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1.63. Suppose R is a relation on a nonempty set A.

a. Define R® = RU{(x, y) | yRx}. Show that R* is symmetric and is the
smallest symmetric relation on A containing R (i.e., for any symmetric
relation Ry with R € Ry, R® € Ry). '

_ b. Define R' to be the intersection of all transitive relations on A containing
R. Show that R' is transitive and is the smallest transitive relation on A
containing R.

c. Let R = RU{(x,y) | 3z(xRz and zRy)}. Is R“ equal to the set R" in
part (b)? Either prove that it is, or give an example in which it is not.

The relations R* and R are called the symmetric closure and transitive

closure of R, respectively.

1.64. Let R be the equivalence relation in Exercise 1.33a. Assuming that S is
finite, find a function f : 25 — A so that for any x, y € 25, xRy if and only
if f(x) = f(). : '

1.65. Let n be a positive integer. Find a function f : N'— A so that for any

" x,yeN,x=,yifandonly if f(x) = f().

1.66. Let A be any set, and let R be any equivalence relation on A. Find a set B
and a function f : A — B so that for any x, y € A, xRy if and only if
f&x)=r5m.

1.67. Suppose R is an equivalence relation on a set A. A subset S C A is pairwise
inequivalent if no two distinct elements of § are equivalent. S is a maximal
pairwise inequivalent set if S is pairwise inequivalent and every element of
A is equivalent to some element of S. Show that a set § is a maximal

- pairwise inequivalent set if and only if it contains exactly one element of
each equivalence class.

1.68. Suppose R; and R, are equivalence relations on a set A. As discussed in
Section 1.4, the equivalence classes of R; and R, form partitions P; and P,
respectively, of A. Show that Ry C R, if and only if the partition Py is finer
than P, (i.e., every subset in the partition P, is the union of one or more
subsets in the partition P;).

1.69. : Suppose T is an alphabet. It is obviously possible for two distinct strings x
and y over ¥ to satisfy the condition xy = yx, since this condition is always
satisfied if y = A. Is it possible under the additional restriction that x and y
are both nonnull? Either prove that this cannot happen, or describe precisely
the circumstances under which it can.

1.70. Show that there is no language L so that {aa, bb}*{ab, ba}* = L*.

1.71. Consider the language L = {x € {0, 1}* | x = yy for some string y}. We
know that L = L{A} = {A}L (because any language L has this property). Is
there any other way to express L as the concatenation of two languages?
Prove your answer.

CHAPTER

2.1 | PROOFS

Aproof of a statement is essentially just a convincing argument that the statement is
true. Ideally, however, a proof not only convinces but explains why the statement is
true, and also how it relates to other statements and how it fits into the overall theory. A
typical step in a proof is to derive some statement from (1) assumptions or hypotheses,
(2) statements that have already been derived, and (3) other generally accepted facts,
using general principles of logical reasoning. In a very careful, detailed proof, we
might allow no “generally accepted facts” other than certain axioms that we specify
initially, and we might restrict ourselves to certain specific rules of logical inference,
by which each step must be justified. Being this careful, however, may not be feasible
or worthwhile. We may take shortcuts (“It is obvious that ...” or “It is easy to show
that ...”) and concentrate on the main steps in the proof, assuming that a conscientious
or curious reader could fill in the low-level details.

Usually what we are trying to prove involves a statement of the form p‘ —q. A
direct proof assumes that the statement p is true and uses this to show ¢ is true.

The Product of Two Odd Integers Is Odd

Mathematical Induction
and Recursive Definitions

To prove: For any integers a and b, if a and b are odd, then ab is odd.

B Proof

We start by saying more precisely what our assumption means. An integer # is odd if there
EXists an integer x so that n = 2x + 1. Now let a and b be any odd integers. Then according
to this definition, there is an integer x so that @ = 2x + 1, and there is an integer y so that
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b = 2y -+ 1. We wish to show that there is an integer z so that ab = 2z + 1. Let us therefore
calculate ab:

ab=Q2x+1DQ2y+1
=4xy+2x +2y+1
=22xy+x+y)+1

Since we have shown that there is a z, namely, 2xy + x + Y, so thatab = 2z + 1, the proof is
complete. ‘

This is an example of a constructive proof. We proved the statement “There exists
z such that .. .” by constructing a specific value for z that works. A nonconstructive
proof shows that such a z must exist without providing any information about its
value. Such a proof would not explain, it would only convince. Although in some
situations this is the best we can do, people normally prefer a constructive proof if
one is possible. In some cases, the miethod of construction is interesting in its own
right. In these cases, the proof is even more valuable because it provides an algorithm
as well as an explanation. ; ‘

Since the statement we proved in Example 2.1 is the quantified statement “For
any integers a and b, ...,” it is important to understand that it is not sufficient to
give an example of g and b for which the statement is true. If we say “Leta = 45
and b = 11; then a = 2(22) + 1 and b = 2(5) + 2; therefore, ab = (2%2241)
Qx5+1) =...=2x24T7T+ 1,” we have proved nothing except that 45 * 11 is
odd. Finding a value of x so that the statement P () is true is a proof of the statement
“There exists x such that P (x).” Finding a value of x for which P (x) isfalse disproves
the statement “For every x, P(x)” (o, if you prefer, proves the statement “It is not
the case that for every x, P(x)”); this is called a proof by counterexample. To prove
“For every x, P (x),” however, requires that we give an argument in which there are
no restrictions on x. (Let us return briefly to the example with 45 and 11. Itis not
totally unreasonable to claim that the argument beginning “Let a = 45 and b =117
is a proof of the quantified statement—after all, the algebraic steps involved are the
same as the ones we presented in our official proof. The crucial point, however, is that
there is nothing special about 45 and 11. Someone who offers this as a proof should
at least point out that the same argument would work in general. For an argument
this simple, such an observation may be convincing; even more convincing is an
argument involving a and b like the one we gave originally.)

The alternative to a direct proof is an indirect proof, and the simplest form of
indirect proof is a proof by contrapositive, using the logical equivalence of p — ¢
and —q — —p. ‘ ‘

A Proof by Contrapositive

To prove: For any positive integers , j, and n, if i * j = n, then either i < Jrorj < ./n.
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@ Proof

The statement we wish to prove is of the general form “For every x, if p(x), then g(x).” For
each x, the statement “If p(x) then g (x)” is logically equivalent to “If not g (x) then not p(x),”
and therefore (by a general principle of logical reasoning) the statement we want to prove is
equivalent to this: For any positive integers i, j, and », if it is not the case that i < /1 or
j < /n, theni* j #n. ' -
Ifitis not true thati < /nor j < /n,theni > /n and j > /n. A generally accepted
fact from mathematics is that if  and b are numbers with a > b, and c is a number > 0, then
ac > be. Applying this to the inequality / > /n with ¢ = j, we obtaini * j > /i j. Since
n > 0, we know that ./ > 0, and we may apply the same fact again to the inequality j > /n
this time letting ¢ = /1, to obtain j/n > \/n\/n =n. Wenow havei * j > j/n > n an(i
it follows that i % j % n. ’

The second paragraph in this proof illustrates the fact that a complete proof, with no details
left out, is usually not feasible. Even though the statement we are proving here is relatively

simple, and our proof includes more detail than might normally be included, there is still a lot
left out. Here are some of the details that were ignored:

=(p V q) is logically equivalent to —p A —g. Therefore, if it is not true that i < /1 or
j</mtheni £ Jnand j £ /n. N

For any two real numbers a and b, exactly one of the conditions ¢ < b, a > b, anda = b
holds. (This is a generally accepted fact from mathematics.) Therefore, if i £ /7, then
i > +/n, and similarly for j.

For any two real numbers a and b, a * b = b % a. Therefore, \/n % j = j./n.

The > relation on the set of real numbers is transitive. Therefore, from the fact that

i %] > jynand j/n > nitfollows that i % j > n.

Even if we include all these details, we have not stated explicitly the rules of inference
we have used to arrive at the final conclusion, and we have used a number of facts about real
numbers that could themselves be proved from more fundamental axioms. In presenting a
proof, one usually tries to strike a balance: enough left out to avoid having the minor details

obscure the main points and put the reader to sleep, and enough left in so that the reader will
be convinced.
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A variation of proof by contrapositive is proof by contradiction. In its most
general form, proving a statement p by contradiction means showing that if it is not
true, some contradiction results. Formally, this means showing that the statement
—p > Jalse is true. It follows that the contrapositive statement true — p is true, and
this statement is logically equivalent to p. If we wish to prove the statement r ,—> q
by contradiction, we assume that p — g is false. Because of the logical equivalence
of. p—>q an.d —p Vg, this means assuming that =(—p v g), or p A —g, is true. From
this assumption we try to derive some statement that contradicts some statement we
know to be true—possibly p, or possibly some other statement.
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A real number x is rational if there are two integers m and n so that x = m/n. We present
one of the most famous examples of proof by contradiction: the proof, known to the ancient
Greeks, that 4/2 is irrational.

# Proof

Suppose for the sake of contradiction that /2 is rational. Then there are integers m’ and n’
with /2 = m’/n’. By dividing both m’ and »’ by all the factors that are common to both, we
obtain /2 = m/n, for some integers m and # having no common factors. Since m/n = +/2,
m = nv/2. Squaring both sides of this equation, we obtainm? = 2n2, and therefore m? is even
(divisible by 2). The result proved in Example 2.1 is that for any integers a and b, if a and b are
odd, then ab is odd. Since a conditional statement is logically equivalent to its contrapositive,
we may conclude that for any a and b, if ab is not odd, then either a is not odd or b is not odd.
However, an integer is not odd if and only if it is even (Exercise 2.21), and so for any a and b,
if ab is even, then a or b is even. If we apply this when a = b = m, we conclude that since
m? is even, m must be even. This means that for some k, m = 2k. Therefore, (2k)* = 2n2.
Simplifying this and canceling 2 from both sides, we obtain 2k2 = n?. Therefore, n* is even.
The same argument that we have already used shows that 72 must be even, and so n = 2j for
some j. We have shown that m and n are both divisible by 2. This contradicts the previous
statement that m and n have no common factor. The assumption that /2 is rational therefore
leads to a contradiction, and the conclusion is that /2 is irrational.

MAnother Proof by Contradiction

To prove: For any sets A, B,and C,if AN B = @andC C B,then ANC =0.

H Proof

Again we try a proof by contradiction. Suppose that A, B, and C are sets for which the
conditional statement is false. Then ANB =@, C € B,and ANC s (. Therefore, there
exists x withx € ANC,sothatx € Aandx € C. Since C & B and x € C, it follows
that x € B. Therefore, x € A N B, which contradicts the assumption that A N B = @. Since
the assumption that the conditional statement is false leads to a contradiction, the statement is

proved.

There is not always a clear line between a proof by contrapositive and one by
contradiction. Any proof by contrapositive that p — g is true can easily be refor-
mulated as a proof by contradiction. Instead of assuming that —g is true and trying
to show —p, assume that p and —q are true and detive —p; then the contradiction is
that p and —p are both true. In the last example it seemed slightly easier to argue
by contradiction, since we wanted to use the assumption that C € B. A proof by
contrapositive would assume that A N C # ¢ and would try to show that

~((ANB =%) A (C S B))
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This approach seems a little more complicated, just because the formula we are trying
to obtain is more complicated. ‘

It is often convenient (or necessary) to use several different proof techniques
within a single proof. Although the overall proof in the following example is not a
proof by contradiction, this technique is used twice within the proof,

For a positive integer # the number n! is defined to be the productn s (n — 1) % .- - %2 % 1 of all
the positive integers less than or equal to n. To prove: For any integer n > 2, there is a prime
p satisfyingn < p < nl,

B Proof

Since n > 2, two distinct factors in n! are n and 2. Therefore, n! > 2n =n+n >n+ 1, and
thus n! — 1 > n. The number n! — 1 must have a factor p that is a prime. (See Example 1.2
for the definition of a prime. The fact that every integer greater than 1 has a prime factor is a
basic fact about positive integers, which we will prove in Example 2.11.) Since p is a divisor
ofnl — 1, p < nl— 1 < nl. This gives us one of the inequalities we need. To show the other
one, suppose for the sake of contradiction that p < n. Then since p is one of the positive
integers less than or equal to n, p is a factor of n!. However, p cannot be a factor of both n! and
nl— 1;if it were, it would be a factor of 1, their difference, and this is impossible. Therefore,
the assumption that p < n leads to a contradiction, and we may conclude thatn < p < n!.
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There Must Be a Prime Between n and nlm

Another useful technique is to divide the proof into separate cases; this is illus-
trated by the next example.

Strings of Length 4 Contain Substrings yy

1o prove: Bvery string x in {0, 1}* of length 4 contains a nonnull substring of the form yy.

E Proof

‘We can show the result by considering two separate cases. If x contains two consecutive 0’s
or two consecutive 1°s, then the statement is true for a string y of length 1. In the other case,
any symbol that follows a 0 must be a 1, and vice versa, so that x must be either 0101 or 1010.
The statement is therefore true for a string y of length 2.

Even though the argument is simple, let us state more explicitly the logic on which it
depends. We want to show that some proposition P is true. The statement P is logically
equivalent to true — P. If we denote by p the statement that x contains two consecutive 0’s
or two consecutive 1’s, then p v —p is true. This means frue —> P is logically equivalent to

(pvV—-p)—>P
which in turn is logically equivalent to

(p—> PYA(—p— P)
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This last statement is what we actually prove, by showing that each of the two separate condi-
tional statements is true.

In this proof, there was some choice as to which cases to consider. Aless efficient approach
would have been to divide our two cases into four subcases: (i) x contains two consecutive 0's;
(and so forth). An even more laborious proof would be to consider the 16 strings of length 4
individually, and to show that the result is true in each case. Any of these approaches is valid,
as long as our cases cover all the possibilities and we can complete the proof in each case.

The examples in this section provide only a very brief introduction to proofs.
Learning to read proofs takes a lot of practice, and creating your own is even harder.

One thing that does help is to develop a critical attitude. Be skeptical. When you )

read a step in a proof, ask yourself, “Am I convinced by this?” When you have
written a proof, read it over as if someone else had written it (it is best to read aloud
if circumstances permit), and as you read each step ask yourself the same question.

2.2 | THE PRINCIPLE OF MATHEMATICAL
INDUCTION

Very often, we wish to prove that some statement involving a natural number 7 is true
for every sufficiently large value of n. The statement might be a numerical equality:

n
Y i=nm+1)/2
L . =1

The number of subsets of {1,2,...,n}is 2",
It might be an inequality:
nl>2"

It might be some other assertion about 7, or about a set with n elements, or a string
of length n:

There exist positive integers j and k so thatn = 3j + 7k.
Every language with exactly n elements is regular.
If x € {0, 1}*, |x| = n, and x = Oy1, then x contains the substring 01.

(The term regular is defined in Chapter 3.) In this section, we discuss a common
approach to proving statements of this type. ;

In both the last two examples, it might seem as though the explicit mention of n
makes the statement slightly more awkward. It would be simpler to say, “Every finite
language is regular,” and this statement is true; it would also be correct to let the last
statement begin, “For any x and y in {0, 1}*,ifx = 0y1, ... . However, in both cases
the simpler statement is equivalent to the assertion that the original statement is true
for every nonnegative value of r, and formulating the statement so that it involves n
will allow us to apply the proof technique we are about to discuss.
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The Sum of the First n Positive Integers

We begin with the first example above, expressed without the summation notation:
142+ +n=nn+1)/2

This formula is supposed to hold for every n > 1; however, it makes sense to consider it for
n = 0 as well if we interpret the left side in that case to be the empty sum, which by definition
is'0. Let us therefore try to prove that the statement is true for évery n >0, ‘

How do we start? Unless we have any better ideas, we might {fery well begin by writing
out the formula for the first few values of 1, to see if we can spot a pattefn_.

n=0: 0=0(0+1)/2
n=1: 0+1=1(1+1)/2
n=2: 0+1+2=202+1)/2
n=3: 0+1+4+2+3=33+1)/2

n=4: 0+1+2+3+4=404+1)/2

As we are verifying these formulas, we probably realize aftet a few lines that in checking a
specific case, say n = 4, it is not necessary to do all the arithmetic on the left side: 04+ 1+2+
3 -+ 4. We can take the left side of the previous formula, which we have already calculated,

and add 4. When we calculated 0 + 1 + 2 + 3, we obtained 3(3 + 1) /2. So our answer for
n=4is ’

33+ 1)/24+4=4324+ 1D =4(3+2)/2=4(4+1)/2

which is the one we wanted. Now that we have done this step, we can take care of n = 5 the
same way, by taking the sum we just obtained for n = 4 and adding 5:

44+1)/2+5=5@/2+ D =5E+2)/2=55+1)/2

These two calculations are similar—in fact, this is the pattern we were looking for, and we can
probably see at this point that it will continue. Are we ready to write our proof?

& Example 2.7. Proof Number 1
To show
O+142+ - -+n=nn+1)/2 foreveryn > 0

n=0: 0=00+1)/2

n=1: 0+1=00+1)/241 (by using the result for n = 0)
=10/2+1)
=1(0+2)/2
=114+1)/2

n=2: 0+142=101+1)/2+2 (by using the result forn = 1)
=2(1/2+1)

=2(14+2)/2
=202 +1)/2

49
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n=3: 0+1+42+3=22+1)/2+3 (by using the result for n =2)
=32/2+ 1
=32+2)/2
=33+1)/2

Since this pattern continues indefinitely, the formula is true for every n = 0

Now let us criticize this proof. The conclusion, “the fonnul.a is true for ‘everz
n > 0,” is supposed to follow from the fact that “this pattern continues 1nde§n1tely.
The phrase “this pattern” refers to the calculation that we have done three times, to..
derive the formula for 7 = 1 from n = 0, for n = 2 from # = 1, and for n = 3 from
n = 2. There are at least two clear deficiencies in the proof. One is that we have
not said explicitly what “this pattern” is. The second, which is mc?re s¢r.ious, 1§ that
we have not made any attempt to justify the assertion that iF continues mdeﬁmte.zly.
In this example, the pattern is obvious enough that people might accept the. assertion
without much argument. However, it would be fair to say that the most important
statement in the proof is the one for which no reasons are given!

Our second version of the proof tries to correct both these problems at once: to -

describe the pattern precisely by doing the calculation, not just fqr,three patticular
values of n but for an arbitrary value of n, and in the process, to demon.strate that the
pattern does not depend on the value of n and therefore does continue 1n§eﬁmtely.‘ v

B Example 2.7. Proof Number 2
To show ‘

04142+ -+n=n(n+1/2 foreveryn > 0

n=0: 0=00+1)/2 o

n=1: 0+1=0(0+1)/2+1 (by using the rc;sult forn'=0)
=10/2+1) '
=1(0+2)/2
=11+1)/2 ‘

n=2: 0+1+2=10+1)/2+2 (byusingtheresultforn:l)
=2(1/2+1) '
=2(1+2)/2
=22+ 1)/2

n=3: 0+14+2+3=22+1)/2+3 (byusingtherevsultforn = 2)
=3022+1) ‘
=3(2+2)/2
=334+1/2

In general, for any value of k > 0, the formula forn = &k + 1 can be derived from the one
for n = k as follows: '
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0+1+2+--+k+1D)=0+1+ ---+B)+ K+ 1D
=k(k+1/2+ (k+1) (from the result for n = k)
=+ Dk/24+1)
= (k+ Dk +2)/2
=k+D(k+1)+1)/2

Therefore, the formula holds for every n > 0.
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We might now say that the proof has more than it needs. Presenting the calcu-
lations for three specific values of n originally made it easier for the reader to spot
the pattern; now, however, the pattern has been stated explicitly. To the extent that
the argument for these three specific cases is taken to be part of the proof, it obscures
the two essential parts of the proof: (1) checking the formula for the initial value
of n, n = 0, and (2) showing in general that once we have obtained the formula for
one value of n (n = k), we can derive it for the next value (n = k + 1). These two
facts together are what allow us to conclude that the formula holds for every n > 0.
Neither by itself would be enough, (On one hand, the formula for n = 0, or even
for the first million values of #, might be true just by accident. On the other hand, it
would not help to know that we can always derive the formula for the case n = k -+ 1
from the one for the case n = k, if we could never get off the ground by showing that
it is actually true for some starting value of k.)

_ The principle that we have used in this example can now be formulated in general.

The Principle of Mathematical Induction :

A proof by induction is an application of this principle. The two parts of such
a proof are called the basis step and the induction step. In the induction step, we
assume that k is a number > no and that the statement P(n) is true in the case n = k;
we call this assumption the induction hypothesis. Let us return to our example one
last time in order to illustrate the format of a proof by induction.

B Example 2.7. Proof Number 3 (by induction
Let P(n) be the statement :

142434+ - +n=nn+1)/2
To show that P () is true for every n > 0.

- Basis step. We must show that P(0) is true. P(0) is the statement 0 = 000+ 1)/2, aﬁd
this is obviously true.
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Induction hypothesis.
k>0 and 1+2+43+---+k=kk+1)/2
Statement to be shown in mductmn step. .
142434+ &+ D= (k+1)((k+1)+1)/2
Proof of induction step.
1+2+3+ A Ek+D=0+2+ -+ +E+D
=kk+1)/2+ (k +4+1) (by the induction hypothe31s)
=(k+Dk/2+1)
=((k+Dk+2)/2
=k+DGk+D+1)/2

Whether or not you follow this format exactly, it is advisable always to include
in your proof explicit statements of the following:

B The general statement involving n that is to be proved. ‘

l The statement to wh1ch it reduces in the basis step (the general statement, but
with ng substituted for 7).

B The induction hypothesis (the general statement, with k substltuted forn, and
preceded by “k > no, and”).

B +The statement to be shown in the induction step (w1th k 4 1 substituted for n).

B The pomt during the induction step at which the induction hypothes1s is used.

The advantage of formulating a general pnnc1ple of induction is that it supplies
a general framework for proofs of this type. If you read in a journal article the phrase
“It can be shown by induction that . ..,” even if the details are missing, you can
supply them Although including these ﬁve itéms explicitly may seem laborious at
first, the advantage is that it can help you to clarify for yourself exactly what you are
trying to do in the proof. Very often, once you have gotten to this point, filling in the
remaining detaJls isa stra1ghtforward process.

Strings of the Form 0y1 Must Contain the Substring 01

EXAMPLE 2.8

Letus prove the following statement: For any x € {0, 1}, if x begins with 0 and ends with 1
@i.e., x = Oyl for some strmg y) then x must contain the substrmg 01.

You may wonder whether this statement requires an induction proof; let us begin with
an argument that does not involve induction, at least explicitly. If x = Oy1 for some string
y € {0, 1}*, then x must contain at least one 1. The ﬁrst 1 in x cannot occur at the begmnmg,
since x starts with 0; therefore, the first 1 must be immediately preceded bya0, which means
that x contains the substring 01. Tt would be hard to imagine a proof much simpler than
this, and it seems convincing. It is interesting to observe, however, that this proof uses a fact
about natural numbers (every nonempty subset has a smallest element) that is equivalent to

CHAPTER 2 Mathematical Induction and Recursive Definitions

the principle of mathematical induction. We will return to this statement later, when we have
a slightly modified version of the induction principle. See Example 2.12 and the discussion
before that example. ‘

In any case, we are interested in illustrating the principle of induction at least as much
as in the result itself. Let us try to construct an induction proof. Our initial problem is that
mathematical induction is a way of proving statements of the form “For every n > n,,...,”
4and our statement is not of this form. This is easy to fix, and the solution was suggested at
the beginning of this section. Consider the statement P (n): If |x| = n and x = Oy1 for some
string y € {0, 1}*, then x contains the substring 01. In other words, we are introducing an
integer n into our statement, specifically in order to use induction. If we can prove that P (n) is
true for every n > 2, it will follow that the original statement is true. (The integer we choose is
the length of the string, and we could describe the method of proof as induction on the length
of the string. There are other possible choices; see Exercise 2.6.)

In the basis step, we wish to prove the statement “If |x| = 2 and x = Oyl for some
string y € {0, 1}*, then x contains the substring 01.” This statement is true, because if x| = 2
and x = Oyl, then y must be the null string A, and we may conclude that x = 01. Qur
induction hypothesis will be the statement: & > 2, and if |x| = k and x = 0y1 for some
string y € {0, 1}*, then x contains the substring 01. In the induction step, we must show: if
|x}=k <+ 1 and x = Oy1 for some y € {0, 1}*, then x contains the substring 01. (These three
statements are obtained from the original statement P (n) very simply: first, by substituting 0
for n; second, by substituting & for n, and adding the phrase “k > 2, and” at the beginning;
third, by substituting k + 1 for n. These three steps are always the same, and the basis step
is often as easy to prove as it is here. Now the mechanical part is over, and we must actually
think about how to continue the proof!)

‘We have a string x of length k + 1, about which we want to prove something. We have an
induction hypothesis that tells us something about certain strings of length k, the ones that begin
with 0 and end with 1. In order to apply the induction hypothesis, we need a string of length & to
apply it to. We can get a string of length & from x by leaving out one symbol. Letus try deleting
the initial 0. (See Exercise 2.5.) The remainder, y1, is certainly a string of length k, and we
know that it ends in 1, but it may not begin with 0—and we can apply the induction hypothesis
only to strings that do. However, if y1 does not begin with 0, it must begin with 1, and in this
case x starts with the substring 01! If y1 does begin with 0, then the induction hypothesis tells
us that it must contain the substring 01, so that x = Oy1 must contain the substring too,

Now that we have figured out the crucial steps, we can afford to be a little more concise in
our official proof. We are trying to prove that for every n > 2, P(n) is true, where P (n) is the

statement: If |x} = n and x = Oyl for some string y € {0, 1}*, then x contains the substring
01.

Basis step. We must show that the statement P (2) is true. P(2) says that if |x| = 2 and
x = Oy for some y € {0, 1}*, then x contains the substring 01. P(2) is true, because if
|x| = 2 and x = Oy1 for some y, then x = 0O1. ‘

Induction hypothesis. k > 2 and P (k); in other words, if |x| = k and x = Oy1 for
some y € {0, 1}*, then x contains the substring 01,

Statement to be shown in induction step. P (k + 1); that is, if |x| = k + 1 and

x = 0yl for some y € {0, 1}*, then x contains the substring 01.
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Proof of induction step. Since |x| = k -+ 1 and x = 0y1, |yl| = k. If y begins with 1,
then x begins with the substring 01. If y begins with 0, then y1 begins with 0 and ends
with 1; by the induction hypothesis, y contains the substring 01, and therefore x does
also.

(See Example 2.12.) Since we have verified P(0), k must be at least 1. Therefore, k — 1 is at
feast 0, and since k is the smallest vatue for which P fails, P(k — 1) is true. This means that
gk-1 . 2k—1 jg a multiple of 3, say 3. Then, however,

sF 2k =545 2520l =34 ST 1 2u (B - 2y =345 12 %35

Verifyi ng a Portion of a Pro gram This expression is divisible by 3. We have derived a contradiction, which allows us to conclude

that our original assumption is false. Therefore, P (n) is true for every n > 0.

The program fragment below is written in pseudocode. Lowercase letters represent constants,
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uppercase letters represent variables, and the constant n is assumed to be nonnegative:

You can probably see the similarity between this proof and one that uses the
principle of mathematical induction. Although an induction proof has the advantage
that it does not involve proof by contradiction, both approaches are equally valid.
Not every statement involving an integer n is appropriate for mathematical in-
duction. Using this technique on the statement

Q"+DER' -1 =2"—-1

Y = 1;

for I =1 ton
Y =Y * x;

write(Y);

We would like to show that when this code is executed, the value printed out is x”. We do this
in a slightly roundabout way, by introducing a new integer j, the number of iterations of the
loop that have been performed. Let P () be the statement that the value of Y after j iterations
is x7. The result we want will follow from the fact that P(j) is true for any j > 0, and the fact
that “Por I = 1 to n” results in n iterations of the loop.

would be silly because the proof of the induction step would not require the induction
hypothesis at all. The formula for n = k + 1, or for any other value, can be obtained
immediately by expanding the left side of the formula and using laws of exponents.
The proof would not be a real induction proof, and it would be misleading to classify
it as one.

A general rule of thumb is that if you are tempted to use a phrase like “Repeat this
process for each n,” or “Since this pattern continues indefinitely” in a proof, there
i$ a good chance that the proof can be made more precise by using mathematical
induction. When you encounter one of these phrases while reading a proof, it is very
likely a substitute for an induction argument. In this case, supplying the details of the
induction may help you to understand the proof better.

Basis step. P(0) is the statement that after 0 iterations of the loop, ¥ has the value x°,
This is true because Y receives the initial value 1 and after O iterations of the loop its
value is unchanged.

Inductive hypothesis. k > 0, and after k iterations of the loop the value of ¥ is x*.
Statement to be proved in induction step. After k + 1 iterations of the loop, the value
of ¥ is x*+1,

Proof of induction step. The effect of the assignment statement ¥ = Y * x is to replace
the old value of ¥ by that value times x; therefore, the value of Y after any iteration is x
times the value before that iteration. Since x * x* = x**1, the proof is complete.

2.3 | THE STRONG PRINCIPLE OF

MATHEMATICAL INDUCTION

Sometimes, as in our first example, a proof by mathematical induction is called for,
but the induction principle in Section 2.2 is not the most convenient tool.

Although the program fragment in this example is very simple, the example
should suggest that the principle of mathematical induction can be a useful technique
for verifying the correctness of programs. For another example, see Exercise 2.56.

You may occasionally find the principle of mathematical induction in a dis guised

form, which we could call the minimal counterexample principle. The last example Integers Bigger Than 2 Have Prime Factorizations

in this section illustrates this.

Recall that a prime is a positive integer, 2 or bigger, that has no positive integer divisors except
itself and 1. Part of the fundamental theorem of arithmetic is that every integer can be factored
1nto primes. More precisely, let P (n) be the statement that # is either prime or the product of

A Proof Using the Minimal Counterexample Principle ‘
two or more primes; we will try to prove that P (n) is true for every n > 2.

To show: For every integer n > 0, 5" — 2" is divisible by 3.

Just as in an ordinary induction proof, we begin by checking that P(n} is true for the
starting value of n. This is true here, since 50— 29 =1—1=0,and 0 is divisible by 3. Now
if it is not true that P (r) is true for every n > 0, then there are values of  greater than or equal
to O for which P(n) is false, and therefore there must be a smallest such value, say n = k.

The basis step does not present any problems. P(2) is true, since 2 is a prime. If we
pioceed as usual, then we take as the induction hypothesis the statement that k > 2 and k is
eit‘her prime or the product of two or more primes. We would like to show that k + 1 is either
prime or the product of primes. If k + 1 happens to be prime, there is nothing left to prove.
Otherwise, by the definition of prime, & + 1 has some positive integer divisor other than itself
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and 1. This means k 4+ 1 = r % s for some positive integers r and s, neither of which is 1 or
k + 1. It follows that » and s must both be greater than 1 and less than k + 1.

In order to finish the induction step, we would like to show that » and s are both either
primes or products of primes; it would then follow, since k + 1 is the product of r and s, that
k + 1 is a product of two or more primes. Unfortunately, the only information our induction
hypothesis gives us is that k is a prime or a product of primes, and this tells us nothing about
rors.

Consider, however, the following intuitive argument, in which we set about verifying the
statement P (n) one value of # at a time: '

2 is a prime.

3 is a prime.

4 =2 %2, which is a product of primes since P (2) is known to be true.

5 is a prime.

6 = 2 % 3, which is a product of primes since P(2) and P (3) are known to be true.
7 is a prime.

8 = 2 % 4, which is a product of primes since P (2) and P (4) are known to be true.
9 = 3 % 3, which is a product of primes since P (3) is known to be true.

10 = 2 % 5, which is a product of primes since P (2) and P(5) are known to be true.
11 is a prime.

12 = 2 * 6, which is a product of primes since P (2) and P (6) are known to be true.

This seems as convincing as the intuitive argument given at the start of Example 2.7, Further-
more; we can describe explicitly the pattern illustrated by the first 11 steps: For each k > 2,
either k + 1 is prime or it is the product of two numbers r and s for which the proposition P
has already been shown to hold.

The difference between the pattern appearing here and the one we saw in Example 2.7
is this: At each step in the earlier example we were able to obtain the truth of P(k + 1) by
knowing that P (k) was true, and here we need to know that P holds, not only for k but also
for all the values up to k. The following modified version of the induction principle will allow
our proof to proceed.
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To use this principle in a proof, we follow the same steps as before except for the
way we state the induction hypothesis. The statement here is that k is some integer
> and that all the statements P(ng), P(ng + 1),..., P(k) are true. With this
change, we can finish the proof we began earlier.

@ Example 2.11. Proof by mductlon.
1o show: P(n) is true for every n > 2, where P(n) is the statement: n is either a prime or a
product of two or more primes.

Basis step. P(2) is the statement that 2 is either a prime or a product of two or more
primes. This is true because 2 is a prime.

Induction hypothesis. k > 2, and for every n with 2 < n < k, n is either prime or a
product of two or more primes.

Statement to be shown in lnductlon step. k + 1 is either prime or a product of two or
more primes.

Proof of induction step. We consider two cases. If & + 1 is prime, the statement
P(k+1) is true, Otherwise, by definition of a prime, k 4 1 = r % s, for some positive
integers r and s, neither of which is 1 or & -+ 1. It follows that 2 <r<kand2<s <k
Therefore, by the induction hypothesis, both 7 and s are either prime or the product of
two or more primes. Therefore, their product & + 1 is the product of two or more primes,
and P(k + 1) is true. ’
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The strong principle of induction is also referred to as the principle of complete
induction, or course-of-values induction. The first example suggests that it is as plau-
sible intuitively as the ordinary induction principle, and in fact the two are equivalent.
As to whether they are true, the answer may seem a little surprising. Neither can be
proved using other standard properties of the natural numbers. (Neither can be dis-
_ proved, either!) This means, in effect, that in order to use the induction principle, we
must adopt it as an axiom. A well-known set of axioms for the natural numbers, the
Peano axioms, includes one similar to the induction principle.

Twice in Section 2.2 we had occasion to use the well-ordering principle for the
natural numbers, which says that every nonempty subset of A/ has a smallest element.
As obvious as this statement probably seems, it is also impossible to prove without
using induction or something comparable. In the next example, we show that it
follows from the strong principle of induction. (It can be shown to be equivalent.)

The Well-ordering Principle for the Natural Numbers

To prove: Bvery nonempty subset of AV, the set of natural numbers, has a smallest element.
(What we are actually proving is that if the strong principle of mathematical induction i is true,
then every nonempty subset of A/ has a smallest element.)

First we need to find a way to express the result in the form “For every n > ng, P(n).”
Every nonempty subset A of A contains a' natural number, say n. If every subset of A/

EXAMPLE 2.12
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containing n has a smallest element, then A does. With this in mind, we let P(n) be the
statement “Every subset of A/ containing » has a smallest element.” We prove that P(n) is
true for every n > 0. (See Exercise 2.7.)

Basis step. P(0) is the statement that every subset of N containing 0 has a smallest
element. This is true because 0 is the smallest natural number and therefore the smallest
element of the subset. .
Induction hypothesis. k > 0, and for every n with 0 < n < k, every subset of N
containing » has a smallest element. (Put more simply, & > 0 and every subset of N/
containing an integer less than or equal to k has a smallest element.)

Statement to be shown in induction step. Every subset of A/ containing k + 1 has a
smallest element.

Proof of induction step. Let A be any subset of A" containing k + 1. We consider two
cases. If A contains no natural number less than k + 1, then k + 1 is the smallest
element of A. Otherwise, A contains some natural number n withn < k. In this case, by
the induction hypothesis, A contains a smallest element.

The strong principle of mathematical induction is more appropriate here, since
when we come up with an » to which we want to apply the induction hypothesis, all
we know about z is that n < k. We do not know thatn = k. It may not be obvious at
the beginning of an induction proof whether the strong induction principle is required
or whether you can get by with the original version. You can avoid worrying about
this by always using the strong version. It allows you to adopt a stronger induction
hypothesis, and so if an induction proof is possible at all, it will certainly be possible
with the strong version. In any case, you can put off the decision until you reach the
point where you have to prove P (k + 1). If you can do this with only the assumption
that P (k) is true, then the original principle of induction is sufficient. If you need
information about earlier values of n as well, the strong version is needed.

We will see more examples of how the strong principle of mathematical induction
is applied once we have discussed recursive definitions and the close relationship
between them and mathematical induction. '

2.4 RECURSIVE DEFINITIONS

2.4.1 Recursive Definitions of Functions with
Domain N ‘

The chances are that in a programming course you have seen a translation into some .

high-level programming language of the following definition:
1 ifn=0
nl=
nxm—1! ifn>0

This is one of the simplest examples of a recursive, or inductive, definition. It defines
the factorial function on the set of natural numbers, first by defining the value at 0,
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and then by defining the value at any larger natural number in terms of its value at the
previous one. There is an obvious analogy here to the basis step and the induction step
in a proof by mathematical induction. The intuitive reason this is a valid definition is
the same as the intuitive reason the principle of induction should be true: If we think
of defining n! for all the values of # in order, beginning with n = 0, then for any
k > 0, eventually we will have defined the value of k!, and at that point the definition
will tell us how to obtain (k 4 1)1, ‘ -

In this section, we will look at a number of examples of recursive definitions of
functions and examine more closely the relationship between recursive definitions
and proofs by induction. We begin with more examples of functions on the set of
natural numbers. .

The Fibonacci Function m

The Fibonacci function f is usually defined as follows:
fFO =1
riy=1
foreveryn>1, fn+1)= f(n)+ f(n—1)
To evaluate f(4), for example, we can use the definition in eitﬁer a top-down fashion:
FO=7rd+r2
=(fQ+fH+r@
=((fM) + fO)+ F) + (FD) + FO)
=((+D+DH+A+D

=35
or a bottom-up fashion:
FO =1
fay=1

fOA=fO+fO=1+1=2
fA=fQ+fD=2+1=3
fOH=7f3®+f2=3+2=5

Itis possible to give a nonrecursive algebraic formula for the number f(n); see Exercise 2.53.
However, the recursive definition is the one that most people remember and prefer to use.

If the definition of the factorial function is reminiscent of the principle of mathematical
induction, then the definition of the Fibonacci function suggests the strong principle of induc-

tion. This is because the definition of f(n + 1) involves not only f(xn) but f(n — 1). This
observation is useful in proving facts about f. For example, let us prove that

foreveryn >0, f(n) < (5/3)"

Basis step. We must show that £(0) < (5/3)°; this is true, since f(0) and (5/3)° are
both 1.
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Induction hypothesis. & > 0, and for every n with 0 < n <k, f(n) < (/3"
Statement to show in induction step. f(k + 1) < (5/3)¢..
Proof of induction step. Because of the way f is defined, we consider two cases in
order to make sure that our proof is valid for every value of k > 0. If k = 0, then
fk 4+ 1) = f(1) = 1, by definition, and in this case the inequality is clearly true. If
k& > 0, then we must use the recursive part of the definition, which is
fk+1) = fk) + f(k — 1). Since both k and k — 1 are < k, we may apply the
induction hypothesis to both terms, obtaining
fl+D)=fR)+fk—=1)

< (5/3F+(5/3)

= (5/3y1/3+D)

= (5/3)"(8/3)

= (5/3)""'(24/9)

< (5/3F1@5/9 = (/3

with the last two is that we have not introduced a notation for the concatenation operator—we
have written the concatenation of x and y as simply xy.) We are also free to use one of these
general definitions in a special case. For example, we might consider the concatenation of n
fanguages, all of which are the same language L:

L° ={A}

foreveryn >0, L""' = L" L

Of course, we already have nonrecursive definitions of many of these things. Our defini-
tion of [ Jl_; A; in Section 1.1 is
n
UAi ={x|x € A; foratleastone i with 1 <i <n}
i=1

The definition of L" in Section 1.5 is
L"=LL---L (nfactors in all)

and we also described it as the set of all strings that can be obtained by concatenating n
elements of L. It may not be obvious that we have gained anything by introducing the recursive
definition. The nonrecursive definition of the n~fold union is clear enough, and even with the
ellipses (...) it is not difficult to determine which strings are included in L”. However, the .
recursive definition has the same advantage over the ellipses that we discussed in the first proof
in Example 2.7; rather than suggesting what the general step is in this n-fold concatenation, it
comes right out and says it. After all, when you construct an element of L”, you concatenate
two strings, not » strings at once. The recursive definition is more consistent with the binary
nature of‘concatenation, and more explicit about how the concatenation is done: An (n + 1)-
fold concatenation is obtained by concatenating an element of L* and an element of L. The
recursive definition has a dynamic, or algorithmic, quality that the other one lacks. Finally,
and probably most important, the recursive definition has a practical advantage. It gives us a
natural way of constructing proofs using mathematical induction.

Suppose we want to prove the generalized De Morgan law:

. n ! n
for every n > 0, (U A,~> = ﬂ A;
i=1

i=1

m The Union of n Sets

Suppose Ay, A, ... are subsets of some universal set U. For each n > 0, we may define
(Jii A; as follows:

n+1 n
forevery n > 0, U Ay = (U Ai) U Ap

i=1 =1
For each n, | J;_; A; is a set, in particular a subset of U; therefore, it makes sense to view the
recursive definition as defining a function from the set of natural numbers to the set of subsets
of U. What we have effectively done in this definition is to extend the binary Operatlon of
union so that it can be applied to n operands. (We discussed this possibility for associative
operations like union near the end of Section 1.1.) This procedure is familiar to you in other
settings, although you may not have encountered a formal recursive definition like this one
before. When you add # nimbers in an expression like >, a;, for example, you are extending
the binary operation of addition to n operands. The notational device used to do this is the
summation sign: T bears the same relation to the binary operation + that |J does to the binary
operation U. A recursive definition of X would follow the one above in every detail:

0
Zai =0
i=1

nt1

for every n > 0, Zai = (Z ai> + a1
“\i=1

i=1

In the induction step, we must show something about

(0+)

Using the recursive definition, we begin by replacing this with

((Ge) o)

at which point we can use the original De Morgan law to complete the proof, since we have

Similarly, we could define the intersection of n sets, the product of » numbers, the concatetiation expressed the (k + 1)-fold union as a fwo-fold union.

of 1 sirings, the concatenation of n languages, and so forth. (The only difficulty we would have
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This example illustrates again the close relationship between the principle of
mathematical induction and the idea of recursive definitions. Not only are the two
ideas similar in principle, they are almost inseparable in practice. Recursive defini-
tions are useful in constructing induction proofs, and induction is the natural proof
technique to use on objects defined recursively. A

The relationship is so close, in fact, thatin induction proofs we might use recursive
definitions without realizing it. In Example 2.7, we proved that

1424+ --+n=nr+1)/2
and the crucial observation in the induction step was that
A424+- -+ &k+1))=0+24 -+ +E+1)

This is exactly the formula we would have obtained from the recursive definition of
the summation operator X in Example 2.14. In other words, although we had not
formally adopted this definition at the time, the property of summation that we needed
for the induction argument was the one the definition provides. ‘

2.4.2 Recursive Definitions of Sets

We can also define a single set recursively. Although such a definition may notinvolve
an integer 1 explicitly, the principle is similar. We specify certain objects that are in
the set to start with, and we describe one or more general methods for obtaining new
elements of the set from existing ones.

Recursive Definition of L*

Suppose L is a language over some alphabet £. We have previously defined L* as the union
of the sets L” for n > 0. From our recursive definition of L" it follows that for any n, any

x € L, and any y € L, the string xy is an element of L"*! and therefore of L*. Furthermore,
every element of L* can be obtained this way except A, which comes from LP. This suggests
the following more direct recursive definition of L*.

L Ael”
2., Foranyx € L*andany y € L, xy € L*.
3. No string is in L* unless it can be obtained by using rules 1 and 2.

To illustrate, let L = {a, ab}. According to rule 1, A € L*. One application of rule 2 adds the
strings in L' = L, which are Ag = a and Aab = ab. Another application of rule 2 adds the
strings in L2, which are Aa, Aab, aa, aab, aba, and abab. For any k > 0, a string obtained

by concatenating k elements of L can be produced from the definition by using k applications

of rule 2.

An even simpler illustration is to let L be X, which is itself a language over Z. Then a
string of length k in £*, which is a concatenation of k symbols belonging to X, can be produced
by k applications of rule 2. :

This way of defining L* recursively is not the only way. Here is another possibility.

1. AelL*
2. Foranyx e L,x € L*.
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3. For any two elements x and y of L*, xy € L*,
4, No string is in L* unless it can be obtained by using rules 1, 2, and 3.

In this approach, rules 1 and 2 are both necessary in the basis part of the definition, since rule
1 by itself would provide no strings other than A to concatenate in the recursive part.

The first definition is a little closer to our original definition of L*, and perhaps a little
easier to work with, because there is a direct correspondence between the applications of rule
2 needed to generate an element of L* and the strings of L that are being concatenated. The
second definition allows more flexibility as to how to produce a string in the language. There
is a sense, however, in which both definitions capture the idea of all possible concatenations
of strings of L, and for this reason it may not be too difficult to convince yourself that both
definitions really do work—that the set being defined is L* in each case. Exercise 2.63 asks
you to consider the question in more detail.
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Paincrones [ETYTEERTY

Let X be any alphabet. The language pal of palindromes over ¥ can be defined as follows:

1. A epal

2. Foranya € X, a € pal.

3. Foranyx € paland anya € %, axa € pal.

4. No string is in pal unless it can be obtained by using rules 1, 2, and 3.

The strings that can be obtained by using rules 1 and 2 exclusively are the elements of
pal of even length, and those obtained by using rules 2 and 3 are of odd length. A simple
nonrecursive definition of pal is that it is the set of strings that read the same backwards as
forwards. (See Exercise 2.60.)

In Example 2.14, we mentioned the algorithmic, or constructive, nature of the recursive
definition of L". In the case of a language such as pal, this aspect of the recursive definition
can be useful both from the standpoint of generating elements of the language and from the
standpoint of recognizing elements of the language. The definition says, on the one hand, that
we can construct palindromes by starting with either A or a single symbol, and continuing to
concatenate a symbol onto both ends of the current string. On the other hand, it says that if we
wish to test a string to see if it’s a palindrome, we may first compare the leftmost and rightmost
symbols, and if they are equal, reduce the problem to testing the remaining substring.

Fully Parenthesized Algebraic Expressions

EXAMPLE 2.17

Let X be the alphabet {7, (, ), +, —}. Below is arecursive definition of the language AE of fully
parenthesized algebraic expressions involving the binary operators + and — and the identifier
1. The term fully parenthesized means exactly one pair of parentheses for every operator.

1. i €AE.
2. Forany x,y € AE, both (x + y) and (x — y) are elements of AE.
3. No string is in AE unless it can be obtained by using rules (1) and (2).

Some of the strings in AE are i, (i + i), (| — ), (({ +i) — i), and (@ ~3G—=0)+1i.
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Finite Subsets of the Natural Numbers

" EXAMPLE2.18

We define a set F of subsets of the natural numbers as follows:

1. geF.

2. Foranyn e N, {n} e F.

3. ForanyAand BinF,AUB e F.

4. Nothing is in F unless it can be obtained by using rules 1, 2, and 3.

We can obtain any two-element subset of A by starting with two one-element sets and using
rule 3. Because we can then apply rule 3 to any two-element set A and any one-element set B,
we obtain all the three-element subsets of AV, Itis easy to show using mathematical induction
that for any natural number n, any n-element subset of V is an element of ; we may conclude
that JF is the collection of all finite subsets of A"

Let us consider the last statement in each of the recursive definitions in this sec-
tion. In each case, the previous statements describe ways of producing new elements
of the set being defined. The last statement is intended to remove any ambiguity:
Unless an object can be shown using these previous rules to belong to the set, it does
not belong to the set.

We might choose to be even a little more explicit. In Example 2.17, we might
say, “No string is in AE unless it can be obtained by a finite number of applications
of rules 1 and 2.” Here this extra precision hardly seems necessary, as long as it is
understood that “string” means something of finite length; in Example 2.18 itis easier
to see-that it might be appropriate. One might ask whether there are any infinite sets
in F. We would hope that the answer is “no” because we have already agreed that the
definition is a reasonable way to define the collection of finite subsets of A, On the
one hand, we could argue that the only way rule 3 could produce an infinite set would
be for one of the sets A or B to be infinite already. On the other hand, think about
using the definition to show that an infinite set C is not in F. This means showing that
C cannot be obtained by using rule 3. For an infinite set C to be obtained this way,
either A or B (both of which must be elements of F) would have to be infinite—but
how do we know that cannot happen? The definition is not really precise unless it
makes it clear that rules 1 to 3 can be used only a finite number of times in obtaining an
element of F. Remember also that we think of a recursive definition as a constructive,
or algorithmic, definition, and that in any actual construction we would be able to
apply any of the rules in the definition only a finite number of times.

Let us describe even more carefully the steps that would be involved in “a finite
number of applications” of rules 1 to 3 in Example 2.18. Take a finite subset A of N
that we might want to obtain from the definition of F, say A = {2, 3,7, 11, 14}. There
are a number of ways we can use the definition to show that A € F. One obvious
approach is to start with {2} and use rule 3 four times, adding one more element
each time, so that the four steps give us the subsets {2, 3}, {2, 3,7}, {2, 3,7, 11}, and
{2,3,7,11, 14}. Each time, the new subset is obtained by applying rule 3 to two
sets, one a set we had obtained earlier by using rule 3, the other a one-element set
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(one of the elements of F spec1ﬁed explicitly by rule 2) Anothier approach would
be to start with two one-element sets, say {2} and {7}, to add elements orn¢ at a time
to each so as to obtain the sets {2, 3} and {7, 11, 14}, and then to use rule 3 once
more to obtam their union. In both of these approaches we can write a sequence
of sets representmg the preliminary steps we take to obtain the one we want. We
might mclude in our sequence all the one-element sets we use, in addition to the two-,
three-, or four-element subsets we obtain along the way. In the first case, therefore,
the sequence might look like this:

L. {2} 2. (3} 3. {2,3) 4. {1}
5. (2,3, 7} 6. {11} 7. {2,3,7, 11} 8. {14)
9. {2,3,7,11, 14}

and in the second case the sequence rhight be »
1 {2} 2. {3} 3. {2,3} 4. {7}
5. {11} 6. {7,11} 7. {14} 8. {7, 11, 14}

9. {2,3,7,11, 14

In both cases, there is considerable ﬁex1b1hty as to the order of the terms. The
significant feature of both sequences is that every term is either one of the specific
sets mentioned in statements 1 and 2 of the definition, or it is obtained from two terms
appearinig earlier in the sequence by using statement 3. :

A premse way of expressing staternent 4 in the definition would therefore be to
say:

No set A is in F unless there is a pos1t1ve integer n and a sequetice Al, Az, ..., Ay, S0
that A,, = A, and for every i with 1 < i < #, A; is either §§, or a one-element set, or
A; U Ag forsome j, k < i, :

A recursive definition of a set like F is not usually this expl1c1t Probably the
mostcommon approach is to say something like our original statement 4; a less formal
approach would be to say “Nothing else is in F,” and sometlmes the final statement
is skipped altogether.

An Induction Proof Involving a Language Defined Reoursively

Suppose that the language L, a subset of {0, 1}*, is defined recursively as follows.

L AelL. o
2. Forany y € L, both Oy and Oyl arein L.
3. No string is in L unless it can be obtained from rules 1 and 2.

In order to deteimine what the strings in L are, we might try to use the definition to generate
the first few elements. We know A € L. From rule 2 it follows that 0 and 01 are both in L.

Using rule 2 again, we obtain 00, 001, and 0011; one more application produces 000, 0001,

00011, and 000111, After studying these strings, we may be able to guess that the strings in L
are all those of the form 0°1/, where i > j > 0. Let us prove that every string of this form is
inL, -

65



66

PART 1 Mathematical Notation and Techniques

To simplify the notation, let A = {0'1/ | i > j > 0}. The statement A € L, as it stands,
does not involve an integer. Just as we did in Example 2.8, however, we can introduce the
length of a string as an integer on which to base an induction proof.

To prove: A C L;i.e., forevery n > 0, every x € A satisfying |x| = n is an element of L

Basis step. We must show that every x in A with |x| = 0 is an element of L. This is true
because if |x| = 0, then x = A, and statement 1 in the definition of L tells us that A € L

Induction hypothesis. k > 0, and every x in A with |x| = k is an element of L.
Statement to show in induction step. Every x in A with |x] = k +1is an element of L.
" B

Proof of induction step. Suppose x € A, and [x| =k + 1. Thenx = 0’1/, where
i>j>0,andi+ j =k+ 1. We are trying to show that x € L. According to the
definition, the only ways this can happen are for x to be A, for x to be Oy for some

y € L, and for x to be 0y1 for some y € L. The first case is impossible, since '

|x| = k 4+ 1 > 0. In either of the other cases, we can obtain the conclusion we want if -
we know that the string y is in L. Presumably we will show this by using the induction
hypothesis. However, at this point we have a slight problem. If x = Oyl, then the string
y to which we want to apply the induction hypothesis is not of length &, but of length

k — 1. Fortunately, the solution to the problem is easy: Use the strong induction
principle instead, which allows us to use the stronger induction hypothesis. The
statement to be shown in the induction step remains the same: '

Induction hypothesis (rev1sed) k > 0, and every x in A with |x{ < ki isan element of L
Proof of induction step (corrected version). Suppose x € A and |x| = k + 1. Then

x =01/, wherei > j > Oandi+j = k-+1. We consider two cases. If i > j, then we can
"erte x = Oy for some y that still has at least as many 0’s as 1’s (i.e., for some

y € A). In this case, since |y| = , it follows from the induction hypothesis that y € L;
therefore, since x = 0y, it follows from the first part of statement 2 in the

definition of L that x is also an element of L. In the second case, wheni = j, we

know that there must be at least one 0 and one 1 in the string. Therefore, x = 0y1 for
some y. Furthermore, y € A, because y = 0'~! 17~ land i = j. Since |y| < k, it follows
from the induction hypothesis that y € L. Since x = Oy1, we can use the second part of
statement 2 in the definition of L to conclude thatx € L.

7

The two sets L and A are actually equal. We have now proved half of this
statement. The other half, the statement L. C A, can also be proved by induction
on the length of the string (see Exercise 2.41). In the next section, however, we
consider another approach to an induction proof, which is more naturally related to
the recursive definition of L and is probably easier.

2.5 STRUCTURAL INDUCTION

We have already noticed the very close correspondence between recursive definitions
of functions on the set A and proofs by mathematical induction of properties of
those functions. The correspondence is exact, in the sense that when we want to
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prove something about f(k + 1) in the induction step of a proof, we can consult the
definition of f(k + 1), the recursive part of the definition.

~ When we began to formulate recursive definitions of sets, there was usually no
integer involved explicitly (see Examples 2.15-2.19), and it may have appeared that
any correspondence between the recursive definition and induction proofs involving
elements of the set would be less direct (even though there is a general similarity
between the recursive definition and the induction prmmple) In this section, we
consider the correspondence more carefully. We can start by identifying an integer
that arises naturally from the recursive definition, which can be introduced for the
purpose of an induction proof. However, when we look more closely at the proof,
we will be able to dispense with the integer altogether, and what remains will be an
induction proof based on the structure of the definition itself.

The example we use to illustrate this principle is essentially a continuation of
Example 2.19.

Continuation of Example 2.19

We have the language L, defined recursively as follows:

1. AelL.
2. Forevery x € L,both Ox and Ox1 arein L.

The third statement in the definition of L says that every element of L is obtained by starting
with A and applying statement 2 a finite number of times (zero or more).

We also have the language A = {0°1/ | i > j > 0}. In Example 2.19, we proved that
A C L, using mathematical induction on the length of the string. Now we wish to prove the
opposite inclusion L € A. As we have already pointed out, there is no reason why using the
length of the string would not work in an induction proof in this direction too—a string in L
has a length, just as every other string does. However, for each element x of L, there is another
integer that is associated with x not just because x is a string, but specifically because x is an
element of L, This is the number of times rule 2 is used in order to obtain x from the definition.
‘We construct an induction proof, based on this number, that L C A.

To prove: For every n > 0, every x € L obtained by n applications of rule 2 is an element
of L.

Basis step. We must show that if x € L and x is obtained without using rule 2 at all,
then x € A. The only possibility for x in this case is A, and A € A because A = 0°19,

Induction hypothesis. k¥ > 0, and every string in L that can be obtained by k
applications of rule 2 is an element of A.

Statement to show in induction step. Any string in L that can be obtained by k + 1
applications of rule 2 is in A. '

Proof of induction step. Let x be an element of L that is obtained by k + 1 applications
of rule 2. This means that either x = Oy or x = 0y1, where in either case y is a string in
L that can be obtained by using the rule k times. By the induction hypothesis, y € 4, so
that y = 01/, with { > j > 0. Therefore, either x = 0/*11/ or x = 0/*11/*! and in
either case x € A.
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As simple as this proof is, we can make 1t even s1mpler There is a sense in Wthh the
mtegers kand k+ 1are extraneous. In the induction step, we wish to show that the new element
x of L, the one obtained by applymg rule 2 of the definition to some other element y of L, is
an element of A. It is true that y is obtained by applying the rule & times, and therefore x s
obtained by applying the rule k+ 1 times. The only fact we need in the induction step, however,
is that y € A and for any element y of L that is in A, both Oy and Oy1 are also elements of
A. Once we verify this, k and k + 1 are needed only to make the proof fit the framework of a
standard induction proof.

‘Why not just leave them out? We still have a basis step, except that instead of thinking
of A as the string obtained from zero applications of rule 2, we just think of it as the string int
rule 1, the basis part of the definition of L. In the recursive part of the definition, we apply one
of two possible operatlons to an element y of L. What we will need to know aboit the string
y in the induction step is that it is in A, and therefore it is appropriate to designate this as our
induction hypothesis. The induction step is simply to show that for this string y, Oy and 0y1
(the two strings obtained from y by applying the operations in the definition) are both in L.

‘We can call this version of mathematical induction structural induction. Although there is
an underlying integer involved, just as in an ordinary induction proof, it is usually unnecessary
to mention it explicitly. Instead, the steps of the proof follow the structure of the recursive
definition directly. Below is our modified proof for this example.

To prove: L C A.
Basis step. We must show that A € A. This is true, because A = 0°1°.
Induction hypothesis. The string y € L is an element of A.
Statement to show in induction step. Both 0y and Oy1 are elements of A

Proof of induction step. Sincey € A,y = 01/, with i > j > 0. Therefote,
0y = 01117, and 0y1 = 0"+ 1/*!, and both strings are in A.

In the induction step, instead of talking about an arbitrary string x obtainable
by k + 1 applications of rule 2, the proof is more explicit in anticipating how it is
obtained: Tt will be either Oy or Oy1, where in either case y is a string obtainable by
k applications of rule 2. In the original proof, this property of y is needed in order to
be able to apply the induction hypothesis to y; in the structural induction proof, we
anticipate the property of y that follows from the induction hypothesis, and simply
take the induction hypothesis to be that y does satisfy this property. ,

Although we will not formulate an official Principle of Structural Induction,
the preceding example and the ones to follow should make it clear how to use this
technique. If we have a recursive definition of a set L, structural induction can be
used to show that every element of L has some property. In the previous example,
the “property” is that of belonging to the set A, and any property we are interested
in can be expressed this way if we wish (we can always replace the phrase “has the
property” by the phrase “belongs to the set of objects having the property™).
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.et us return to the language AE defined in Example 2.17. AE, asubsetof ¥* = {i, (, ), +;, —}*,
is defined as follows:

1. i € AE.
2.. Forany x and y in AE, (x +y) and (x — y) are in AE.
3. . No other strings are in AE.

This time we try to show that every element of the set has the property of not containing the
substring }(. As in the previous example, we could set up an induction proof based on the
number of times rule 2 is used in obtaining a string from the definition. Notice that in this
approach we would want the strong principle of induction: If z is obtained by a total of k + 1
applications of tule 2, then either z = (x + y) or z = (x — ¥), where in either case both x
and y are obtained by k or fewer (not exactly k) applications of rule 2. However, in a proof by
structural induction, since the integer k& is not present explicitly, these details are unnecessary.
What we really need to know about x and y is that they both have the desired property, and the
statement that they do is the appropriate induction hypothesis.

To prove: No string in AE contains the substring )(.

Basis step. The string i does not contain the substring )(. (This is obvious.)
Induction hypothesis. x and y are strings that do not contain the substring )(.

Statement to show in induction step. Neither (x + y) nor (x — y) contains the
substring )(.

Proof of induction step, In both the expressions (x + y) and (x — y), the symbol
preceding x is not ), the symbol following x is not (, the symbol preceding y is not ), and
the symbol following y is not (. Therefore, the only way )( could appear would be for it
to occur in x or y separately.

Note that for the sake of simplicity, we made the induction hypothesis weaker than
we really needed to (that is, we proved slightly more than was necessary). In order to
use structural induction, we must show that if x and y are any strings in AE not
containing )(, then neither (x 4+ y) nor (x — y) contains )(. In our induction step, we
showed this not only for x and y in AE, but for any x and y. This simplification is often,
though not always, possible (see Exercise 2.69).

The Language of Strings with More a’s than b’s

Suppose that the language I C {a, b}* is defined as follows:

1. aclL. :

2. Foranyx e L,ax € L.

3. Forany x and y in L, all the strings bxy, xby, and xyb are in L.
4, No other strings are in L.

Letus prove that every element of L has more a’s than b’s. Again we may use the structural
induction principle, and just as in the previous example, we can simplify the induction step by
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proving something even stronger than we need. We will show that

1. a has more a’s than b’s.
2. For any x having more a’s than b’s, ax also does.
3. Forany x and y having more a’s than b’s, each of the strings bxy, xby, and xyb also does.

If we were using ordinary induction on the number of applications of steps 2 or 3 in the
recursive definition of L, an appropriate induction hypothesis would be that any element of
L obtainable by k or fewer applications has more a’s than b’s. Since we can anticipate that
we will use this hypothesis either on a single string x to which we will apply step 2 or on two
strings x and y to which we will apply step 3, we formulate our induction hypothesis to take
care of either case.

To prove: Every element of L has more a’s than b’s.

Basis step. The string a has more a’s than b’s. (This is obvious.)

Induction hypothesis. x and y are strings containing more a’s than b’s.

Statement to show in induction step. Each of the strings ax, bxy, xby, and xyb has
more a’s than b’s.

Proof of induction step. The string ax clearly has more a’s than ’s, since x does.
Since both x and y have more a’s than b’s, xy has at least two more a’s than b’s, and
therefore any string formed by inserting one more b still has at least one more a than b’s.

.In Exercise 2.64 you are asked to prove the converse, that every string in {a, b}*
having more a’s than b’s is in the language L.

The Transitive Closure of a Relation

For any relation R on a set S, the transitive closure of R (see Exercise 1.63) is the relation R’
on S defined as follows:

1. RCR.
2. Foranyx,y,z €S, if (x,y) € R and (y,2) € R, then (x,2) € R".
3. No other pairs are in R'.

(Tt makes sense to summarize statements 1 to 3 by saying that R is the smallest transitive
relation containing R.) Let us show that if Ry and R, are relations on S with R; € R, then
R C RS

Structural induction is appropriate here since the statement we want to show says that
every pair in R} satisfies the property of membership in Rj.

The basis step is to show that every element of R is an element of R}. This is true because
Ry C R, C RY; the first inclusion is our assumption, and the second is just statement 1 in the
definition of R5. The induction hypothesis is that (x, y) and (, z) are elements of R, that are
in R}, and in the induction step we must show that (x, z) € R),. Once again the argument is
simplified slightly by proving more than we need to. For any pairs (x, y) and (y, z) in R},
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whether they are in Ry or not, (x,z) € R}, because this is exactly what statement 2 in the
definition of R} says.
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A recursive definition of a set can also provide a useful way of defining a function
on the set. The function definition can follow the structure of the definition, in much
the same way that a proof using structural induction does. This idea is illustrated by
the next example.

Recursive Definitions of the Length and Reverse Functions

In Example 2.15 we saw a recursive definition of the set X*, for an alphabet 2:

1. AeX*.
2. Foreveryx € X*, andeverya € X, xa € L%
3. . No other elements are in X*.

Two useful functions on X* are the length function, for which we have already given a
nontecursive definition, and the reverse function rev, which assigns to each string the string
obtained by reversing the order of the symbols. Let us give a recursive definition of each of
these. The length function can be defined as follows:

1. |A|=0.
2. Foranyx € X*andanya € X, jxa| = |x| + 1.

For the reverse function we will often use the notation x” to stand for rev(x), the reverse of x.
Here is,one way of defining the function recursively.

1. A=A
2. Foranyx € X*andanya € Z, (xa)" = ax’.

To convince ourselves that these are both valid definitions of functions on X*, we could
construct a proof using structural induction to show that every element of X* satisfies the
property of being assigned a unique value by the function.

Let us now show, using structural induction, a useful property of the length function: For
every x and y in ¥,

[xy| = Ix] +y]

(The structural induction, like the recursive definition of the length function itself, follows the
recursive definition of X* above.) The formula seems obvious, of course, from the way we
normally think about the length function. The point is that we do not have to depend on our
intuitive understanding of length; the recursive definition is a practical one to use in discussing
properties of the function. For the proof we choose y as the string on which to base the induction
(see Exercise 2.34). That is, we interpret the statement as a statement about y—namely, that
for every x, |xy] = |x| + |y|. The basis step of the structural induction is to show that this
statement is true when y = A. It is, because for every x,

XA = |x] = [x]+0 = [x] + |A]

EXAMPLE 2.24
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The induction hypothesis is that y is a string for which the statement holds, and in the induction 2.5,
step we consider ya, for an arbitrary a € . We want to show that for any x, x(ya)| =
x| + |yal: ,
ioni iati 2.6.
|x(ya)] = |(xy)a] (because concatenation is associative)

= |xy|4+1 (by the recursive definition of the length function) 27

= (x| +|y)+1 (by the induction hypothesis)

= x|+ (Jy}+1) (because addition is associative)

= |x| + |ya| (by the definition of the length function)
In this case, structural induction is not much different from ordinary induction on the length of
y, but a little simpler. The proof involves lengths of strings because we are proving a statement

about lengths of strings; at least we did not have to introduce them gratuitously in order to
provide a framework for an induction proof.

2.8.

Finally, it is worth pointing out that the idea of structural induction is general
enough to include the ordinary induction principle as a special case. When we prove ;
that a statement P (r) is true for every n > ng, we are showing that every element of 29,
the set S = {n | n > no} satisfies the property P. The set S can be defined recursively
as follows:

1. Ny € S.
2. Foreveryne S,n+1€S. ;
3. Nointeger is in S unless it can be obtained from rules 1 and 2. ; 2.10.

If we compare the induction step in an ordinary induction proof to that in a proof by
structural induction, we see that they are the same. In the first case, the induction ‘ 2.11.
hypothesis is the statement that P (k) is true for some k > no, and the induction step
is to show that P(k + 1) is true. In the second case, we assume that some element
n of § satisfies the property P, and show that the element obtained from » by rule 2
(i.e.,n + 1) also satisfies P.

2.12.

EXERCISES

2.1. Prove that the statements (p V g) — r and (p — r) V (g — r) are logically
equivalent. (See Example 2.6.)

2.2. For each of Examples 2.5 and 2.6, how would you classify the given proof:
constructive, nonconstructive, or something in-between? Why?

2.3. Prove that if a and b are even integers, then ab is even.

2.4. Prove that for any positive integers i, j, and n, if i % j = n, then either 2.13.
i > /norj > \/n. (See Example 2.2. The statement in that example may
be more obviously useful since it tells you that for an integer n > 1, if none
of the integers j in the range 2 < j < 4/n is a divisor of n, then n is prime.)
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Tn the induction step in Example 2.8, starting with x = Oy1, we used y1 as
the string of length k to which we applied the induction hypothesis. Redo the
induction step, this time using Oy instead.

Prove the statement in Example 2.8 by using mathematical induction on the
number of 0s in the string, rather than on the length of the string.

In Example 2.12, in order to show that every nonempty subset of A" has a
smallest element, we chose P(n) to be the statement: Every subset of A/
containing # has a smallest element. Consider this alternative choice for
P(n): Every subset of N containing at least n elements has a smallest
element. (We would want to try to prove that this statement P (n) is true for
every n > 1.) Why would this not be an appropriate choice?

In all the remaining exercises in this chapter, with the exception of 46 through
48, “prove” means “prove, using an appropriate vetsion of mathematical induction.”

Prove that for every n > 0,

iiz _n(+H@n+1)
6

Suppose that ag, a1, . .., is a sequence of real numbers. Prove that for any
n>1,

n
Z(ai —ai_1) = a; — aop
i=1

Prove that for everyn > 1,

T+13419+ -+ (6n+1) =nGn+4)

Prove that for every n > 0,

n
Z 1 _ n
Py ii+1) n+1

For natural numbers 7 and i satisfying 0 < i < n, let C(n, i) denote the

number #n!/(i!(n — ).

a. ShowthatifO <i <n,thenCn,i)=Cn—1,i —1)+Cm—1,1).
(You don’t need mathematical induction for this.)

b. Prove that for any n > 0,

n
ZC(n, i) =2"
i=0

Suppose 7 is a real number other than 1. Prove that for any n > 0,

1— ’n+1

Zr 11—
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2.14.

2.15,
2.16.

2.17.

2.18.

2.19.

2.20.

2.21.

2.22.
2.23.

2.24.
2.25.
2.26.

2.27.

2.28.
2.29.

Prove that for any n > 0,
. .
L+ ixil=(@m+1)!
i=1

Prove that for any n > 4, n! > 2",

Prove that if ag, a1, . . . is a sequence of real numbers so thata, < a4 for‘

every n > 0, then for everym,n > 0,if m <n, then a,; < ay. ’

Suppose x is any real number greater than —1. Prove that for any n > 0,

(1 +x)" > 1+ nx. (Be sure you say in your proof exactly how you use the
assumption that x > —1.)

A fact about infinite series is that the series ) ;o 1/i diverges (i.e., is
infinite). Prove the following statement, which implies the result: For every
n > 1, there is an integer k,, > 1 so that Zk * 1/i > n. (Hint: the sum

1/k+D+1/(k+2)+---+1/Qk)isat leasthow big?)
Prove that for every n > 1,

Zi*zf =m— D242
Prove that for every n > 2,
1
14+ — >
L7

Prove that for every n > 0, n is either even or odd, but not both. (By
definition, an integer n is even if there is an integer i so thatn =2 i, and n
is odd if there is an integer { sothatn = 2%i +1.)

Prove that for any language L C {0, 1}*,if L2 C L, then L* C L.
Suppose that ¥ is an alphabet, and that f : £* — X* has the property that
f(@) =aforeverya € T and f(xy) = f(x)f(y) forevery x,y € I*,
Prove that for every x € X¥, f(x) = x:

Prove that for every n > 0, n(n? + 5) is divisible by 6.

Suppose a and b are integers with 0 < a < b. Prove that forevery n > 1,
b" — a" is divisible by b — a.

Prove that every positive integer is the product of a power of 2 and an odd
integer.

Suppose that A, A, ... are sets. Prove that for every n > 1,

n / n
-
i=1 i=1

Prove that for every n > 1, the number of subsets of {1, 2, ..., n} is 2",

Prove that for every n > 1 and every m > 1, the number of functions from
{1,2,...,n}to{1,2,...,m}is m".
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In calculus, a basic formula involving derivatives is the product formula,
Wthh says that if f and g are functions that have derivatives,

( fxg)=rf * * g. Using this formula and the fact that =1,
prove that for any n > 1 L (x") = nx"1.

The numbers a,,, for n > 0 are defined recurswely as follows:
ap=-2; a=-2; forn>2, a,=5a,_1 —6a,_

Prove that foreveryn > 0,a, =2 % 3" — 4 % 2",
The Fibonacci function was defined in Example 2.13 using the definition

fo=0; fi=1l forn>2, fi=fi1+ fiz
a. Suppose C is a positive real number sat1sfy1ng C > 8/13. Prove that for
every n > 0, f, < C(13/8)".
b. Prove that forevery n > 0,3 f? = fyfus1.
c. Provethatforeveryn >0,/ fi = foa — L.

Suppose we define a real-valued function f on the natural numbers as
follows:

FO) =0, forn>0, f(n)= It FGi=D)

a. Prove that for everyn > 0, f(n) < 2.

b. Prove that f is an increasing function; in other words, for every n > 0,
fla+1) > fn).

In Example 2.24, a proof was given using structural induction based on the

string y that for any strings x and y, [xy| = |x| 4+ |y|. Can you prove the
result using structural induction based on x? Why or why not?

Prove that for any string x, |x"| = |x]. :
Prove that if x is any string in AE (see Example 2.17), then any prefix of x
contains at least as many left parentheses as right,

Suppose we modify the definition of AE to remove the restriction that the
expressions be fully parenthesized. We call the new language GAE. One way
to define GAE is as follows.

(i) i € GAE.
(ii) For any x and y in GAE, both the strings x + y and x — y are in
GAE. :
(iii) For any x € GAE, the string (x) is in GAE.
(iv) No-other strings are in GAE.
a. Prove that every string in AE is in GAE,

b. Prove that every prefix of every string in GAE has at least as many left

parentheses as right.

¢. Suppose that we define an 1nteger—va1ued function N on the language
GAE as follows. N (i) = 0; for any x and y in GAE, N assigns to both
the strings x + y and x — y the larger of the two numbers N (x) and
N(y); for any x € GAE, N assigns the value N(x) + 1 to the string (x).
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2.38.

2.39.

2.40,

2.41.

2.42.

2.43.

Describe in words (nonrecursively) what the value N (x) means for a
string x € GAE. :

Consider the following modified version of the strong induction principle, in
which the basis step seems to have been eliminated.

To prove that the statement P(n) is true for every n = no, it is sufficient
to show that for any k > no, if P(n) is true for every n satisfying
no <n <k, then P (k) is true.

Assuming that the strong principle of mathematical induction is correct,
prove that this modified version is correct. (Note t that the basis step has not
really been eliminated, only disguised.)

In each part below, a recursive definition is given of a subset of {a, b}*. leg
a simple nonrecursive definition in each case. Assume that each definition
includes an implicit last statement: “Nothmg isin L unless it can be
obtained by the previous statements.”
a, ae Lyforany x € L, xa and xb are in L.
b. ae€ L;forany x € L, bx and xb are in L.
a € L;forany x € L, ax and xb are in L.
a e L;forany x € L, xb, xa, and bx are in L.
a € L;forany x € L, xb, ax, and bx are in L.
a € L;forany x € L, xb and xba arein L.
Give recursive definitions of each of the following sets.
The set A of all natural numbers.
The set S of all integers (positive and negative) divisible by 7.
The set T of positive integers divisible by 2 or 7.
The set U of all strings in {0, 1}* containing the substring 00.
The set V of all strings of the form 01/, where j <i <2j.
The set W of all strings of the form 0/ 1/, where i > 2.
Let L and A be the languages defined in Example 2.19. Prove that L < Aby
using induction on the length of the string.
Below are recursive definitions of languages L, and LQ, both subsets of
{a, b}*. Prove that each is precisely the language L of all strings not
containing the substring aa.
a. Ae€lLiy;aely;
For any x € L, xb and xba are in Ly
Nothing else is in L.
b. Aely;a€ly,
For any x € Ly, bx and abx are in Lz,
Nothing else is in Lo.

O B0

[ BRI = R S

For each n > 0, we define the strmgs ay and b, in {0, 1}* as follows —

ag = O; bo = 1, forn > 0, ay = an—lbn——ly bn - b"—lan_l

2.46.

2.47,

- 248,

2.44.

2.45,
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Prove that for every n > 0, the following statements are true.

a. The strings a, and b, are of the same length.

b. The strings a, and b, differ in every position.

c. The strings a,, and by, are palindromes.

d. The string a, contains neither the substring 000 nor the substring 111.

The “pigeonhole principle” says that if n + 1 objects are distributed among n
pigeonholes, there must be at least one pigeonhole that ends up with more
than one object. A more formal version of the statement is thatif f: A — B
and the sets A and B have n + 1 and n elements, respectively, then f cannot
be one-to-one. Prove the second version of the statement.

The following argument cannot be correct, because the conclusion is false.
Say exactly which statement in the argument is the first incorrect one, and
why it is incorrect.)

To prove: all circles have the same diameter. More precisely, for any
n > 1, if S is any set of n circles, then all the elements of S have the same
diameter. The basis step is to show that all the circles in a set of 1 circle have
the same diameter, and this is obvious. The induction hypothesis is that
k > 1andforanyset S of k circles, all elements of S have the same diameter.
‘We wish to show that for this k, and any set S of k+ 1 circles, all the circles
in § have the same diameter. Let § = {C;, (3, ..., Cry1}. Consider the
subsets T = {C1,Cy,...,C¢}and R = {Cy, Cy, ..., Cy_1, Cry1}. T is
simply § with the circle Cy,.; deleted, and R is § with the element Cy_;
deleted. Since both 7" and R are sets of k circles, all the circles in T have
the same diameter, and all the circles in R have the same diameter; these
statements follow from the induction hypothesis. Now observe that Cy_;
is an element of both 7" and R. If d is the diameter of this circle, then any
circle in T has diameter d, and so does any circle in R. Therefore, all the
circles in S have this same diameter.

MORECHALLENGING PROBLEMS

Prove that if p and ¢ are distinct primes, and the integer # is divisible by
both p and g, then n is divisible by pg. You may use the following generally
accepted fact from mathematics: If p is prime and m and n are positive
integers so that mu is divisible by p, then either m is divisible by p or n is
divisible by p.

Prove that if p and ¢ are distinct primes, then pq is the smallest integer that
is divisible by both p and gq.

Prove that if » is any positive integer that is not a perfect square, then /7 is
not rational. (See Example 2.3. You may need the generally accepted fact
mentioned in Exercise 2.46.)
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2.49.

2.50.

2.51.

2.52.

2.53.

2.54.

2.55.

2.56.

Prove that for every n > 1,
n
Z Vi > 2nJn/3
i=1
Prove that every integer greater than 17 is a nonnegative integer combination
of 4 and 7. In other words, for every n > 17, there exist integers i, and jy,
both > 0,sothatn =i, x4+ j, * 7.
Prove that for every n > 1, the number of subsets of {1,2, ..., n} having an
even number of elements is 2",
Prove that the ordinary principle of mathematical induction implies the
strong principle of mathematical induction. In other words, show that if P(n)
is a staterent involving » that we wish to establish for everyn > N, and
1. The ordinary principle of mathematical induction is true;
2. P(N) istrue;
3. Foreveryk > N, (P(NYAP(N+1)A...P(k)) = P(k+1
then P (n) is true for everyn > N.
Suppose that f is the Fibonacci function (se¢ Example 2.13).
a. Prove that for every n > 0, f; = c(a” — b"), where

1 1+4/3 1-+/5
a= , andb = 2

J5 2
b. Prove that forevery n > 0, f2, = fufarza + (D"

Prove that every positive integer can be expressed uniquely as the sum of
distinct powers of 2. (Another way to say this is that every positive integer
has a unique binary representation. Note that there are really two things to
show: first, that every positive integer can be expressed as the sum of
distinct powers of 2; and second, that for every positive integer 7, there
cannot be two different sets of powers of 2, both of which sum to 7.)

c =

Prove that for any n > 1, and any sequence a1, az, . . ., dn of positive real
numbers, and any sequence by, by, . .., b, that is a permutation
(rearrangement) of the a;’s,

ay a n

—+ =+t —=n

b i b2 bn

and the two expressions are equal if and only if b; = a; for every i.
Consider the following loop, written in pseudocode:

while B do
S;

The meaning of this is what you would expect. Test B; if it is true, execute S;
test B again; if it is still true, execute S again; test B again; and so forth. In
other words, continue executing S as long as the condition B remains true. A
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condition P is called an invariant of the loop if whenever P and B are both
true and S is executed once, P is still true.

a. Prove that if P is an invariant of the loop, and P is true before the first
iteration of the loop (i.e., when B is tested the first time), then if the loop
eventually terminates (i.e., after some number of iterations, B is false), P
is still true.

b. Suppose x and y are integer variables, and initially x > 0 and y > 0.
Consider the following program fragment:

q=0;

r = X;
while r >= y do
a=4d+ 1;

r=1r-Y;

(The loop condition B is » > y, and the loop body S is the pair of
assignment statements.) By considering the condition (r > 0) A
(x = g * y +r), prove that when this loop terminates, the values of g
and r will be the integer quotient and remainder, respectively, when x is
divided by y; in other words, x =g *y+rand0 <r < y.

Suppose f is a function defined on the set of positive integers and satisfying

these two conditions:

® fAO=1

(i) forn > 1, f(2n) = f2n+1) =2f(n)

Prove that for every positive integer ; f(n) is the largest power of 2 less

than or equal to n.

The total time T (n) required to execute a particular recursive sorting

algorithm on an array of »n elements is one second if n = 1, and otherwise no

more than Cn + 2T (n/2) for some constant C independent of n. Prove that
if n is any power of 2, say 2%, then

Tn)<n*x(Ck+1)=n(Clog,n+1)

The function rev: ¥* — X* was defined recursively in Example 2.24.
Using the recursive definition, prove the following facts about rev. (Recall
that rev(x) is also written x".)

a. For any strings x and y in ¥, (xy)" = y"x".

b. For any string x € T*, (x")" = x.

¢. For any string x € ¥* and any n > 0, (x")" = (x")".

On the one hand, we have a recursive definition of the set pal, given in
Example 2.16. On the other hand, we have a recursive definition of x”, the

reverse of the string x, in Example 2.24. Using these definitions, prove that
pal={x € ¥* | x" = x}.
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2.61. Prove that the language L defined by the recursive definition below is the set

2.62.

2.63.

2.64.

2.65.

2.66.

2.67.

of all elements of {a, b}* not containing the substring aab.

A el

For every x € L, xa, bx, and abx are in L;

Nothing else is in L.
In each part below, a recursive definition is given of a subset of {a, b}*. Give
a simple nonrecursive definition in each case. Assume that each definition
includes an implicit last statement: “Nothing is in L unless it can be
obtained by the previous statements.”
a. A, a,andaa are in L; for any x € L, xb, xba, and xbaa are in L.
b. A e L;forany x € L, ax, xb, and xba are in L.
Suppose L C {0, 1}*. Two languages L; and L; are defined recursively
below. (These two definitions were both given in Example 2.15 as possible
definitions of L*.)
Definition of L1:
1. Ael;.
2. Foranyx € Lyandanyy € L,xy € Ly.
3. No string is in L; unless it can be obtained by using rules 1 and 2.
Definition of L,:
1. A€l

Forany x € L, x € L.

2
+" 3. For any two elements x and y of Ly, xy € Ls.
g

No string is in Ly unless it can be obtained by using rules 1, 2, and 3.
a. Provethat L, C Lo.

b. Prove that for any two strings x and y in Ly, xy € L.

c. Provethat L, C L.

Let L be the language defined in Example 2.22. Prove that L contains every
element of {a, b}* having more a’s than b’s.

A € L; for every x and y in L, axby and bxay are both in L; nothing else is
in L. Prove that L is precisely the set of strings in {a, b}* with equal
numbers of a’s and b’s.

Suppose S and T are both finite sets of strings, A ¢ T, and we have a
function ¢ : S — T. The function e can be thought of as an encoding of the
elements of S, using the elements of 7' as code words. In this situation we
can then encode S* by letting the code string for x1x; ... X, be

e*(x1Xy ... Xy) = e(x1)e(x2) ... e(x,). The encoding e has the prefix
property if there do not exist elements x; and x, of S so that x; # x, and
e(x1) is a prefix of e(x2). (If ¢ has the prefix property, then in particular e is
one-to-one.) Prove that if e has the prefix property, then every element of T*
has at most one decoding—that is, the function e* is one-to-one.

(Adapted from the book by Paulos [1998]). A certain remote village contains

a large number of husband-wife couples. Exactly n of the husbands are
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unfaithful to their wives. Each wife is immediately aware of any other
husband’s infidelity and knows that the same is true of the other wives;
howevet, she has no way of knowing whether her own husband has been
unfaithful. (No wife ever informs on any other woman’s husband.) The
village also has a very strict code of morality; each wife follows the code
rigidly and knows that the other wives do also. If any wife determines
conclusively that her husband has been unfaithful, she must kill him on the
same day she finds this out. At midnight each night, if anyone in the village
has been killed that day, a public announcement is made, so that everyone
then knows. Finally, all the wives in the village are expert reasoners, and
each wife is aware that all the other wives are expert reasoners.

One day, a guru, whose pronouncements all the wives trust absolutely,
visits the yill_age,‘convenes a meeting of all the wives, and announces to
them that there is at least one unfaithful husband in the village. What
happens as a result? Prove your answer. (Hint: if n = 1, the wife of the
unfaithful husband already knows that no other husband is unfaithful. She
concludes that her husband is unfaithful and kills him that day.)

Suppose P (m, n) is a statement involving two natural numbers m and s, and
suppose we can. show these two statements: i) P (0, 0) is true; ii) For any
natural numbers i and j, if P (i, j) is true, then P(i, j + 1) and P(i + 1, j)
are true. Does it follow that P (m, n) is true for all natural numbers m and #?
Give reasons for your answer. -

Suppose § is a set of integers defined as follows: 0 € S; for every x € S,

x 45 € §; no other elements are in S. In order to show using structural
induction that every element of § satisfies some property P, it is enough to
show that O satisfies P, andifx € § and x satisfies P, then x -+ 5 also
satisfies P. Give an example of a property P for which this is true but for
which it is not true that x 4 5 satisfies P for every integer x satisfying P. In
other words, give an example in which the structural induction proof cannot
be simplified as we did in Examples 2.21 and 2.23. .. ‘

Suppose that U is a finite set that is closed under some binary operation o,
and [ is a subset of U. Suppose also that S is defined as follows:

1. Every element of 7 is an element of S.

2. Foreveryxandyin S,xo0y € §.

3. Nothing else is in S.

Describe an algorithm that will determine, for some arbitrary element of U,
whether or not it is in S. (In particular, for each element of U , o matter

whether the answer is yes or no for that element, the algorithm must produce
the answer after a finite number of steps.) '
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