (RR) [21] (believed to be
the oldest published routine and needing the most computer storage)
Barrodale and Roberts (BR) [8], Armstrong et al. (AFK) [5], ours
(NA) [4], Bloomfield and Steiger (BS) [13] and Bartels and Conn
(BC) [11]. The last algorithm is for constrained L; approximation
problem, and was modified for the case when the constraints do not
exist. Spath displayed the results of the last 5 methods
([24], pp. 79-82).
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He found that the algorithm of (BS) needs two arrays of size nm.
However, unlike other methods, matrix C is not overwritten. The
(BR) method needs the smallest storage and the fewest number of
lines of code. He also proved that the (AFK) method was the fastest of
all available algorithms. The (BS) method is the fastest of all
algorithms only if n is at least two orders of magnitude larger than m.
Due to the number of lines of code executed by the (BC) method, it is
slower than the (BS) and (BR) methods. For realistic sizes of n and m,
(BR) does best after (AFK) and (BS).

Spath’s chose the method of Armstrong et al. [5] as the best,
followed by Abdelmalek [4] and Bloomfield and Steiger [13], in
comparison with Barrodale and Roberts [9]. Moreover, among the
algorithms tested by Spath, only the methods of Barrodale and
Roberts [8, 9] and of Abdelmalek [3, 4] can deal with the case when
matrix C is rank deficient, i.e., has rank(C) < m. Spath concluded,
however, that the results of the different algorithms are sensitive to the
value of the tolerance parameter EPS.

References

1. Abdelmalek, N.N., On the discrete L; approximation and L,
solutions of overdetermined linear equations, Journal of
Approximation Theory, 11(1974)38-53.

2. Abdelmalek, N.N., An efficient method for the discrete linear
L, approximation problem, Mathematics of Computation,
29(1975) 844-850.

3. Abdelmalek, N.N., L; solution of overdetermined systems of
linear equations, ACM Transactions on Mathematical Soft-
ware, 6(1980)220-227.

4. Abdelmalek, N.N., Algorithm 551: A FORTRAN subroutine
for the L; solution of overdetermined systems of linear
equations [F4], ACM Transactions on Mathematical Sofiware,
6(1980)228-230.

5. Armstrong, R.D., Frome, E.L. and Kung, D.S., Algorithm
79-01: A revised simplex algorithm for the absolute deviation
curve fitting problem, Communications on Statistics-
Simulation and Computation, B8(1979)175-190.

© 2008 by Taylor & Francis Group, LLC



138

10.

1.

12.

13.

14.

15.

16.

Numerical Linear Approximation in C

Armstrong, R.D. and Godfrey, J., Two linear programming
algorithms for the linear discrete L; norm problem,
Mathematics of Computation, 33(1979)289-300.

Barrodale, 1. and Phillips, C., An improved algorithm for
discrete Chebyshev linear approximation, Proceedings of the
Fourth Manitoba Conference on Numerical Mathematics,
Hartnell, B.L. and Williams, H.C. (eds.), Winnipeg, Manitoba,
Canada, pp. 177-190, 1975.

Barrodale, I. and Roberts, F.D.K., An improved algorithm for
discrete /; approximation, SIAM Journal on Numerical
Analysis, 10(1973)839-848.

Barrodale, I. and Roberts, F.D.K., Algorithm 478, Solution of
an overdetermined system of equations in the /; norm [F4],
Communications of ACM, 17(1974)319-320.

Bartels, R.H., Conn, A.R. and Sinclair, J.W., Minimization
techniques for piecewise differentiable functions: The /;
solution of an overdetermined linear system, SIAM Journal on
Numerical Analysis, 15(1978)224-241.

Bartels, R.H. and Conn, A.R., Algorithm 563: A program for
linear constrained discrete /; problems, ACM Transactions on
Mathematical Software, 6(1980)609-614.

Bartels, R.H, Stoer, J. and Zenger, Ch., A realization of the
simplex method based on triangular decomposition, Handbook
for Automatic Computation, Vol. II: Linear Algebra, Wilkin-
son, J.H. and Reinsch, C. (eds.), Springer-Verlag, New York,
pp. 152-190, 1971.

Bloomfield, P. and Steiger, W.L., Least absolute deviations
curve-fitting, SIAM Journal on Scientific and Statistical
Computing, 1(1980)290-301.

Bloomfield, P. and Steiger, W.L., Least Absolute Deviations,
Theory, Applications, and Algorithms, Birkhauser, Boston,
1983.

Hadley, G., Linear Programming, Addison-Wesley, Reading,
MA, 1962.

Madsen, K., Nielsen, H.B. and Pinar, M.C., New character-
izations of /; solutions to overdetermined systems of linear
equations, Operations Research Letters, 16(1994)159-166.

© 2008 by Taylor & Francis Group, LLC



Chapter 5: Linear L; Approximation 139

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Narula, S.C. and Wellington, J.F., An efficient algorithm for
the MSAE and the MMAE regression problems, SIAM
Journal on Scientific and Statistical Computing, 9(1988)717-
727.

Pinkus, AM., On L' -Approximation, Cambridge University
Press, London, 1989.

Powell, M.I.D., Approximation Theory and Methods,
Cambridge University Press, London, 1981.

Robers, P.D. and Ben-Israel, A., An interval programming
algorithm for discrete linear L; approximation problems,
Journal of Approximation Theory, 2(1969)323-336.

Robers, P.D. and Robers, S.S., Algorithm 458: Discrete linear
L, approximation by interval linear programming, Commun-
ications of ACM, 16(1973)629-631.

Rosen, J.B., Park, H., Glick, J. and Zhang, L., Accurate
solution to overdetermined linear equations with errors using
L, norm minimization, Computational Optimization and
Applications, 17(2000)329-341.

Sklar, M.G. and Armstrong, R.D., Least absolute value and
Chebyshev estimation utilizing least squares results, Mathem-
atical Programming, 24(1982)346-352.

Spath, H., Mathematical Algorithms for Linear Regression,
Academic Press, English Edition, London, 1991.

Usow, K.H.,, On L; approximation. II. Computation for
discrete functions and discretization effects, SIAM Journal on
Numerical Analysis, 4(1967)233-244.

Wagner, H.M., Linear programming techniques for regression
analysis, Journal of American Statistical Association,
54(1959) 206-212.

Watson, G.A., Approximation Theory and Numerical
Methods, John Wiley & Sons, New York, 1980.

Wesolowsky, G.O., A new descent algorithm for the least
absolute value regression problem, Communications in
Statistics — Simulation and Computation, B10(1981)479-491.

© 2008 by Taylor & Francis Group, LLC



140 Numerical Linear Approximation in C

This program is a driver for the function LA L1(), which solves an
overdetermined system of linear equations in the L1 (L-One) norm.
It uses a dual simplex method and a trianqgular factorization of the
basis matrix.

The overdetermined system has the form
c*a = f
"c" is a given real n by m matrix of rank k, k <= m <= n.
"f" is a given real n vector.
"a" is the solution m vector.
This program contains 3 examples whose results appear in the

text.

#include "DR Defs.h"
#include "LA Prototypes.h"

#define Na 7
#define Ma 3
#define Nb 51
#define Mb 11
#define Nc

#define Mc 4

void DR L1 (void)
{

{
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{ 12.0, -9.0, 3.0 },
{ -32.0, -13.5, -45.5 }
i

static tNumber R fl[Na+l] =
{  NIL,

6.0, 6.0, -48.0, 24.0, 3.0, -6.0, -9.0
i

static tNumber R c3init[Nc] [Mc] =
{
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static tNumber R £3[Nc+l] =
{  NIL,
2.0, 2.5, 2.0, 6.5, 3.5, 4.5, 6.0, 7.0

R —
Variable matrices/vectors
________________________________________ *x/

tMatrix R ct = alloc Matrix R (MM COLS, NN ROWS);
tVector R f = alloc_Vector R (NN ROWS);

tVector R T = alloc_Vector R (NN ROWS);

tVector R a = alloc Vector R (MM COLS);

tMatrix R cl = init Matrix R (&(clinit([0][0]), Na, Ma);
tMatrix R c3 = init Matrix R (&(c3init[0][0]), Nc, Mc);
int m, n, irank, iter;

int i, j, Iexmpl;

tNumber R dx, x1, x2, x3, x4, x5, g, ql, z;
eLaRc rc = LaRcOk;

prn dr bnr ("DR L1, L1 Solution of an Overdetermined System "
" of Linear Equations");

© 2008 by Taylor & Francis Group, LLC



142 Numerical Linear Approximation in C

for (Iexmpl = 1; Iexmpl <= 3; Iexmplt+t)
{
switch (Iexmpl)
{
case 1:
n = Na;
m = Ma;
for (1 =1; 1 <= n; 1i++)

{

fli] = f1[il;
for (3 = 1; J <=m; J++) ct{jl[i] = clli]l[3];
}
break;
case 2:
n = Nb;
m = Mb;
dx = 0.02;

gl = exp (0.5);
for (1 =1; 1 <= n; 1i++)

xl = dx * (tNumber R) (i-1);
x2 = x1 + x1;

x3 = x1 + x2;

x4 = x2 + x2;

x5 = x2 + x3;
ct[1][i] = 1.0;
ct[2][1] = sin (x1);
ct[3][1] = cos (x1);
ct[4][1] = sin (x2);
ct[5][1] = cos (x2);
ct[6][1] = sin (x3);
ct[7]1[1] = cos (x3);
ct[8][1] = sin (x4);
ct[9][1] = cos (x4);
ct[10][1i] = sin (x5);
ct[11][1i] = cos (x5);
g = exp (x1);

£[i] = ql;

break;

case 3:
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n = Nc;
m = Mc;
for (i = 1; 1 <=n; i+4)

fli] = £3[il;
for (3 = 1; J <=m; J++) ct{jl[i] = c3[i][3];
}
break;
default:
break;

prn_algo bnr ("L1");

prn_example delim();

PRN ("Example #%d: Size of Matrix \"c\", %d by %d\n",
Iexmpl, n, m);

prn_example delim();

PRN ("L1 Solution of an Overdetermined System\n");

prn_example delim();

PRN ("r.h.s. Vector \"f\"\n");

prn Vector R (£, n);

PRN ("Transpose of Coefficient Matrix, \"ct\"\n");

prn Matrix R (ct, m, n);

rc = LA Ll (m, n, ct, f, &irank, &iter, r, a, &z);

if (rc >= LaRcOk)
{
PRN ("\n");
PRN ("Results of the L1 Approximation\n");
PRN ("L1 solution vector \"a\"\n");
prn Vector R (a, m);
PRN ("L1 residual vector \"r\"\n");
prn Vector R (r, n);
PRN ("Ll norm \"z\" = %8.4f\n", z);
PRN ("Rank of matrix \"c\" = %d, No. of Iterations "
"= %d\n", irank, iter);

prn_la rc (rc);

free Matrix R (ct, MM COLS);
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free Vector R (f);
free Vector R (r);
free Vector R (a);

uninit Matrix R (cl);
uninit Matrix R (c3);
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512 LA L1

This program solves an overdetermined system of linear equations
in the L1 (L-One) norm. It uses a dual simplex method to the dual
linear programming formulation of the problem. In this program
certain intermediate simplex iterations are skipped.

For the purpose of numerical stability, this program uses a
triangular decomposition to the basis matrix.

The system of linear equations has the form
c*a = £

"c" is a given real n by m matrix of rank k, k <= m <= n.
"f" is a given real n vector.

The problem is to calculate the elements of the real m vector
"a" that gives the minimum L1 residual norm z.

z = |r[1]]| + |r[2]| + ... + |r[n]]

where r[i] is the ith residual and is given by

r[i] = cl[i][1]*a[l] + c[i][2]*al2] + ... + c[i][m]*a[m] - f[i],
i=1,2, ..., n

Inputs

m Number of columns of matrix "c" in the system c*a = f.

n Number of rows of matrix "c" in the system c*a = f.

mmm An integer = (m* (m+3))/2 - 1.

ct A real m by n matrix containing the transpose of matrix "c"
of the system c*a = f.

f A real n vector containing the r.h.s. of the system c*a = f.

Local Variables

ginv A real m square matrix that contains the inverse of the
basis matrix in the linear programming problem.

vb A real m vector containing the basic solution in the linear
programming problem.

ic An integer m vector containing the indices of the columns of
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ir

ib

bp

Xp

Outputs
irank
iter

Returns

Numerical Linear Approximation in C

"ct" that form the columns of the basis matrix.

An integer m vector containing the row indices of of matrix
"ct".

A sign n vector. Its elements have the values +1 or -1.
ib[j] = +1 indicates that column j of matrix "ct" is in

the basis or is at its lower bound 0. ib[j] = -1

indicates that column j is at its upper bound 2.

A real (((m+l)*((m+tl)+3))/2-1) vector whose first

((irank* (irank+3))/2)-1 elements contain the

((irank* (irank+l))/2) elements of an upper triangular matrix
+ extra (irank-1) working locations. See the comments in

LA 11 pslv().

A real m vector whose first "irank" elements are the r.h.s.
of the triangular equation p*xp = bp.

A real m vector whose first "irank" elements are the solution
of the triangular equation p*xp = bp or the triangular
equation p(transpose)*xp = bp.

The calculated rank of matrix "c".

Number of iterations or the number of times the simplex
tableau is changed by a Gauss-Jordon elimination step.

A real m vector containing the L1 solution of the system
c*a = f.

A real n vector containing the residual vector

r = (c*a - f).

The minimum L1 norm of the residual vector "r".

one of

LaRcSolutionUnique
LaRcSolutionProbNotUnique
LaRcSolutionDefNotUniqueRD
LaRcNoFeasibleSolution
LaRcErrBounds
LaRcErrNullPtr
LaRcErrAlloc

#include "LA Prototypes.h"

elaRc LA L1 (int m, int n, tMatrix R ct, tVector R f, int *pIrank,

int

tVector R t
tVvector R uf

*pIter, tVector R r, tVector R a, tNumber R *pZ)

alloc_Vector R (n);
alloc_Vector R (m);
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tVector R bp = alloc Vector R (m);
tVector R xp = alloc Vector R (m);
tMatrix R ginv = alloc Matrix R (m, m);
tVector R vb = alloc Vector R (m);
tVector I ib = alloc Vector I (n);
tVector I ic = alloc Vector I (n);
tVector I ir = alloc Vector I (m);
tVector R alfa = alloc Vector R (n);
tVector R p = alloc_Vector R

((m+ 1) * (m+1) +3) /2-1);

int iout = 0, jin = 0, icj = 0, iciout = 0, icjin = 0,
ivo = 0, itest = 0;

0, 3 =0, kk =0, ijk = 0;

int nmm = 0, irankl = 0, irnkml = 0;

tNumber R tpeps = 0.0;

tNumber R alpha = 0.0, pivot = 0.0, pivotn = 0.0, pivoto = 0.0,
xb = 0.0, bxb = 0.0;

-
]

int

/* Validation of the data before executing the algorithm */

elaRc rc = LaRcSolutionUnique;

VALIDATE BOUNDS ((0 < m) && (m <=n) && !((n ==1) && (m ==1)));

VALIDATE PTRS (ct && f && plrank && plter && r && a && pZ);

VALIDATE ALLOC (t && uf && bp && xp && ginv && vb && ib && ic &&
ir && alfa && p);

/* Initialization */
tpeps = 2.0 + EPS;
*pIrank = n;

nmm = (m * (m + 3))/2;
*pIter = 0;
for (3 = 1; § <= n; j++)
{

ib[j] = 1;

ic[jl = 3;

ir(3] =3

vb[j] = 0.0;

alj] = 0.0;

for (1 =1; 1 <=m; i++)
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ginv([3][3] = 1.0;

iout = 0;
/* Part 1 of the algorithm */
LA 11 part 1 (m, n, ct, ic, ir, ginv, plrank, pIter);

/* Part 2 of the algorithm */
irankl = *pIrank + 1;
irnkml = *pIrank - 1;

/* Initial residuals and basic solution */
LA 11 part 2 (n, ct, £, ic, ib, uf, vb, pIrank, r);

/* Initializing the triiangular matrix */
LA 11 triang matrix (m, p, pIrank);

for (ijk = 1; ijk <= n; ijk++)
{

ivo = 0;
LA 11 pslv (1, pIrank, p, vb, xp);

/* Determine the vector that leaves the basis */
LA 11 vleav (&ivo, &iout, &xb, xp, pIrank);
if (ivo == 0)
{
LA 11 pslv (2, plrank, p, uf, vb);

/* Calculate the results */

rc = LA 11 res (pIrank, m, n, r, ginv, vb, ir, xp, a,
pZ);

GOTO CLEANUP RC (rc);

iciout = ic[iout];
tliciout] = 1.0;
bxb = xb;
for (i = 1; 1 <= *plrank; i++)
{
bp[i] = 0.0;
}
bp[iout] = 1.0;
LA 11 pslv (2, plrank, p, bp, xp);
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/* Determine the alfa ratios */
LA 11 alfa (iout, n, ct, ic, ib, xp, t, alfa, pIrank, r);

pivoto = 1.0;
itest = 0;

for (kk = 1; kk <= n; kk++)
{
/* Determine the vector that enters the basis */
LA 11 vent (ivo, &jin, &itest, n, ic, alfa, plrank);

/* No feasible solution has been found */
if (itest !=1)
{
GOTO CLEANUP RC (LaRcNoFeasibleSolution);

icjin = ic[jin];

pivot = t[icjin];
alpha = alfa[icjin];
pivotn = pivot/pivoto;

/* Skipping simplex iteration */
LA 11 skip iters (iciout, icjin, xb, &bxb, pivotn, ct,
ib, t, vb, plrank);

xb = bxb/pivot;
if (xb < -EPS || xb > tpeps) itest = 0;
alfalicjin] = 0.0;
if (itest == 1) break;
pivoto = pivot;
iciout = icjin;
}
r[icjin] = 0.0;
*pIlter = *plter + 1;

/* Update vector p */
LA 11 update p (iout, jin, ct, ic, p, pIrank);

if (iout != *plrank)
{
for (i = iout; 1 <= irnkml; i++4)
{
/* Update (ginv, vb, ct) */
LA 11 update ginv (i, n, ct, ir, p, ginv, vb,
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pIrank);

LA 11 calcul r (alpha, n, ct, £, ic, ib, uf, xp, t, p,

pIlrank, r);
}
CLEANUP:

free Vector R (t);

free Vector R (uf);

free Vector R (bp);

free Vector R (xp);

free Matrix R (ginv, m);

(
(
(
(
(
free Vector R (vb);
(
(
(
(
(

b
free Vector I (ib);
free Vector I (ic);
free Vector I (ir);
free Vector R (alfa);
free Vector R (p);

return rc;

This function solves the square real non-singular system of linear
equations
p*xp = vb
or the square real non-singular system of linear equations
p(transpose) *xp = vb
"p" 1is an upper triangular matrix.

"vb" is the right hand side vector.
"xp" is the solution vector.
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Inputs

id An integer specifying the action to be performed.
If id = 1 the equation "p*xp=vb" is solved.
if id = any integer other than 1, the equation
"p (transpose) *xp=vb" is solved.
The number of equations of the given system.
An (((m+1)*((m+1)+3))/2-1) vector whose first (k+1) elements
contain the first k elements of row 1 of the upper triangular
matrix plus an extra location to the right. Its next k
elements contain the (k-1) elements of row 2 of the upper
triangular matrix plus an extra location to the right,

.., etc.

vb An m vector whose first k elements contain the r.h.s. vector
of the given system.

Outputs

Xp A real m vector whose first k elements contain the solution

to the given system.

void LA 11 pslv (int id, int *pIrank, tVector R p, tVector R vb,
tVector R xp)

{
int i, 1, 11, 3, 33, kk, kd, kml, kkd, kkml;
tNumber R s;

/* Solution of the upper triangular system */
if (id == 1)
{
1 = (*pIrank-1) + (*pIrank * (*pIrank+l))/2;
xp[*pIrank] = vb[*plrank]/p[l];
if (*pIrank !'= 1)
{
kd = 3;
kml = *pIrank - 1;
for (1 =1; 1 <= kml; 1i++)

{

j = *pIrank - i;
1=1-kd;

kd = kd + 1;

s = vb[]l;

11 = 1;

i3 =73;

for (kk = 1; kk <= 1; kk++)
{
11 =11 + 1;
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33 =33+ 1L
s =s - plll] * (xp[33]);

}

xp[3] = s/p[l];

/* Solution of the lower triangular system */

if (id !'= 1)

{

xp[l] =
if (*pIrank !'=1

{

1 =

vb[1]/p[1];
)

1;

kd = *pIrank + 1;

for

{

(1 =2; 1 <= *pIrank; i++)

1 =1+ kd;
kd = kd - 1;
s = vb[i];
kk = 1i;
kkml =i - 1;
kkd = *pIrank;
for (j = 1; j <= kkml; j++)
{
s =s - plkk] * xp[j];
kk = kk + kkd;
kkd = kkd - 1;
}
xp[i] = s/p[l];

void LA 11 gauss jordn (int iout, int jin, int 1j, int *pIrank,
int n, tMatrix R ct, tMatrix R ginv, tVector I ic)

{

int

tNumber R

i, 3i
pivot, d;
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pivot = ctliout][jin];

for (3 = 1; § <= n; j+4)

{ ctiout] [j] = ctliout][j]/pivot;

ior (3 =1; J <= iout; j++)

{ ginv[iout][j] = ginv[iout][j]/pivot;

for (i = 1; 1 <= *plrank; i++)

if (1 !'= iout)
{
d = ct[i][jin];
for (3 = 1; j <= n; j++)

{
ctli]l[§] = ct[i]l[j] - d * ctliout][3];
}
for (j = 1; j <= iout; j++)
{
ginv[i] [j] = ginv[i][j] - d * ginv[iout][j];

/* Swap two elements of vector "ic" */
swap_elems Vector I (ic, iout, 13);

elaRc LA 11 res (int *pIrank, int m, int n, tVector R r,
tMatrix R ginv, tVector R vb, tVector I ir, tVector R xp,
tVector R a, tNumber R *pZ)

int i, 3, ke 130
tNumber R d, e, s;

for (i = 1; 1 <= *plrank; i++)

s =0.0;
(k = 1; k <= *pIrank; k++)

s = s + vblk] * ginv[k][i];
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}

i3 = ir[i];

alij] = s;
}
s = 0.0;
for (3 = 1; j <= n; j++)
{

s = s + fabs (r[j]);
}
*pZ = s;

if (*pIrank < m)
return LaRcSolutionDefNotUniqueRD;

e =2.0 - EPS;
for (1 =1; 1 <=m; i++4)
{
d = xp[i];
if (d < -EPS || d > e)
return LaRcSolutionProbNotUnique;

return LaRcSolutionUnique;

void LA 11 part 1 (int m, int n, tMatrix R ct, tVector I ic,

{

tVector I ir, tMatrix R ginv, int *pIrank, int *pIter)

int i, 3, k, 13 =0, 11 = 0;
int iout, jin = 0, icj;
tNumber R d, g, piv;

for (iout = 1; iout <= m; iout++)
{
if (iout <= *plrank)
{
piv = 0.0;
for (3 = iout; j <= n; j++)
{
icj = icl[jl;
for (1 = iout; i <= *pIrank; i++)

{
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d = ct[i][ic]l;
if (d < 0.0) d =
if (d > piv)
{
1i = 1i;
jin = icj;
13 =173;
piv = d;

/* Detection of rank deficiency of matrix "c"*/

if (piv < EPS)
{

*pIrank = iout - 1;

if (piv > EPS)
{

if (1i != iout)

{

for (3 = 1; § <= n; j++)
{

g = ctliout] [§];
ctliout] [j] = ct[1li][j];
ct[1i][J] = g;

/* Swap two elements of vector "ir" */

swap_elems Vector I (ir, iout, 1i);

/* Swap two rows of matrix "ginv" */
if (iout != 1)
{

k = iout - 1;

for (3 = 1; 7 <= k; j+4)

{

d = ginv[1i] [§];
ginv[1li] [j] = ginv[iout][j];
ginv([iout][j] = d;
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LA 11 gauss jordn (iout, jin, 1j, pIrank, n, ct,
ginv, ic);
*plter = *pIter + 1;

void LA 11 part 2 (int n, tMatrix R ct, tVector R f, tVector I ic,
tVector I ib, tVector R uf, tVector R vb, int *pIrank,
tVector R r)

int i, j, icj, irankl;
tNumber R s, sa;

/* Calculating initial residuals r[] */
irankl = *pIrank + 1;

for (j = 1; j <= *plrank; j++)

{

icj = icljls
r[icj] = 0.0;
[ic]l;

s =s +uf[i] * ct[i][icil;

r[icj] = s;
if (s < 0.0) iblicj] = -1;

/* Calculating the initial basic solution vb[] */
for (i = 1; 1 <= *plIrank; i++)

1; J <= n; j++)

[G
-~

sa = ct[i][i];
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if (ib[j] == -1) sa = -sa;
S =5 + sa;

S —
Initializing the triangular matrix in LA L1()
___________________________________________________________________ */
void LA 11 triang matrix (int m, tVector R p, int *pIrank)
{
int i, k, kd, nmm;
nmm = (m * (m + 3))/2;
for (1 =1; 1 <= nmm; i++)
{
pli] = 0.0;
}
k=1;
kd = *pIrank + 1;
for (i = 1; 1 <= *plrank; i++)
{
plk] = 1.0;
k =k + kd;
kd = kd - 1;
}
}
S —
Determine the vector that leaves the basis in LA L1()
___________________________________________________________________ */

void LA 11 vleav (int *pIvo, int *pIout, tNumber R *pXb,
tVector R xp, int *plrank)
{
int i;
tNumber R d, e, g, tpeps;
tpeps = 2.0 + EPS;
g=1.0;
for (i = 1; 1 <= *plrank; i++)
{
e = xp[i];
if (e > tpeps || e < -EPS)
{
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if (e > tpeps)

void LA 11 alfa (int iout, int n, tMatrix R ct, tVector I ic,

tVector I ib, tVector R xp, tVector R t, tVector R alfa,
int *pIrank, tVector R r)

int i, j, icj, irankl;
tNumber R d, e, s;
tNumber R alfmx;

irankl = *pIrank + 1;

alfmx = 0.0;

for (j = irankl; j <= n; j++)
{

icj = icljl;

alfaficj] = 0.0;

s = 0.0;

for (1 = iout; i <= *pIrank; i++)
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s =s + xpli] * (ctl[i][ic]]);
}
e = s;
tlici] = e;
if (fabs (e) > EPS)
{
d = rlicjl;
if (fabs (d) < PREC) d = PREC * (ib[icj]);
alfalicj] = d/e;

void LA 11 vent (int ivo, int *pJin, int *pItest, int n,

{

tVector I ic, tVector R alfa, int *pIrank)

int j, icj, irankl;
tNumber R d, e, alfmn, alfmx;

irankl = *pIrank + 1;
alfmx = 1.0/EPS;
alfmn = -alfmx;
for (j = irankl; j <= n; j++)
{
icj = icljl;
e = alfalicj];
d=e * ivo;
if (d > 0.0)
{
if (ivo == -1)
{
if (e > alfmn)

{

alfmn = e;
*pdin = J;
*pltest = 1;

if (ivo == 1)

© 2008 by Taylor & Francis Group, LLC



160 Numerical Linear Approximation in C

if (e < alfmx)

{

alfmx = e;
*pdin = j;
*pltest = 1;

void LA 11 skip iters (int iciout, int icjin, tNumber R xb,
tNumber R *pBxb, tNumber R pivotn, tMatrix R ct, tVector I ib,
tVector R t, tVector R vb, int *pIrank)

int i;
tNumber R tpeps;

tpeps = 2.0 + EPS;

if (xb < -EPS)
{
if (pivotn > 0.0)
{
for (i = 1; i <= *plrank; i++)
{
vb[i] = vb[i] + ct[i][icjin] + ct[i][iciin];
}
*pBxb = *pBxb + t[icjin] + t[icjin];
ib[icjin] = 1;

if (xb > tpeps)

{ for (i = 1; 1 <= *plrank; i++)
{ vb[i] = vb[i] - ct[i][iciout] - ct[i][iciout];
iprb = *pBxb - t[iciout] - t[iciout];
ibliciout] = -1;
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void LA 11 update p (int iout, int jin, tMatrix R ct, tVector I ic,

{

if (pivotn < 0.0)
{

for (i = 1; i <= *plrank; i++)

{

vb[i] = vb([i] + ct[i][icjin] + ct[i][iciin];

}
*pBxb = *pBxb + t[icjin] + t[icjin];
ib[icjin] = 1;

tVector R p, int *pIrank)

int
int

i, j, k, k1, kd;
icjin, irnkml;

icjin = ic[jin];
irnkml = *pIrank - 1;

if (iout != *plrank)

{

for (3 = iout; j <= irnkml; j++)

{

k =173;
k1 =k + 1;
kd = *pIrank;

/* Swap two elements of vector "ic" */
swap_elems Vector I (ic, k, kl);

for (i =1; 1 <= kl; i++4)
{

plk] = plk + 1];

k = k + kd;

kd = kd - 1;

/* Swap elements "irank" and "jin" of vector "ic" */

swap_elems Vector I (ic, jin, *pIrank);
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k = *pIrank;
kd = *pIrank;
for (i = 1; 1 <= *plrank; i++)

{

plk] = ctli][icjin];
k = k + kd;
kd = kd - 1;

void LA 11 update ginv (int i, int n, tMatrix R ct, tVector I ir,
tVector R p, tMatrix R ginv, tVector R vb, int *pIrank)
{

int ik, 1;
int il, ii, kd, kk, k1, irankl;
tNumber R d, e, g;

irankl = *pIrank + 1;

ii = 1i;
il =1+ 1;
k =0;
kd = irankl;

for (j = 1; j <= ii; j+4)
{

k = k + kd;
kd = kd - 1;

}
kk = k;
kl = k - kd;

= kl1;
g = plkl;
d = pll];
if (g ) 9=-9;
if (d ) d=-d;

for (j = ii; j <= *plrank; j++)

/* Swap two elements of vector "p" */
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swap elems Vector R (p, k, 1);

=k + 1;
1=1+1;
}
/* Swap two elements of vector "ir" */

swap_elems Vector I (ir, i, il);

/* Swap two rows of matrix "ct" */
swap_rows Matrix R (ct, i, il);

/* Swap two rows of matrix "ginv" */
swap_rows Matrix R (ginv, i, i1);

/* Swap two columns of matrix "ginv" */
for (j = 1; j <= *plrank; j++)

{

nv[jl[il;

J1i] = ginv[j][il];

1111] = e;

=gl
glnv[
ginv[j
/* Swap two elements in real vector "vb" */
swap_elems Vector R (vb, i, il);

= plkk]/p[kl];

kk;

= kl;

for (j = ii; j <= *plrank; j++)

= s D
Il

(k] = plk] - e * p[1];
=k + 1;
=1+ 1;

~ o

—

for (3 = 1; j <= n; j++)

ct[il][3] = ct[il][j] - e * (ct[i][3]);
for (j = 1; § <= *pIrank; j++)

ginv[il][3] = ginv([il][J] - e * ginv[i][]];

vb[1il] = vb[il] - e * vb[i];
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void LA 11 calcul r (tNumber R alpha, int n, tMatrix R ct,
tVector R f, tVector I ic, tVector I ib, tVector R uf,
tVector R xp, tVector R t, tVector R p, int *pIrank,
tVector R r)

int i, j, icj, irankl;
tNumber R d, s;

irankl = *pIrank + 1;
if (fabs (alpha) <= 1.0)
{
for (j = irankl; j <= n; j++)
{
icj = icljl;
r{icj] = r[icj] - alpha * tlicjl;

}

if (fabs (alpha) > 1.0)

{
LA 11 pslv (2, plIrank, p, uf, xp);
for (j = irankl; j <= n; j++)

{

for (i = 1; i <= *plrank; i++)

}
for (j = irankl; j <= n; j++)
{

icj = icljl;

d = rlicj] * ib[ici];

if (d < 0.0) r[icj] 0.0;
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5.13 DR Lone

This program is a driver for the function LA Lone(), which solves an
overdetermined system of linear equations in the L1 (L-One) norm,
using a dual simplex method.

The overdetermined system has the form
c*a = f
"c" is a given real n by m matrix of rank k, k <= m <= n.
"f" is a given real n vector.
"a" is the solution m vector.
This program contains the 3 examples whose results appear in the

text.

#include "DR Defs.h"
#include "LA Prototypes.h"

#define Na 7
#define Ma 3
#define Nb 51
#define Mb 11
#define Nc

#define Mc 4

void DR Lone (void)

{

/K
Constant matrices/vectors

________________________________________ */
static tNumber R clinit([Na] [Ma] =
{

{ -2.0, 0.0, -2.01%,

{ 8.0, 9.0, 17.0 3},

{ 36.0, 18.0, 54.0 },

{ -8.0, 0.0, -8.0 1},

{ 21.0, 18.0, 39.0},

{ 12.0, -9.0, 3.0 },
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{ -32.0, -13.5, -45.5 }
i

static tNumber R fl[Na+l] =
{ NIL,

6.0, 6.0, -48.0, 24.0, 3.0, -6.0, -9.0
i

static tNumber R c3init[Nc] [Mc] =
{
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(o))
IS

i

static tNumber R £3[Nc+l] =
{ NIL,

2.0, 2.5, 2.0, 6.5, 3.5, 4.5, 6.0, 7.0
i

R —
Variable matrices/vectors

________________________________________ */

tMatrix R ct = alloc Matrix R (MM COLS, NN ROWS);

tVector R f = alloc_Vector R (NN ROWS);

tVector R T = alloc_Vector R (NN ROWS);

tVector R a = alloc Vector R (MM COLS);

tMatrix R cl = init Matrix R (&(clinit([0][0]), Na, Ma);

tMatrix R c3 = init Matrix R (&(c3init[0][0]), Nc, Mc);

int irank, iter;

int i, j, m, n, Iexmpl;

tNumber R dx, x1, x2, x3, x4, x5, g, ql, z;
eLaRc rc = LaRcOk;

prn dr bnr ("DR Lone, L-One Solution of an Overdetermined
"System of Linear Equations");
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z =0.0;
for (Iexmpl = 1; Iexmpl <= 3; Iexmplt+t)
{
switch (Iexmpl)
{
case 1:
n = Na;
m = Ma;
for (1 =1; 1 <=n; 1i++)

fli] = f1[i];
for (3 =1; 7 <= m; j++)
ct[j1[i] = cllil[31;
}
break;
case 2:
n = Nb;
m = Mb;
dx = 0.02;

gl = exp (0.5);
for (i =1; 1 <= n; 1i++)

xl = dx * (tNumber R) (i-1);

x2 = x1 + x1;

x3 = x1 + x2;

x4 = x2 + x2;

x5 = x2 + x3;
ct[1][i] = 1.0;
ct[2][1] = sin (x1);
ct[3][1] = cos (x1);
ct[4][1] = sin (x2);
ct[5][1] = cos (x2);
ct[6][1] = sin (x3);
ct[7][1] = cos (x3);
ct[8][1] = sin (x4);
ct[9][1] = cos (x4);
ct[10][1] = sin (x5);
ct[11][1i] = cos (x5);
g = exp (x1);

£[i] = ql;
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case 3:
n = Nc;
m = Mc;
for (i =1; 1 <= n; 1i++)
{
fli] = £3[i];
for (3 = 1; 7 <=m; j++)
{
ct[31[1] = c3[i1[31;

}

break;

default:
break;

prn_algo bnr ("Lone");

prn_example delim();

PRN ("Example #%d: Size of matrix \"c\", %d by %d\n",
Iexmpl, n, m);

prn_example delim();

PRN ("L-One Solution of an Overdetermined System"
" of Linear Equations\n");

prn_example delim();

PRN ("r.h.s. Vector \"f\"\n");

prn Vector R (£, n);

PRN ("Transpose of Coefficient Matrix, \"ct\"\n");

prn Matrix R (ct, m, n);

rc = LA Lone (m, n, ct, £, &irank, &iter, r, a, &z);

if (rc >= LaRcOk)
{
PRN ("\n");
PRN ("Results of the L-One Approximation\n");
PRN ("L-One solution vector, \"a\"\n");
prn Vector R (a, m);
PRN ("L-One residual vector \"r\"\n");
prn Vector R (r, n);
PRN ("L-One norm \"z\" = %8.4f\n", z);
PRN ("Rank of matrix \"c\" = %d, No. of Iterations ="
" %d\n", irank, iter);
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prn_la rc (rc);

t, MM COLS);
)
)
)

free Matrix R (
free Vector R (
free Vector R (

(

c
f
r
free Vector R (a

’
’
’

uninit Matrix R (cl);
uninit Matrix R (c3);
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5.14 LA _Lone

This program solves an overdetermined system of linear equations
in the L1 (L-One) norm. It uses a dual simplex method to the dual
linear programming formulation of the problem. In this program
certain intermediate simplex iterations are skipped.

The system of linear equations has the form

c*a = f

"c" is a given real n by m matrix of rank k, k <= m <= n.
"f" is a given real n vector.

The problem is to calculate the elements of the real m vector
"a" that gives the minimum L1 residual norm z.

z = |r[1]] + |r[2]| + ... + Jr[n]|

where r[i] is the ith residual and is given by

r[i] = cl[i][1]*a[l] + c[i][2]*al2] + ... + c[i][m]*a[m] - f[i],
i=1,2, ..., n

Inputs

m Number of columns of matrix "c" in the system c*a = f.

n Number of rows of matrix "c" in the system c*a = f.

ct A real m by n matrix containing the transpose of matrix "c"
of the system c*a = f.

f A real n vector containing the r.h.s. of the system c*a = f.

Local Variables

binv A real m square matrix containing the inverse of the basis
matrix in the linear programming problem.

bv A real m vector containing the basic solution in the linear
programming problem.

th A real n vector containing the ratios

th(3j] = r[jl/ctliout] []]

"iout" corresponds to the basic vector that leaves the
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basis.

icbas An integer m vector containing the indices of the columns
of "ct" that form the columns of the basis matrix.

irbas An integer m vector containing the indices of the rows of
"ct".

ibound An n sign vector. Its elements have the values +1 or -1.
ibound[j] = +1 indicates that column j of matrix "ct" is in
the basis or is at its lower bound 0. ibound[j] = -1
indicates that column j is at its upper bound 2.

Outputs

irank  The calculated rank of matrix "c".

iter Number of iterations, or the number of times the simplex
tableau is changed by a Gauss-Jordon elimination step.

a A real m vector containing the L1 solution of the system
c*a = f.

r A real n vector containing the residual vector
r = (c*a - f).

z The minimum L1 norm of the residual vector "r".

Returns one of
LaRcSolutionUnique

LaRcSolutionProbNotUnique
LaRcSolutionDefNotUniqueRD
LaRcNoFeasibleSolution
LaRcErrBounds
LaRcErrNullPtr
LaRcErrAlloc

#include "LA Prototypes.h"

elaRc LA Lone (int m, int

int *pIter, tVector R

n, tMatrix R ct, tVector R f, int *pIrank,

r, tVector R a, tNumber R *pZz)

tVector I icbas = alloc Vector I (m);

tVector I irbas = alloc Vector I (m);

tVector R th = alloc Vector R (n);

tMatrix R binv = alloc Matrix R (m, m);

tVector R bv = alloc Vector R (m);

tVector I ibound = alloc Vector I (n);

int iout = 0, jin = 0, jout = 0, ivo

int i=0,3=0, i3 =0, kk = 0, itest = 0, ipart = 0;
tNumber R tpeps = 0.0, xb = 0.0;
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tNumber R pivot = 0.0, pivotn = 0.0, pivoto = 0.0;

/* Validation of the data before executing the algorithm */
elaRc rc = LaRcSolutionUnique;

VALIDATE BOUNDS ((0 < m) && (m <=n) && !((n ==1) && (m ==1)));
VALIDATE PTRS (ct && f && plrank && plter && r && a && pZ);
VALIDATE ALLOC (icbas && irbas && th && binv && bv && ibound);

/* Initialization */

xb = 0.0;

tpeps = 2.0 + EPS;
*pIrank =

*pIlter = 0;

*pZ = 0.0;

ipart = 1;

for (3 = 1; § <= n; j++)
{
r[jl = 0.0;
ibound[j] = 1;

for (3 = 1; § <= m; j++)

a[j} =0 O,
bv[j] = 0.0;
irbas[j ] 37
icbhas[j] = 0;
for (1 = 1; 1 <= m; i++) binv[i][j] = 0.0;
binv[i][]] =

/* Part 1 of the algorithm */
LA lone part 1 (ipart, n, ct, icbas, irbas, binv, bv, ibound,
pIrank, plter, r);

/* Part 2 of the algorithm */

/* Calculating the initial residuals (marginal costs)
and the initial basic solution */

ipart = 2;

LA lone part 2 (n, ct, f, icbas, bv, ibound, pIrank, r);

for (kk = 1; kk <= n; kk++)
{

ivo 0;
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/* Determine the vector that leaves the basis */
LA lone vleav (&ivo, &iout, pIrank, &xb, bv);

/* Calculate the results */
if (ivo == 0)
{
rc = LA lone res (m, n, f, icbas, irbas, binv, bv,
pIrank, r, a, pZ);
GOTO CLEANUP RC (rc);
}

jout = icbas[iout];

/* Calculation of the possible parameters th[j] */
LA lone th (iout, n, ct, icbas, ibound, th, pIrank, r);

pivoto = 1.0;
itest = 0;

for (ij = 1; ij <= n; 1j++)

{
/* Determine the vector that enters the basis */
LA lone vent (ivo, &itest, &jin, n, th);

/* Solution is not feasible */
if (itest !=1)
{
GOTO CLEANUP RC (LaRcNoFeasibleSolution);
}
pivot = ctliout][jin];
pivotn = pivot/pivoto;

if (xb < -EPS)
{ if (pivotn > 0.0)
{ for (i = 1; i <= *pIrank; i++)
{ bv[i] = bv[i] + ct[i][jin] + ct[i][jin];

}

ibound[jin] = 1;
}
if (xb > tpeps)
{

for (i = 1; i <= *plrank; i++)
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bv[i] = bv[i] - ct[i][jout] - ctli][jout];
ibound[jout} = -1;
if (pivotn < 0.0)
{ for (i = 1; i <= *pIrank; i++)
{ bv[i] = bv[i] + ct[i][jin] + ct[i][jin];
}

ibound[jin] = 1;

}
xb = bv[iout]/pivot;
if (xb < -EPS || xb > tpeps) itest = 0;

th[jin] = 0.0;
icbas[iout] = jin;
if (itest == 1) break;

pivoto = pivot;
jout = jin;
}
/* A Gauss-Jordan elimination step */
LA lone gauss jordn (ipart, iout, jin, n, ct, icbas, binv,
bv, ibound, pIrank, r);
*plter = *plter + 1;

CLEANUP:
free Vector I (icbas);
free Vector I (irbas);
free Vector R (th);
free Matrix R (binv, m);
free Vector R (bv);
free Vector I (ibound);

return rc;

void LA lone part 1 (int ipart, int n, tMatrix R ct, tVector I icbas,
tVector I irbas, tMatrix R binv, tVector R bv, tVector I ibound,
int *pIrank, int *pIter, tVector R r)
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int i, 3, 1i =0, 13;
int iout, jin = 0;
tNumber R d, piv;

for (iout = 1; iout <= *pIlrank; iout++)
{
if (iout <= *plrank)
{
piv = 0.0;
for (3 = 1; j <= n; j++)
{
for (1 = iout; i <= *pIrank; i++)

{

d = ct[i][j];
if (d .0) d = -d;
if (d > piv)
{
11 = 1;
jin = 3;
piv = d;

/* Detection of rank deficiency of matrix "ct" */
if (piv < EPS)
{

*pIrank = iout - 1;
ipart = 2;
}
if (ipart == 2) break;
if (11 !'= iout)

{
/* Swap two elements of vector "irbas" */
swap_elems Vector I (irbas, 1li, iout);

/* Swap two rows of matrix "ct" */
swap_rows Matrix R (ct, 1li, iout);

if (iout != 1)
{
13 = iout - 1;
for (3 = 1; j <= 13; j++)

© 2008 by Taylor & Francis Group, LLC



176

Numerical Linear Approximation in C

d = binv[1i][j];
binv[1li][j] = b [1out1 (31;
binv[iout] []] =

}

if (ipart == 2) break;

/* A Gauss-Jordan elimination step */

LA lone gauss jordn (ipart, iout, jin, n, ct, icbas,
binv, bv, ibound, pIrank, r);

*pIlter = *pIter + 1;

void LA lone part 2 (int n, tMatrix R ct, tVector R f,
tVector I icbas, tVector R bv, tVector I ibound, int *pIrank,

tVector R r)

{
iI’lt ir j/ k/ iC;
tNumber R s, sa;

for (3 = 1; § <= n; j++)

{

ic = 0;
for (i = 1; i <= *plrank; i++) if (j == icbas[i]) ic = 1;
if (ic == 0)
{
s =-f[3];
for (1 = 1; 1 <= *pIrank; i++)
{
k = icbas[i];
s = s + flkl*ct[i][j];
}
r[j] = s;
if (s <= 0.0) ibound[j] = - 1;

for (i = 1; 1 <= *plIrank; i++)
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1; J <= n; j++)

[G
=~

sa = ct[i][j];
if (ibound[j] == -1) sa = - sa;
S =5 + sa;

void LA lone th (int iout, int n, tMatrix R ct, tVector I icbas,
tVector I ibound, tVector R th, int *pIrank, tVector R r)

int i, 3, ic;
tNumber R d, e, g9, thmax;
thmax = 0.0;

/* Calculation of the possible parameters th[j] */
for (j = 1; J <= n;j J++)
{

th[j] = 0.0;

ic = 0;

for (i = 1; 1 <= *plrank; i++)

if (j == icbas[i]) ic = 1;
if (ic == 0)

e = ct[iout] [j];
if (fabs (e) > EPS)

d= r[ﬂ

1f (fabs (d) < PREC) d = PREC*ibound[j];
th{j] = d/e,

99 = th[j];

if (99 <0.0) 99 = - gg;

if (gg > thmax) thmax = gg;
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void LA lone vent (int ivo, int *pItest, int *pJin, int n,
tVector R th)
{

int j, 13

tNumber R d, e, thmax, thmin;

for (ij = 1; ij <= n; ij++)

{

1.0/ (EPS*EPS);
thmin = -thmax;

for (3 = 1; 7 <= n; j++)
{

thmax

e = th[j];
d=e * ivo;
if (d > 0.0)
{
if (ivo == -1)

{
if (e > thmin)

{

thmin = e;
*pdin = J;
*pItest = 1;

if (ivo == 1)

if (e < thmax)
{

thmax = e;
*pdin = J;
*pItest = 1;
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S —
Determine the vector that leaves the basis in LA Lone()
___________________________________________________________________ */
void LA lone vleav (int *pIvo, int *pIout, int *pIrank,

tNumber R *pXb, tVector R bv)
{
int i;
tNumber R d, e, g, tpeps;
tpeps = 2.0 + EPS;
g=1.0;
for (i = 1; 1 <= *plrank; i++)
{
e = Dbv[i];
if (e > tpeps || e < -EPS)
{
if (e > tpeps)
{
d=2.0 - e;
if (d < g)
{
g =d;
*plvo = 1;
*plout = i;
*pXb = e;
}
}
if (e < -EPS)
{
d = e;
if (d < q)
{
g=d
*plvo = -1;
*plout = i;
*pXb = e;
}
}
}
}

}
S —

A Gauss-Jordan elimination step in LA Lone ()
___________________________________________________________________ */
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void LA lone gauss jordn (int ipart, int iout, int jin, int n,
tMatrix R ct, tVector I icbas, tMatrix R binv, tVector R bv,

tVector I ibound, int *pIrank, tVector R r)

int 1, j, ic;
tNumber R pivot, e, d;

pivot = ctliout][jin];

icbas[iout] = jin;
for (3 = 1; § <= n; j++)
{
ctiout] [j] = ctliout][j]/pivot;
}
for (j = 1; j <= *plrank; j++)
{
binv[iout][j] = binv[iout][j]/pivot;
}
if (ipart != 1) bv[iout] = bv[iout]/pivot;
for (i = 1; 1 <= *pIrank; i++)

{
if (1 !'= iout)
{
e = ct[i][jin];
for (3 = 1; j <= n; j++)
{
ct[i][j] = ctl[i][j] - e*ctliout][]];
}
for (j = 1; j <= *plrank; j++)
{
binv[i][j] = binv[i][j] - e*binv[iout][j];
}
if (ipart != 1)
{
bv[i] = bv[i] - e*bv[iout];
}
}
}

if (ipart != 1)

{

r[jin];

for (3 = 1; 3 <=n; J++) r[i] = r[j] - exctliout] []]
(3 =1; 3 <=n; j++)

ic 0;
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for (i = 1; i <= *plrank; i++)

if (j == icbas[i]) ic = 1;
if (ic == 0)
{

d = r[j]*ibound[j];

if (d < 0.0) r[j] = 0.0;

elaRc LA lone res (int m, int n, tVector R f, tVector I icbas,
tVector I irbas, tMatrix R binv, tVector R bv, int *pIrank,
tVector R r, tVector R a, tNumber R *pZ)

int i, 3, k;
tNumber R s, sa;
for (j = 1; j <= *plrank; j++)
{

s = 0.0;

}
*pZ

for (i = 1; 1 <= *plrank; i++)

{

k = icbas[i];

s =s + f[k] * (binv[i][3j]);
}
k = irbas[j];
alk] = s;

0.0;

(3 =1; J <=n; j++)

sa = r[jl;

if (sa < 0.0) sa = - sa;

S =8 + sa;y

=5

if (*pIrank < m)
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return LaRcSolutionDefNotUniqueRD;
for (1 =1; 1 <=m; i++)
{

if (bv[i] <= EPS || bv[i] >= 2.0 - EPS)
return LaRcSolutionProbNotUnique;

return LaRcSolutionUnique;

© 2008 by Taylor & Francis Group, LLC



183

Chapter 6

One-Sided L; Approximation

6.1 Introduction

In the previous chapter, an algorithm for obtaining the L, solution
of an overdetermined system of linear equations is given. That L,
solution is a double-sided one, meaning that some of the elements of
the residual vector have values >0 and others have values < 0. In
other words, for the discrete linear L; approximation, some of the
points lie above or on the approximating surface (curve) and some lie
below the approximating surface. Hence, the approximation is the
ordinary or double-sided L; approximation.

In this chapter, we present the linear one-sided L;
approximation problem. In this approximation, all the given discrete
points lie either above or on, or below and on the approximating
surface. When all the discrete points lie above or on the
approximating surface, this is known as the one-sided L,
approximation from above. When all the discrete points lie below or
on the approximating surface, the approximation is known as the
one-sided L; approximation from below. In two dimensional case,
this is illustrated by Figure 6-1.

We shall consider the problem of the one-sided L approximation
from below. However, the analysis and presentation of the problem
from above are almost identical. The described algorithm is
manipulated slightly so that it can be applied to the latter case as well.

The problem is presented here as a linear programming problem
and we pursue the analysis of the dual form of the linear programming
presentation. The algorithm is much simpler than the algorithm for the
ordinary L approximation in Chapter 5.

We should note that there are problems that have (ordinary) L;
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approximation but do not have one-sided L; approximation from
above and/or one-sided L; approximation from below. See the
numerical examples in Section 6.5. See also the practical example,
Example 16.2.

Consider the overdetermined system of linear equations

(6.1.1a) Ca=f

C =(cjj), is a given real n by m matrix of rank k, k < m <nand f = (f;)
is a given real n-vector. The (ordinary) L; solution of system Ca = fis
the m-vector a = (a;) that minimizes the L; norm z of the residuals

n

(6.1.1b) z= 3|t

i=1

where r; is the i" residual and is given by

m

(6.1.1¢) r, = ZO-a.—fi, i=1,2,...,n

Figure 6-1: Curve fitting with vertical parabolas of a set of 8 points
using L; approximation and one-sided L; approximations

This figure gives curve fitting with vertical parabolas of the set of
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8 points shown in Figure 2-1. The solid curve is the ordinary L,
approximation. The dashed curve is the one-sided L; approximation
from above and the dotted curve is the one-sided L; approximation
from below.

The special case when the system of equation Ca=f, is
consistent, i.e., the residual r = Ca — f= 0, is not of interest here. We
thus assume that r = 0.

When the elements of the residual vector r satisfy the additional
conditions

(6.1.1d) ;<0, i=1,2,...,n

or in effect

(6.1.1e) Ca<f

we have the one-sided L solution from above of system Ca = f; that
is, for any equation i, 1=1, ..., n, in Ca =f, the observed value f; is
greater than (or equal to) the calculated value (cjja; + cpay + ... +
Cimam)-

If the inequalities (6.1.1d) are reversed, i.e.,
;20, i=1,2,...,n

we have the one-sided L; solution from below.

As indicated above, we formulate here the problem of the
one-sided L; solution from below as a linear programming one. We
use the dual formulation of the problem as we did for the ordinary L;
approximation in the previous chapter. However, we use here the
simplex method, not the dual simplex method that we used in the
previous chapter. In this algorithm no conditions are imposed on the
coefficient matrix. It may be a rank deficient one. An initial basic
solution is obtained with a small effort. The described algorithm
applies as well to the one-sided L solution from above.

In Section 6.2, the problem is presented as a special case of a
general constrained L; approximation problem. In Section 6.3, the
linear programming formulation of the problem is given. In Section
6.4, the algorithm is described and a numerical example is solved. A
note on the linear one-sided L; solution from above is also given and
the interpolating properties of the one-sided L; approximation is
described. In Section 6.5, numerical results are presented and
compared with other techniques for solving the same problem.
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6.1.1 Applications of the algorithm

One-sided L,, approximations have applications to the numerical
solution of operator equations, to ordinary differential equations and
to integral equations. See Watson [23, 24].

The one-sided approximation in the L; norm is applied to the
degree reduction of interval polynomial of the so-called Bézier
curves in computer aided design. See Deng et al. [13]. The one-sided
L, and the one-sided Chebyshev solutions of overdetermined systems
are also applied to the solution of overdetermined linear inequalities
[2]. The latter is a basic problem in pattern classification. See Tou and
Gonzalez ([22], pp. 40-41, 48-49) and also Chapter 16.

6.1.2 Characterization and uniqueness

For the characterization and uniqueness of the best one-sided L;
approximation of a continuous function, see Pinkus [21] and for
harmonic functions see Armitage et al. [3]. For the uniqueness of the
best one-sided L; approximation of continuous differentiable
functions see Babenko and Glushko [5] and also Lenze [19]

6.2 A special problem of a general constrained one

A number of authors developed algorithms for general constrained
L, approximation problems. By manipulating the constraints, each
problem reduces to a one-sided L; approximation problem. In other
words, their algorithms are general purpose algorithms, while ours is a
special purpose one.

Using our notation, let C and E be matrices of appropriate
dimensions and let f be the vector associated with C, and e, and ey, be
two vectors associated with E respectively. Armstrong and Hultz
(AH) [4] seek a solution vector a that satisfies the problem

(6.2.1a) minimize ||Ca —f]|
subject to
(6.2.1b) e, <Ea<e,

If in (6.2.1b) we take E =C, e, =f, and e;, is a very large vector,
we get the one-sided L; approximation from below.
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Each of Barrodale and Roberts (BR) [7, 9], Bartels and Conn (BC)
[10, 11] and Dax (DA) [12] also proposed to solve a class of problems
that includes the problem given by Armstrong and Hultz (AH) [4] as a
special case. They minimize the L; norm of the residual subject to a
mixture of linear equality and inequality constraints. Using our
notation, let C, G and D be matrices of appropriate dimensions and let
f, g and d be vectors associated with C, G and D respectively. Then
they seek a solution vector a that satisfies

(6.2.2a) minimize ||Ca —f]|;
subject to
(6.2.2b) Ga=g and Da>d

They allow for the possibility that some but not all of the arrays
(G, g) and (D, d) be vacuous. Barrodale and Roberts [7, 9] use a
primal linear programming technique that is an extension of their
method for the L; approximation without linear constraints [6].
Bartels and Conn [10, 11], however, use a penalty-function method,
which solves a constrained optimization problem, while Dax [12] uses
a steepest descent search direction method by first solving a linear
least squares sub-problem. Hence, if in (6.2.2b) we take G=0, g =0,
D = C and d = f, problem (6.2.2) reduces to the one-sided L problem
from below. We shall comment on these methods in Section 6.5.

6.3 Linear programming formulation of the problem

In linear programming terminology [18], problem (6.1.1) is
formulated as follows. See Lewis [20] and Watson [23, 24]. Since the
residual vector r for Ca =f is given by r = Ca—f, and since all the
elements of r,1; > 0,1i=1, 2, ..., n, in vector-matrix notation, we have

minimize Z = eT(Ca —1)

where e is an n-vector, each element of which is 1. Now since e'f is
just a constant, this reduces to

(6.3.1a) minimize Z = eT(Ca)
subject to Ca — f> 0, which is
(6.3.1b) Cax>f
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and
(6.3.1¢) aj unrestricted in sign, j=1,2,...,m

It is easier to deal with the dual of problem (6.3.1), namely
(6.3.2a) maximize z=f'b

subject to C™b = CTe, which is

n
T, _ T
(6.3.2b) Cb-= z Cj
i=1
and
(6.3.2¢) b; >0, i=1,2,.

In (6.3.2b) C; Tis theJ column of matrix CT and the r.h.s. of (6.3.2b)
is the sum of the columns of CT.

6.4  Description of the algorithm

This problem may be solved by the two-phase method of linear
programming, as described in Section 3.5. However, we should start
with vector bg whose elements are non-negative. This is easily done
because of the simple structure of the problem, as explained next.

6.4.1 Obtaining an initial basic feasible solution

We note that the main body (the matrix of constraints) in the
initial data in the programming problem is matrix C' and from
(6.3.2b), the basic solution vector by is given by

n
p= 26
i=1
The elements of vector bg may or may not be non-negative, i.e., one
or more of its elements may be < 0. Let the element bg; < 0. If we now
multiply bg; and the whole of row i in the initial data by —1, this
amounts to multiplying column i of matrix C in the system Ca = f by
—1. Then the calculated element a; of the solution vector a will not be
a; but —a;. An index 1 would then be stored in an index vector and, at
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the end of the program, element a; would be multiplied by —1.

At the end of phase 1, we have an initial basic feasible solution bg.
If rank(C) =k < m, then only k Gauss-Jordan steps are needed. We
then calculate the marginal costs (z; - f;)

Zj—GZfBTyj—fj, j=1,..,n

Phase 2 of the algorithm is the ordinary simplex method. If at any
iteration, a pivot element is not found, or the ratio bg;/y;; is < EPS, the
problem has no solution and the program terminates.

Lemma 6.1 (Theorem 5.3)

At any stage of the computation, the residuals (r;) of (6.1.1c) are
themselves the marginal costs (z; — f;) for the same reference

Zi—fi=ri, 1=1,2,...,n

As a result, for the optimum solution, the objective function z =
the sum of the marginal costs, being all > 0

z = Z(Zi_fi)

i=1
See Theorem 5.3.
Lemma 6.2

The solution vector of the one-sided L approximation problem is
given by

(6.4.1) al =fg B!

where B! is the inverse of the basis matrix for the optimum solution
and fg is associated with the optimal solution. See Theorem 5.4.

Example 6.1
Obtain the L, solution from below of the following system
—a; — a = 2
a1 + 38.2 = 1
(6.4.2) a; + 2a, = 1
A = -3
a3 = 0

In the tableau for the Initial Data, the left hand side is the algebraic
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sum of the columns of matrix CT. Tableau 6.4.1 represents the end of
part 1. It is obtained by applying 3 Gauss-Jordan steps to the Initial
Data. The basic solution is feasible; all elements of bg are > 0.

Initial Data
T 2 1 1 3 0
%CT ¢’ ¢,' ¢ ¢ ¢t
1 -1 1 1 0 0

L
W
[\
—_

1 0o o0 0 0 1

Tableau 6.4.1 (end of part 1)

fr 2 1 1 -3 0
fzl bg T ¢,' ¢ ¢, ¢4
2 1 10 -122 12 0
1 2 1 (1/2) 12

1 o 0 0 0 1

0 0 3292 0

Tableau 6.4.2 (part 2)

£ 2 1 1 -3 0
fzl bg T ¢,' ¢ ¢, ¢4
2 3 1 1 0 1 0
1 4 0 2 1 1

1 o 0 0 o0 1

z=9 0 3 0 6 0

It took one Gauss-Jordan iteration to obtain the optimum solution
of the problem. The residuals of the problem are given as the marginal
costs (Lemma 6.1) in the last tableau and are r = (0, 0, 3, 6, 0)T from
which z =9. From (6.4.1) or by solving the first, the third and the fifth
equations in the set (6.4.2), we get the solution vector a = (-5, 3, 0)".
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6.4.2  One-sided L solution from above

For the linear one-sided L; solution from above, as indicated
earlier, the inequalities for the residuals are given by

;<0, 1i=1,2,..,n

The algorithm described here for one-sided L; solution from below

may be applied as well to the one-sided L; solution from above as

follows. We multiply each element of matrix C and each element of

vector f in Ca =f by —1. We get the equation Ca = f, where C =—-C

and f = —f. We then apply the current algorithm to the equation Ca =f{.
Then the elements r; of the residual vector r = Ca — f, satisfy

20, i=1,2,..,n
which implies that for the given equation Ca = f
<0, 1i=1,2,..,n

meaning the one-sided solution from above.

The obtained solution vector a would be that for the L; solution
from above, and the elements of the obtained residual vector r are to
be multiplied by —1.

6.4.3 The interpolation property

A certain property is shared between the (ordinary) L; solution [1]
and the one-sided L; solutions of overdetermined systems of linear
equations. Let rank(C) = k < m. Then at least k equations of Ca =f,
each has zero residual r;. This property is a direct result of using the
dual form of the linear programming formulation for both problems.

The reason is that k equations in Ca = f, associated with the basis
matrix have zero marginal costs (residuals). This also means the
following. If n discrete points in the x-y plane are being approximated
by a plane curve, in the one-sided L; sense, the curve will pass
through at least k of the discrete points. See Figure 6-1.

6.5 Numerical results and comments

LA Loneside() implements this algorithm. DR_Loneside() tests 8
examples in which the data is taken from [14, 15, 16, 17].
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Table 6.1 shows the results of 3 of the examples, computed in
single-precision. For comparison purposes, the results for the
(ordinary or the two-sided) L; solution for each example are included.
The L, solution is calculated by LA Lone() of Chapter 5.

Table 6.1
One-sided L L, One-sided L,
from above solution from below
Example C(nxm) Iter z Iter z Iter z
1 4 x2 no solution 2 184 no solution
2 10x 5 7 10.00 6 10.00 no solution

3 25x10 20 0.1408 21 0.0878 19 0.139

For each example, the number of iterations and the optimum L,
norms z for the 3 cases are shown. In this table, “no solution”
indicates that the problem has no one-sided L; solution. The results
indicate that the number of iterations for the one-sided L,
approximation are comparable to those for the ordinary L;
approximation.

The current algorithm is a special purpose one for solving the
one-sided L; approximation problem. However, the algorithms
mentioned in Section 6.2, those of Armstrong and Hultz (AH) [4],
Barrodale and Roberts (BR) [7-9], Bartels and Conn (BC) [10, 11]
and Dax (DA) [12], are general purpose algorithms that may by used
to solve the current problem.

Each of those algorithms necessitates that matrix C and vector f be
stored twice in computer memory, once for (6.2.1a) and once for
(6.2.1b), or once for (6.2.2a) and once for (6.2.2b), replacing D and d
respectively. That would nearly double the number of arithmetic
operations in their algorithms. Our algorithm, as a special purpose
one, would thus be more efficient. The same observations are made at
the end of Chapter 11 for the one-sided Chebyshev approximation
problem.
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6.6 DR Loneside

This program is a driver for the function LA Loneside(), which
calculates the one-sided L-One solution from above or from below of
an overdetermined system of linear equations.

The overdetermined system has the form
c*a = £

"c" is a given real n by m matrix of rank k, k <= m <= n.
"f" is a given real n vector.
"a" is the solution m vector.

This driver contains 8 examples from which the results of examples
1, 6 and 7 are given in the text. All the example are solved twice;
once for the one-sided L-One approximation from above and once for
the one-sided L-One approximation from below.

#include "DR Defs.h"
#include "LA Prototypes.h"

#define N1
#define M1
#define N2
#define M2
#define N3
#define M3
#define N4
#define M4
#define N5
#define M5
#define N6
#define M6
#define N7
#define M7
#define N8
#define M8

S 00 W 1 W oy W U1 N W

= 00 - N Ol
o O o

void DR Loneside (void)
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/~k________________________________________

Constant matrices/vectors

________________________________________*/

static tNumber R clinit[N1][M1] =

{

{ 0.0, -2.0 },

{ 0.0, -4.0 },

{ 1.0, 10.0 },
{-1.0, 15.0 }

static tNumber R c2init[N2][M2] =

P TP,

— e e e e

static tNumber R c3init[N3][M3] =

P T

—— e e e e e

static tNumber R cdinit[N4][M4] =

P e T T

O O O O O o o

— N O O —H O
1

O O O O O O O

O N AN —H © O

~ ~ ~ ~ o~~~

B R

static tNumber R c5init[N5][M5] =

{

9.0, -27.0 },

{ 1.0, -3.0,
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B S

static tNumber R c6init[N6] [M6] =

O O O O O O O o o O

O O O O v v v v
|

~ 0~~~ N~ N~~~ o~

O O OO OO oo o o

O O O v O O
|

~ ~ N~~~ N~~~ s~

O O O OO OO o o o

O O v O O v v O
1

O O O O O O O O o O

O O O O v O

O

O O O OO OO o o o
O O O O H O

B T N i pe—

static tNumber R c8init[N8][M8] =

P N S .

AN SO~ ®
<~ -~ <~ -
O O O O O o o O
S P

e e e e e e

static tNumber R f1[N1+1] =

NIL,

6.0, 0.0, 5.0

-12.0,

static tNumber R f2[N2+1] =

NIL,

1.0, 2.0, 1.0, -3.0, 0.0
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static tNumber R £3[N3+1] =
{ NIL,

1.0, 2.0, 3.0, 2.0, 2.0, 4.0
i

static tNumber R f4[N4+1] =
{  NIL,

0.0, -2.0, 1.0, -1.0, 5.0, 7.0, 0.0
i

static tNumber R f5[N5+1] =
{  NIL,

3.0, -3.0, -2.0, 0.0, 7.0, -1.0, 5.0, 2.0
i

static tNumber R f6[N6+1] =
{ NIL,

1.0, -1.0, 0.0, -1.0, 1.0, 0.0, 2.0, 3.0, -3.0, -2.0
i

static tNumber R f7[N7+1]

{ NIL,
0.0872673, 0.0872794, 0.0873029, 0.0873315, 0.0873576,
0.3491184, 0.3498802, 0.3513824, 0.3532572, 0.3550109,
0.6111334, 0.6150641, 0.6230824, 0.6336395, 0.6441493,
0.8733883, 0.8841621, 0.9071868, 0.9400757, 0.9766021,
1.135895, 1.157550, 1.206257, 1.283258, 1.384432

i

static tNumber R f8[N8+1] =
{  NIL,

2.0, 2.5, 2.0, 6.5, 3.5, 4.5, 6.0, 7.0
i

R —
Variable matrices/vectors

________________________________________ *x/

tMatrix R ct = alloc Matrix R (MM COLS, NN ROWS);

tVector R f = alloc_Vector R (NN ROWS);

tVector R T = alloc_Vector R (NN _ROWS);

tVector R a = alloc Vector R (MM COLS);

tMatrix R c7 = alloc Matrix R (N7, M7);

tMatrix R cl = init Matrix R (&(clinit([0][0]), N1, MI1);

tMatrix R c2 = init Matrix R (&(c2init([0][0]), N2, M2);
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tMatrix R c3 = init Matrix R (&(c3init([0][0]), N3, M3);
tMatrix R c4 = init Matrix R (&(c4init([0][0]), N4, M4);
tMatrix R ¢c5 = init Matrix R (&(c5init([0][0]), N5, M5);
tMatrix R c6 = init Matrix R (&(c6init([0][0]), N6, M6);
tMatrizx R c8 = init Matrix R (&(c8init([0][0]), N8, M8);
int irank, iter, iside, kase;

int i, 3, k, m, n, Iexmpl;

tNumber R d, dd, ddd, e, ee, eee, z;
eLaRc rc = LaRcOk;

for (3 = 1; 7 <= 5; j++)
{
d = 0.15% (j-3);
dd = d*d;
ddd = d*dd;
for (1 =1; 1 <=5; i+4)

eee = e*ee;

k = 5% (3-1) + 1i;
c7[k][1] = 1.0;
cT[k][2] = d&;
cT[k][3] = e;
c7[k][4] = dd;
cT[k][5] = ee;
c7[k][6] = e*d;
c7[k][7] = ddd;
cT[k][8] = eee;
c7[k][9] = dd*e;
cT[k]1[10] = ee*d;

prn_dr bnr ("DR Loneside, One-Sided L-One Solutions of an "
"Overdetermined System of Linear Equations");

for (kase = 1; kase <= 2; kase++)

{

if (kase == 1) iside 1;

if (kase == 2) 1iside = 0;

for (Iexmpl = 1; Iexmpl <= 8; Iexmplt+t)
{
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switch (Iexmpl)
{
case 1:
n = NI1;
m = Ml;
for (1 =1; 1 <=n; i+4)
{
fli] = f1[il;
for (3 = 1; § <= m; j++) ct[J1[1i] = cl[i]l[]];
}

break;

case 2:
n = N2;
m = M2;
for (1 = 1; 1 <= n; 1i+4)
{
fli] = f2[il;
for (3 =1; j <=m; j++) ct[jI1[i] = c2[i]1[]];
}

break;

n = N3;
m = M3;
for (1 =1; 1 <= n; i+4)
{
fli] = £3[i];
for (3 = 1; § <= m; j++) ct[J1[1i] = c3[i]1[]];
}

break;
case 4:

n = N4;

m = M4;

for (1 =1; 1 <= n; i+4)
{

fl1] = f4[i];

for (j = 1; j <= m; j++) ct[jI1[i] = c4lil[]];
}

break;

case 5:
N5;
M5;

3 B
]
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for (1 =1; 1 <= n; i+4)
{

f[i] = £5[i];

for (j = 1; j <= m; j++) ct[jI[i] = c5[1i1[7];
}

break;
case 6:

n = N6;

m = M6;

for (1 =1; 1 <= n; i+4)
{

fl1] = fo[i];

for (j = 1; j <= m; j++) ct[jI[i] = c6[i][]];
}

break;
case 7T:

n = N7;

m = M7;

for (1 =1; 1 <= n; i+4)
{

fli] = £7[1];

for (j = 1; j <= m; j++) ct[jI[i] = cT[i1[]];
}

break;
case 8:

n = N§;

m = M8;

for (1 =1; 1 <= n; i+4)
{
f[i] = £8[1i];
for (3 =1; j <=m; j++) ct[jI1[i] = c8[i][]];

break;

default:
break;

prn_algo bnr ("Loneside");
prn_example delim();
PRN ("Example #%d: Size of matrix \"c\", %d by %d\n",
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}

free Matrix R (c
free Vector R (f
free Vector R (r
free Vector R (a
free Matrix R (c

uninit Matrix R (cl)
uninit Matrix R (c2)
uninit Matrix R (c3)
uninit Matrix R (c4);
uninit Matrix R (c5)
uninit Matrix R (c6)
uninit Matrix R (c8)

Numerical Linear Approximation in C

Iexmpl, n, m);
prn_example delim();
if (iside == 1)

PRN ("One-sided L-One Solution from Above\n");
else

PRN ("One-sided L-One Solution from Below\n");
prn_example delim();
PRN ("r.h.s. Vector \"f\"\n");
prn Vector R (£, n);
PRN ("Transpose of Coefficient Matrix, \"ct\"\n");
prn Matrix R (ct, m, n);

rc = LA Loneside (iside, m, n, ct, £, &irank, &iter, r,
a, &z);

if (rc >= LaRcOk)

{
PRN ("\n");
PRN ("Results of the One-sided L1 Approximation\n");
PRN ("One-sided L-One solution vector, \"a\"\n");
prn Vector R (a, m);
PRN ("One-sided L-One residual vector, \"r\"\n");
prn Vector R (r, n);
PRN ("One-sided L-One norm \"z\" = %8.4f\n", z);
PRN ("Rank of Matrix \"c\" = &%d,"

" Number of Iterations = %d\n", irank, iter);

prn_la rc (rc);

t, MM COLS);
)
);
):
. NT7);
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6.7 LA _Loneside

This program calculates the one-sided L-One solution from above or
from below of an overdetermined system of linear equations. It uses
a modified simplex method to the linear programming formulation of
the problem.

The system of linear equations has the form
c*a = £

"c" is a given real n by m matrix of rank k <= m <= n.
"f" is a given real n vector.

The problem is to calculate the elements of the real m vector
"a" that gives the minimum L1 residual norm z.

z = |r[1]] + |r[2]| + ... + Jr[n]|

r[i] = c[i][11*a[l] + cli][2]*a[2] + ... + c[i][m]*a[m] - f[i],
i=1,2, ..., n

subject to the conditions

r[{i] => 0, for the one-sided L-One solution from below
or
r[i] =< 0, for the one-sided L-One solution from above.

Inputs
iside  An integer specifying the action to be performed.
If iside = 1, the one-sided L-One solution from above is

calculated.
If iside != 1, the one-sided L-One solution from below is
calculated.

m Number of columns of matrix "c" in the system c*a = f.

n Number of rows of matrix "c" in the system c*a = f.

ct A real m by n matrix containing the transpose of matrix "c"
of the system c*a = f.

f A real n vector containing the r.h.s. of the system c*a = f.
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Local Variables

binv A real m square matrix containing the inverse of the basis
matrix in the linear programming problem.
bv A real m vector containing the basic solution in the linear

programming problem.

icbas An integer m vector containing the indices of the columns
of "ct" that form the columns of the basis matrix.

irbas An integer m vector containing the indices of the rows

of "ct".

Outputs

irank  The calculated rank of matrix "c".

iter Number of iterations, or the number of times the simplex
tableau is changed by a Gauss-Jordon elimination step.

a A real m vector containing the one-sided L-One solution of
the system c*a = f.

r A real n vector containing the one-sided L-One residual
vector r = (c*a - f).

z The optimum one-sided L-One norm of the problem.

Returns one of
LaRcSolutionUnique
LaRcSolutionProbNotUnique
LaRcSolutionDefNotUniqueRD
LaRcNoFeasibleSolution
LaRcErrBounds
LaRcErrNullPtr
LaRcErrAlloc

#include "LA Prototypes.h"
elaRc LA Loneside (int iside, int m, int n, tMatrix R ct,

tVector R £, int *pIrank, int *pIter, tVector R r, tVector R a,
tNumber R *pZ)

tMatrix R binv = alloc Matrix R (m, m);
tVector R bv = alloc Vector R (m);

tVector I icbas = alloc Vector I (m);

tVector I irbas = alloc Vector I (m);

int i=20, =0, kk = 0;

int iout = 0, jin = 0, ivo = 0, itest = 0;
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/* Validation of data before executing the algorithm */

elaRc rc = LaRcSolutionUnique;
VALIDATE BOUNDS ((0 < m) && (m <= n) && !((n == 1)

VALIDATE PTRS (ct && f && plrank && plter && r && a && pZ);

VALIDATE ALLOC (binv && bv && icbas && irbas);

/* Initialization */
*pIrank = n;

*pIter = 0;

for (3 =1; j <=m; j++)

alj] = 0.0;

icbhas[j] = 0;

irbas[j] = j;

for (1 =1; 1 <=m; i++)

h
o
=

-

I
.

-

A
I
jm}

[
+
T

/* One-sided L-One solution from above */
if (iside == 1)
{
for (3 = 1; 7 <= n; j++)
{
f131 = -£131;
for (i =1

/* Calculate the initial basic solution */
LA loneside basic_sol (m, n, ct, irbas, bv);

/* Determine the rank of matrix "ct" */

LA loneside part 1 (m, n, ct, icbas, irbas, binv, bv, pIrank,

plter, r);
/* Part 2 of the algorithm */

/* Calculate the marginal costs */
LA loneside marg costs (m, n, ct, f, icbas, r);
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for (kk = 1; kk <= n*n; kk++)

{
/* Determine the vector that enters the basis */
LA loneside vent (&ivo, &jin, m, n, icbas, r);

if (ivo == 0)
{
/* Calculate the results */
rc = LA loneside res (iside, m, n, £, icbas, irbas, binv,
bv, plrank, r, a, pZ);
GOTO CLEANUP RC (rc);
}
itest = 0;
/* Determine the vector that leaves the basis */
LA loneside vleav (jin, &iout, &itest, m, ct, bv);

if (itest != 1)
{
GOTO_CLEANUP RC (LaRcNoFeasibleSolution);

/* A Gauss-Jordan elimination step */

LA loneside gauss jordn (iout, jin, m, n, ct, icbas, binv,
bv, r);

*pIlter = *plter + 1;

CLEANUP:
free Matrix R (binv, m);
free Vector R (bv);
free Vector I (icbas);
free Vector I (irbas);

return rc;

void LA loneside part 1 (int m, int n, tMatrix R ct,
tVector I icbas, tVector I irbas, tMatrix R binv, tVector R bv,
int *pIrank, int *pIter, tVector R r)
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int i, 3, kx, 11 =0, jin = 0, iout;
tNumber R d, g, piv;

for (iout = 1; iout <= m; iout++)
{
if (iout <= *plrank)
{
piv = 0.0;
for (3 = 1; j <= n; j++)
{
for (1 = iout; i <= *pIrank; i++)

{

d = ct[i][]];
if (d .0) d = -d;
if (d > piv)
{
11 = 1;
jin = 3;
piv = d;

/* Detection of rank deficiency */
if (piv > 0.0)
{
if (1i != iout)
{
/* Swap of two elements of vector "irbas" */
swap_elems Vector I (irbas, li, iout);

/* Swap of two elements of vector "bv" */
swap_elems Vector R (bv, 1li, iout);

/* Swap of two rows of matrix "ct" */
swap_rows Matrix R (ct, 1li, iout);

/* Swap parts of two rows of matrix "binv" */
if (iout != 1)
{
k = iout - 1;
for (3 = 1; 7 <= k; j+4)
{
g = binv[li][j];
binv[li][j] = binv[iout][j];
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binv[iout] [j] = g;

LA loneside gauss jordn (iout, jin, m, n, ct, icbas,
binv, bv, 1);
*plter = *pIter + 1;
}
if (piv < EPS)
{
/* Solution is not unique */
*pIrank = iout - 1;

void LA loneside marg costs (int m, int n, tMatrix R ct, tVector R f,
tVector I icbas, tVector R r)

{
int i, 3, k, ibc;
tNumber R S;

for (j = 1; j <= n; j++)
{
r[j] = 0.0;
ibc = 0;
for (1 =1; 1 <=m; i++)

{

if (j == icbas[i]) ibc = 1;
}
if (ibc ==
{

s =- f[3];

for (i = 1; 1 <=m; 1i+4)

icbas[i];
s + flk] * ct[il[j];
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T —
Calculation of the initial basic solution in LA Loneside ()
___________________________________________________________________ */
void LA loneside basic_sol (int m, int n, tMatrix R ct,
tVector I irbas, tVector R bv)
{
int i, 3;
tNumber R S;
for (1 =1; 1 <=m; i+4)
{
s =0.0;
for (3 = 1; 7 <= n; j++)
{
s =s+ctli][j];
}
bv[i] = s;
}
for (1 =1; 1 <=m; 1i+4)
{
if (bv[i] < -EPS)
{
bv[i] = -bv[i];
irbas[i] = -1;
for (3 = 1; j <= n; j++)
{
ctlil[§] = -ct[il 3]s
}
}
}
}
T —
Determine the vector that enters the basis in LA Loneside ()
___________________________________________________________________ */

void LA loneside vent (int *pIvo, int *pJin, int m, int n,
tVector I icbas, tVector R r)
{

int i, 3, ic;
tNumber R d, g;
*pIvo = 0;
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g = 1.0/ (EPS*EPS);
for (3 = 1; § <= n; j+4)

ic = 0;
for (1 =1; 1 <=m; 1++4)

if (j == icbas[i]) ic = 1;
}
if (ic == 0)
{
d=r[jl;
if (d < 0.0)
{
if (d < q)
{
*plvo = 1;
g=4d
*pdin = j;

void LA loneside vleav (int jin, int *pIout, int *pItest, int m,
tMatrix R ct, tVector R bv)

{
int i;
tNumber R d, g, thmax;

thmax = 1.0/ (EPS*EPS);
for (1 = 1; 1 <= m; i+4)
{
d = ct[i][jin];
if (d > EPS)
{
g = bv[il/d;
if (g <= thmax)
{
thmax = g;
*pIout = 1i;
*pltest = 1;
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S —
A Gauss-Jordan elimination step in LA Loneside()
___________________________________________________________________ */
void LA loneside gauss jordn (int iout, int jin, int m, int n,
tMatrix R ct, tVector I icbas, tMatrix R binv,
tVector R bv, tVector R r)
{
int i, 3;
tNumber R pivot, d;
pivot = ctliout][jin];
for (j = 1; j <= n; j++) ctliout] [j] = ct[iout][j]/pivot;
for (j = 1; j <= m; j++) binv[iout][J] = binv[iout][]]/pivot;
bv[iout] = bv[iout]/pivot;
for (1 =1; 1 <=m; i++4)
{
if (1 !'= iout)
{
d = ct[i] [jin];
for (3 = 1; 7 <= n; j++)
{
ct[i][§] = ctlil[j] - d * (ctliout][3]);
}
for (3 = 1; j <= m; j+4)
{
binv[i][j] = binv[i][j] - d * (binv[iout][j]);
}
bv[i] = bv[i] - d * (bv[iout]);
}
}
1cbas[1out] = jin;
r[jin];
for (j =1; 3 <=n; 3+4) r[j] = rl§] - d * (ctliout][j]);
}
S —
Calculate the results of LA Loneside()
___________________________________________________________________ */

elaRc LA loneside res (int iside, int m, int n, tVector R f,
tVector I icbas, tVector I irbas, tMatrix R binv, tVector R bv,
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int *pIrank, tVector R r, tVector R a, tNumber R *pZ)

int i, 3, k;
tNumber R S;

for (j = 1; j <= *plrank; j++)
{

i=1; i <= *plrank; i++)

k = icbas[i];

s = s + f[k]*binv[i] [];
}
k = irbas[j];
if (k < 0) k = -k;
alk] = s;
if (irbas[j] < 0) a[k] = -s;

*pZ = s;
if (iside == 1)
{
for (3 =1; § <=n; j++) rlj] = -r[jl;

if (*pIrank < m)
return LaRcSolutionDefNotUniqueRD;

for (1 =1; 1 <=m; 1i+4)
{

if (bv[i] < EPS)
return LaRcSolutionProbNotUnique;

return LaRcSolutionUnique;
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Chapter 7

L; Approximation with Bounded Variables

7.1 Introduction

In Chapter 5, an algorithm for calculating the L; solution of
overdetermined systems of linear equations is given. In this solution
the L norm of the residual vector, is as small as possible. In Chapter
6, the one-sided L; solution of overdetermined linear equations was
presented, in which the L; norm of the residual vector is as small as
possible and such that all the elements of the residual vector are either
non-positive or non-negative.

In this chapter we present yet another kind of the linear L,
approximation, known as L; approximation with bounded variables
[5]. Here, the additional constraints are on the elements of the solution
vector, not on the elements of the residual vector as in the previous
chapter. The elements of the solution vector are to be bounded
between —1 and 1.

For example, given the (x, y) data of Figure 2-1, the solid curve in
Figure 7-1, is for the ordinary L; approximation, and is given by
y=2.143-0.25x + 0.107x>. The elements of the solution vector are
(2.143,-0.25, 0.107) and they are not all bounded between —1 and 1.

Yet for the same data, for the L; approximation with bounded
variables between —1 and 1, the approximating curve is given by
y=1+0.083x + 0.083x>, where the elements of the solution vector
are between —1 and 1. For comparison purposes, the two
approximating curves are shown in Figure 7-1.

In this chapter, the problem is solved by linear programming
techniques, where initial basic solution is obtained with very little
computational effort. Minimum computer storage is required and no
conditions are imposed on the coefficient matrix. It could be a rank
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deficient one.
Consider the overdetermined system of linear equations

Ca=f

C =(cj;) is a given real n by m matrix of rank k, k <m <n, and f= ()
is a given real n-vector. The L; solution of system Ca=f is the
m-vector a = (a;) that minimizes the L; norm z of the residuals

n
(7.1.1) z= Z |t
i=1
where r; is the i" element of the residual vector
r=Ca—f

When the elements of the solution vector a are required to satisfy
the additional conditions

(7.1.2) “1<a<1, i=1,2,...,m

we have the problem of calculating the L; solution of system Ca =f
with bounded variables between —1 and 1.

If instead of the constraints (7.1.2), we require the elements of
vector a to satisfy the constraints

(7.1.3) ¢;<a;<d;, i=1,2,...,m

where vectors ¢ = (c;) and d = (d;) are given m-vectors, by substituting
variables, these constraints reduce to the constraints (7.1.2) in the new
variables. Let

(7.14)  a=05[(di—c)z+(di+c)l, i=1,2,...,m
That is
z; = [2a; - (d; + ¢))/(dj—¢p), 1=1,2,...,m

Hence, when a;=d;, z;=1 and when a;=c;, z=-1. In
vector-matrix form, (7.1.4) is given by

(7.1.5) a=Gz+g

G is a diagonal m-matrix whose ith diagonal element is 0.5(d; — ¢;) and
g is an m-vector whose i element is 0.5(d; + c;). By substituting
(7.1.5) into Ca =f, one gets
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Dz=h
where
D=CG and h=f-Cg

and the elements of the new solution vector z are bounded between —1
and 1

“1<z<1, i=1,2,..,m

Once the solution vector z is obtained, the solution vector a of the
given system Ca = f is calculated by substituting z into (7.1.5).

The linear L; approximation with non-negative parameters may
be formulated as an L; approximation with bounded variables, as
explained in Section 7.1.1.

o 1 2 3 4 5 & 7 8 9
Figure 7-1: Curve fitting with vertical parabolas of a set of 8 points

using L; approximation and L, approximation with bounded variables
between —1 and 1

The solid curve is the L approximation and the dashed curve is
the L approximation with bounded variables.

In Section 7.2, the bounded L approximation problem would be
treated as a special case of some general purpose algorithms. We shall
comment on these algorithms in Section 7.5. In Section 7.3, the linear
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programming formulation of the problem is presented and necessary
lemmas are given. In Section 7.4, the algorithm is described, and in
Section 7.5, numerical results and comments are given.

7.1.1 Linear L; approximation with non-negative parameters
(NNL1)

If in (7.1.3) we take (c;) =0 and (d;) =Big, 1=1, 2, ..., m, where
Big is a large number, we get the non-negative linear L; (NNL1)
approximation. Spath ([13], p. 250) suggested to take Big= 100 x
max|f|, 1=1, 2, ..., n, where (f;) are the elements of vector f in the
system Ca=f. See Chapter 12.1.1 for the non-negative L-infinity
approximation (NNLI).

7.2 A special problem of a general constrained one

As in Chapter 6, this problem would be treated as a special case of
one of the four general purpose algorithms. These are of Armstrong
and Hultz [6], Barrodale and Roberts [7, 8], Bartels and Conn [9, 10]
and Dax [11].

Using our notation, let C and E be matrices of appropriate
dimensions and let f be the vector associated with C, and e; and e, be
two vectors associated with E respectively. Using a special purpose
primal linear programming method, Armstrong and Hultz (AH) [6]
seek a solution vector a that satisfies the problem

(7.2.1a) minimize ||Ca —f]|;
subject to
(7.2.1b) e;<Ea<e,

Hence, if we take in (7.2.1b), matrix E = I, an m-unit matrix, and
take e; = —e,,, and e, = e,,, where each element of e, is 1, (7.2.1a, b)
reduce to the problem of bounded L; approximation between —1 and
1.

Once more, consider equations (6.2.2a-b) using our notation. Let
C, G and D be matrices of appropriate dimensions and let f, g and d
be vectors associated with C, G and D respectively. Each of Barrodale
and Roberts (BR) [7, 8], Bartels and Conn (BC) [9, 10] and Dax (DA)
[11] seek a vector a that satisfies
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(7.2.2a) minimize ||Ca — f]|;
subject to
(7.2.2b) Ga=g and Da>d

They allow the possibility that some but not all of the arrays (G, g)
and (D, d) be vacuous.

Hence, if in (7.2.2b), we take G=0, g=0, D=L, -I,]" and
d=[-e,, —em]T, (7.2.2a,b) reduce to the problem of the L,
approximation with bounded variables. As indicated earlier, we shall
comment on these methods in Section 7.5.

In the following, we describe an algorithm for the L,
approximation with bounded variables between —1 and 1, using linear
programming techniques. The algorithm is an extension of the
algorithm for the ordinary L; solution of overdetermined linear
equations. In the linear programming formulation, the initial basic
feasible solution is obtained with little computational effort, and
intermediate simplex iterations are skipped [2, 3].

7.3 Linear programming formulation of the problem

Since the elements of the residual vector r = (r;) are unrestricted in
sign, we may write the residual vector as

r=r1—r2

where vectors ry, r, > 0. It is understood that when r; > 0, r{; > 0 and
1p; = 0 and when 1; <0, r{; =0 and 15; > 0. When r; =0, r{; =15; =0,
where ry; and ry; are the i elements of vectors r; and r, respectively.
This problem may be reduced to a linear programming problem in
the primal form as follows.
minimize Z = enTrl + enTrz
subject to

Ca—-Lir +1r,=f

aj,j =1, 2, ..., m, unrestricted in sign, r;, r, >0

Here, e, and e, are n and m-vectors respectively, each element of
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which is 1. Also, I, and I, are n- and m-unit matrices respectively.
It is more beneficial to work with the dual form of this primal
problem, namely (Chapter 3)

maximize z = f'w — emTu — emTV
subject to

Clw-— Lu+tIL,v=0

w < e,
w 2 —€,
ui,ViZO, i=1,2,...,m

The last two vector inequalities reduce to
-1<w;<1, 1=1,2,...,n

where w, u and v are respectively n-, m- and m-vectors for the dual
linear programming problem. As in [1, 2], by letting b; =w; + 1,

1=1,2, ..., n, this problem reduces to (in vector-matrix form)
b T
maximize z = |¢l T —fe
[f —e. —€. } u n
\4

(7.3.1a) maximize z = [fT _emT _emT}
v

subject to

b T
7.3.1b T =C
(7.3.1b) [c I, Im} u e,

v
(7.3.1¢) 0<b;<2, i=1,2,...,n

(7.3.1d) u,v; 20, 1=1,2,...,m
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Letin (7.3.1a)

(7.3.2a) g=[fT -, —e, ]
and in (7.3.1b)
(7.3.2b) D=[C" I, I]

The r.h.s. of (7.3.1b) is none other that the sum of the columns of
matrix CT. Compare the r.h.s. of (7.3.1b) with those of (5.2.4b) and of
(6.3.2b).

Problem (7.3.1) is solved by using a dual simplex algorithm with
non-negative bounded variables [1-4, 12]. Since matrix D in (7.3.2b)
is of dimension m by (n + 2m), a simplex tableau for m constraints in
(n+ 2m) variables is constructed for problem (7.3.1). Note also that
the matrix of constraints D in (7.3.2b) is of full rank; rank(D) = m.
though matrix C may be rank deficient.

The basis matrix, denoted by B has m linearly independent
columns in the simplex tableau. Vectors y; are given by

(7.3.3a) y;=B'D;, j=1,2,... nt2m

where D; is the jth column of matrix D in (7.3.2b).

Let by denote the initial basic solution. Since in (7.3.1c), variables
b, i=1,2,...,n, are bounded between 0 and 2, as in [2]. In this
problem, by is given by

(7.3.3b) bp= > ¥+ > vi- Y v

ieI(b) icL(b) icU(b)

The summations are respectively over the basic variables b;, the
non-basic variables b; at their lower bound (= 0) and the non-basic
variables b; at their upper bound (= 2). The technique used here is
very similar to that used for the (ordinary) linear L; approximation
problem of Chapter 5.

The marginal costs, denoted by (z; — g;), are given by

(7.3.3¢) zj— g = gBTyj -g, J=1,2,...,nt2m

where the elements of the m-vector gg are associated with the basic
variables and vector g is defined by (7.3.2a).
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7.3.1 Properties of the matrix of constraints

We will make use of the fact that there is a kind of asymmetry in
parts of the matrix of constraints D. There exist the two matrices —1I,;,
and I, as part of D in (7.3.2b). We take the m-unit matrix I, as the
initial basis matrix B.

Definition

Letiand j, (n+1) <1, j<(n+2m), be the indices of any two
columns in matrix D such that |i — j| = m. We define columns i and j as
two corresponding columns. Consider the following lemmas.

Lemma 7.1

Any two corresponding columns should not appear together in any
basis matrix. Otherwise, the basis matrix would be singular.

Lemma 7.2

At any stage of the computation, the corresponding columns of the
simplex tableau are related. If one column is known, the other is easily
derived. The same is true about their marginal costs. From (7.3.3a)
and (7.3.3c) respectively we get

(7.3.4a) Yi t¥itm =0, 1=nt+l,n+2, ..., n+tm
(734 b) (Zl - gl) + (Zi+m - g1+m) = 23 1 = n+1> n+29 RS n+m

These two lemmas indicate that only m columns of the last 2m
columns in matrix D need to be stored by the program, and no
corresponding columns exist in these m columns. Hence, from the
matrix of constraints D, we need to store m constraints in only (n + m)

variables, since the y vectors of the other m variables and their
marginal costs would be known from (7.3.4a, b).

Lemma 7.3

At any stage of the computation, the last m columns in the simplex
m by (n + 2m) tableau are themselves the m columns of the inverse of
the basis matrix; B .

Lemma 7.4 (Lemma 2 in [1])

The residuals r;, i=1,...,n, of (7.2.1c) are themselves the
marginal costs for the first n columns in the simplex tableau
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= (Zi—gi), 1= 1, 2, R 1 |
Hence, the objective function z of (7.1.1) is given by

n n

(7.3.5) z = z Iri| = z 1z — g

i=1 i=1

Lemma 7.5

At any stage of the computation, the solution of the L problem of
the bounded variables is given by

al =g, 7B
See Lemmas 5.4 and 6.2.

The steps taken to solve problem (7.3.1) are almost identical to
those used in solving (5.2.4). However, we make use here of the
asymmetry that exists in the matrix of constraints D, as indicated
above. This is explained in the following section.

7.4  Description of the algorithm

Lemma 7.3 indicates that the last m columns in the simplex
tableau are themselves the m columns of matrix B~!. Since matrix B!
is always available, and from the discussion following (7.3.4a, b), in
the initial tableau, we only need to store the first n columns of matrix
D of (7.3.2b). We call the initial tableau and the following tableaux,
the condensed tableaux. We consider the columns of matrix B™! (and
their corresponding columns) together with their marginal costs as
part of the simplex tableau.

We need an (n + m)-index indicator vector whose elements are +1
or —1. For the first n elements of this indicator, if bj, 1<j<n, of
(7.3.1c), is a basic variable, or if it is at its lower bound (= 0), index j
has the value +1. If b; is at its upper bound (= 2), index j has value —1.
For the remaining m elements of this index vector, if column j of
matrix B!, 1< j <m, has its marginal cost stored, the index (n +))
has the value +1. Else, it has the value —1.

The algorithm is in 2 parts. In part 1, the last m columns of matrix
D; columns (n+m+ 1), ..., (n +2m), form an m-unit matrix I, and
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they form the inverse of the initial basis matrix, B~'. This does not
require changing the simplex tableau being columns of an m-unit
matrix.

In part 2, one calculates the basic solution by from (7.3.3b) and
the marginal costs (z;—g;), 1=1,2,...,n, from (7.3.3c) for the
condensed tableau. We also calculate the marginal costs for B™'. From
(7.3.1a) and from the above discussion, vector (—e,,) would be the
price vector for the columns of Bl

The algorithm proceeds almost exactly as in part 2 in Chapter 5,
for the ordinary L; solution, where intermediate simplex iterations are
skipped. The only difference between the algorithm of Chapter 5 and
this one is as follows. From (7.3.1c), if bj, 1 <j <n, is in the basis for
the optimum solution, bj has to be bounded; i.e., 0 < bj < 2. While,
from (7.3.1d), if u; or vj, 1 <j <m, is in the basis, u; or Vi should only
satisfy the non-negativity conditions; i.e., u;, v; 2 0.

From Lemma 7.4, the residuals 1;, i=1, 2, ..., n, are themselves
the marginal costs for the first n columns in the simplex tableau. The
bounded L error norm z is calculated from (7.3.5). The optimal
solution vector a is calculated from Lemma 7.5.

7.5 Numerical results and comments

LA Lonebv() is an extension to LA Lone() of Chapter 5, where
again certain intermediate simplex iterations are skipped. This
algorithm has been tested with many examples, including examples
with rank deficient matrices C. No failures were encountered.

DR_Lonebv() tests the 8 examples that were solved in Chapter 6
for the one-sided L; approximation problem.

Table 7.1
L, L, solution with
Solution bounded variables
Example C(nxm) Iterations  z Iterations  z
1 4x2 2 1840 1 202
2 10x 5 6 10.00 2 11.00

3 25x10 21 0.0878 12 3.548
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The results satisfy the inequalities (7.1.2), namely, —1 <a; < 1.
Table 7.1 shows the results for 3 of the 8 examples.

For each example, the number of iterations and the optimum norm
for the L solution with bounded variables are shown. For comparison
purposes, the results for the ordinary L; approximation problem are
also given. We observe that the number of iterations for this algorithm
are, in general, smaller than those for the corresponding ordinary L;
case.

Analogous to the comments at the end of Chapter 6, our algorithm
in this chapter is a special purpose algorithm compared with the
algorithms of Armstrong and Hultz (AH) [6], Barrodale and Roberts
(BR) [7, 8], Bartels and Conn (BC) [9, 10] and Dax (DA) [11]
mentioned in Section 7.2. Their algorithms are general purpose ones.
They need more computer storage than ours and as a result, more
computation. This point was explained in detail at the end of Chapter
6.
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7.6 DR Lonebv

This program is a driver for the function LA Lonebv(), which solves
an overdetermined system of linear equations in the L-One norm
subject to the constraints that each element of the solution vector
"a" is bounded between -1 and 1;

-1 <= a[j] <=1, j=1 2, ..., m
The overdetermined system has the form
c*a = f

"c" is a given real n by m matrix of rank k, k <= m <= n.
"f" is a given real n vector.
"a" is the solution m vector.

This driver contains the 8 examples whose results are given in the
text.

#include "DR Defs.h"
#include "LA Prototypes.h"

#define NN MM ROWS
#define N1
#define M1
#define N2
#define M2
#define N3
#define M3
#define N4
#define M4
#define N5
#define M5
#define N6
#define M6
#define N7
#define M7
#define N8
#define M8

NN_ROWS + MM _COLS)

= 00 LW 1 LW oy LW U1 N B —~

> oo — DN O
o O o
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/~k________________________________________

void DR Lonebv (void)

{

Constant matrices/vectors

________________________________________*/

static tNumber R clinit[N1][M1] =

{

{ 0.0, -2.0 },

{ 0.0, -4.0 },

{ 1.0, 10.0 },
{-1.0, 15.0 }

static tNumber R c2init[N2][M2] =

— e e e

— e e e

static tNumber R c3init[N3][M3] =

P T

— e e e e e

static tNumber R cdinit[N4][M4] =

P T

O O O O O o o

— N O O —H O
1

O O O O O O O

O N NN — O O

~ ~ ~ ~ o~~~

B~ R —

static tNumber R c5init[N5][M5] =
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— <

[QNIaNe)

~ ~ ~ ~ ~ o~ 0~ 0~

O O O O O o o o

D < O O O

—

O O O O O O o O

M N 1 O = N O <
| | |

~ ~ ~ N~ o~~~ o~

O O O O O o o o
R e e T e I e T e B e B e |

e e e e e e

static tNumber R c6init[N6] [M6] =

O O O O O O O O o O

O O O O v v v v
|

N~~~ N~ N~~~ o~

O O OO OO oo o o

O O O v O O
|

~ ~ N~~~ N~~~ s~ o~

O O O OO OO o oo

O O v O O v v O
1

O O O O O O O O o O

O O O O v O

~ N~ N~~~ o~~~

O O O O OO o o o o
O O O O H O

e T N i p—

static tNumber R c8init[N8][M8] =

P S .

N I TR
<~ -~ <~ -
O O O O O o o o
S P

e S

static tNumber R f1[N1+1] =

NIL,

6.0, 0.0, 5.0

-12.0,

static tNumber R f2[N2+1] =

NIL,

1.0, 2.0, 1.0, -3.0, 0.0
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i

static tNumber R f3[N3+1]
{  NIL,

1.0, 2.0, 3.0, 2.0, 2.

i

static tNumber R f4[N4+1]
{ NIL,

i
static tNumber R f5[N5+1]
{  NIL,

3.0, -3.0, -2.0, 0.0,
i

static tNumber R f6[N6+1]

Numerical Linear Approximation in C

7.0, -1.0, 5.0, 2.0

{ NIL,
1.0, -1.0, 0.0, -1.0, 1.0, 0.0, 2.0, 3.0, -3.0, -2.0
b
static tNumber R f7[N7+1] =
{ NIL,
0.0872673, 0.0872794, 0.0873029, 0.0873315, 0.0873576,
0.3491184, 0.3498802, 0.3513824, 0.3532572, 0.3550109,
0.6111334, 0.6150641, 0.6230824, 0.6336395, 0.6441493,
0.8733883, 0.8841621, 0.9071868, 0.9400757, 0.9766021,
1.135895, 1.157550, 1.206257, 1.283258, 1.384432
b
static tNumber R f8[N8+1] =
{ NIL,
2.0, 2.5, 2.0, 6.5, 3.5, 4.5, 6.0, 7.0
b
2 —
Variable matrices/vectors
________________________________________ */
tMatrix R ct = alloc Matrix R (MM COLS, NN ROWS);
tVector R f = alloc_Vector R (NN ROWS);
tVector R rbv = alloc Vector R (NN MM ROWS);
tVector R a = alloc Vector R (MM COLS);
tMatrix R binv = alloc Matrix R (MM COLS, MM COLS);
tVector R bv = alloc Vector R (MM COLS);
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tVector R thbv = alloc Vector R (NN MM ROWS);
tVector I icbas = alloc Vector I (MM COLS);
tVector I ibbv = alloc Vector I (NN MM ROWS)
tMatrix R c7 = alloc Matrix R (N7, M7)
tMatrix R cl = init Matrix R (&(clinit([0][0]), N1, MI1);
tMatrix R c2 = init Matrix R (&(c2init([0][0]), N2, M2);
tMatrix R c3 = init Matrix R (&(c3init([0][0]), N3, M3);
tMatrix R c4 = init Matrix R (&(c4init([0][0]), N4, M4);
tMatrix R ¢c5 = init Matrix R (&(c5init([0][0]), N5, M5);
tMatrix R c6 = init Matrix R (&(c6init([0][0]), N6, M6);
tMatrizx R c8 = init Matrix R (&(c8init[0][0]), N8, M8);
int iter;
int i, 3, k, m, n, Iexmpl;
tNumber R d, dd, ddd, e, ee, eee, z;
eLaRc = LaRcOk;

prn dr bnr ("DR Lonebv, Bounded L-One Solution of an "

"Overdetermined System of

Linear Equations");

z = 0.0;
for (3 = 1; j <=5; j++4)
{
d = 0.15% (3-3);
dd = d*d;
ddd = d*dd;
for (1 =1; 1 <=5; i++)
{
e = 0.15% (i-3);
ee = e*e;
eee = e*ee;
k = 5% (3-1) + 1i;
c7[k][1] = 1.0;
cT[k][2] = d;
cT[k][3] = e;
c7[k][4] = dd;
cT[k][5] = ee;
c7[k][6] = e*d;
c7[k][7] = ddd;
c7[k][8] = eee;
c7[k][9] = dd*e;
c7[k][10] ee*d
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for (Iexmpl = 1; Iexmpl <= 8; Iexmpltt)
{
switch (Iexmpl)
{
case 1:
n = NI1;
m = Ml;
for (1 =1; 1 <= n; 1i++)
{
fli] = f1[i];
for (3 = 1; J <= m; j++) ct[j1[i] = cl[i][j];
}

break;
case 2:

n = N2;

m = M2;

for (i = 1; i <= n; 1i+4)
{

fli] = £2[1];

for (J =1; § <=m; J++) ct[j][i] = c2[i][3];
}

break;
case 3:

n = N3;

m = M3;

for (i = 1; i <= n; 1i+4)

fi] = £3[1);
for (j = 1; j <=m; j++) ct[jI[i] = c3[1]1[]];
}

break;
case 4:

n = N4;

m = M4;

for (i = 1; i <= n; 1i+4)
{
f[i] = f4[i];
for (3 = 1; J <= m; j++) ct[j1[1i] = c4[i][]];
}
break;
case 5:
n = N5;
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for (i = 1; i <= n; 1i+4)

f[i] = £5[i1;

for (J = 1; J <= m; j++) ct[j1[1i] = c5[i][]];

}

break;
case 6:

n = N6;

m = M6;

for (i = 1; i <= n; i+4)

{
fli] = fe6[il;

for (3 = 1; J <= m; j++) ct[j]1[1] = c6[i][]];

}

break;
case 7:

n = N7;

m = M7;

for (i = 1; i <= n; 1i+4)

{
i1 = £711i1;

for (3 = 1; J <= m; j++) ct[j1[1] = cT[i][]];

}

break;
case 8:

n = N8;

m = M8;

for (i = 1; i <= n; 1i+4)

fli] = £8[i];

for (3 = 1; J <= m; j++) ct[j1[1i] = c8[i][]];

}

break;
default:
break;

prn_algo bnr ("Lonebv");
prn_example delim();

PRN ("Example #%d: Size of matrix \"c\" %d by %d\n",

Texmpl, n, m);
prn_example delim();

PRN ("Bounded L-One Solution of an Overdetermined "

"Equations\n");
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prn_example delim();

PRN ("r.h.s. Vector \"f\"\n");

prn Vector R (£, n);

PRN ("Transpose of Coefficient Matrix, \"ct\"\n");
prn Matrix R (ct, m, n);

rc = LA Lonebv (m, n, ct, £, icbas, binv, bv, ibbv, thbv,
&iter, rbv, a, &z);

if (rc >= LaRcOk)

PRN ("\n");

PRN ("Results of the Bounded L-One Solution\n");
PRN ("Bounded L-One solution vector \"a\"\n");
prn Vector R (a, m);

PRN ("Bounded L-One residual vector \"r\"\n");
prn_Vector R (rbv, n);

PRN ("Bounded L-One norm \"z\" = %8.4f\n", z);
PRN ("No. of Iterations = %d\n", iter);

prn_la rc (rc);

free Matrix R (ct, MM COLS);
free Vector R )
free Vector R (rbv);

)i
free Matrix R (binv, MM COLS);

(
(f
(
free Vector R (a
(

free Vector R (bv);
(
(
(
(

free Vector R (thbv);
free Vector I (icbas);
free Vector I (ibbv);
free Matrix R (c7, N7);

uninit Matrix R
uninit Matrix R
uninit Matrix R

uninit Matrix R

(cl)
(c2)
(c3)

uninit Matrix R (c4);
(c5)
uninit Matrix R (c6)
(c8)

uninit Matrix R
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7.7 LA Lonebv

This program calculates the L-One solution of an overdetermined
system of linear equations subject to the conditions that the
elements of the solution vector be bounded between -1 and +1.
This program uses a modified simplex method to the linear
programming formulation of the problem. In this method certain
intermediate simplex iterations are skipped.

The system of linear equations has the form

c*a = £

"c" is a given real n by m matrix of rank k, k <= m <= n.
"f" is a given real n vector.

The problem is to calculate the elements of the solution vector
"a" that minimizes the L-One norm z

z = |rbv[1]| + |rbv[2]| + ... + |rbv[n]|
subject to the constraints

-l<=aljl <=1, 3=1,2, ..., m

rbv[i] = c[i][1]*a[l] + c[i][2]*a[2] + ... + cl[i][m]*a[m] - £[i],
i=1,2, ..., n
Inputs
m Number of columns of matrix "c" of the system c*a = f.
n Number of rows of matrix "c" of the system c*a = f.
ct A real m by n matrix containing the transpose of matrix "c"
of the system c*a = f.
f A real n vector containing the r.h.s. of the system c*a = f.

Other Parameters
binv A real m square matrix containing the inverse of the basis
matrix in the linear programming problem.

© 2008 by Taylor & Francis Group, LLC



234 Numerical Linear Approximation in C

bv A real m vector containing the basic solution in the linear
programming problem.
thbv An (n + m) vector containing the ratios

thbv[j] = rbv[j]/ct[iout] [j]

"iout" corresponds to the basic vector that leaves the
basis.

ibbv A sign (n + m) vector. Its first n elements have the
values 1 or -1.
ibbv[j] = 1 indicates that column j of matrix "ct" is in
the basis or at its lower bound 0.
ibbv[j] = -1 indicates that column "j" is at its upper
bound 2.

icbas An integer m vector containing the indices of the columns
of "ct" forming the basis matrix.

Outputs

iter Number of iterations, or the number of times the simplex
tableau is changed by a Gauss-Jordan step.

a A real m vector containing the bounded L-One solution of
the system c*a = f.

rbv An (n + m) vector. Its first n elements are the bounded
L-One residual vector r = c*a - f.

z The minimum bounded L-One norm of the residuals "rbv".

Returns one of
LaRcSolutionFound
LaRcNoFeasibleSolution
LaRcErrBounds
LaRcErrNullPtr

#include "LA Prototypes.h"

elaRc LA Lonebv (int m, int n, tMatrix R ct, tVector R f,
tVector I icbas, tMatrix R binv, tVector R bv, tVector I ibbv,
tVector R thbv, int *pIter, tVector R rbv, tVector R a,
tNumber R *pZ)

int i3 =0, kk =0, n1 =0, nm = 0;
int iout = 0, jout = 0, jin = 0, ivo = 0, itest = 0;
tNumber R pivot = 0.0, pivoto = 0.0, tpeps = 0.0, xb = 0.0;

/* Validation of the data before executing the algorithm */
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eLaRc rc = LaRcSolutionFound;

VALIDATE BOUNDS ((0 < m) && (m <=n) && !((n ==1) && (m==1)));

VALIDATE PTRS (ct && f && icbas && binv && bv && ibbv && thbv
&& pIter && rbv && a && pZ);

nm=n + m;

nl =n+1;
tpeps = 2.0 + EPS;
*pIter = 0;

/* Part 1 of the algorithm. Obtain a