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gula, then the set of equivalence classes for the relation I 1, is finite, In order to
in a characterization of regularity using this approach, we need to show that the
nverse is also true, that if the set of equivalence classes is finite then L is regular.
Once we do this, we will have an answer to the first question above (how can
tell whether L is regular?), in terms of the equivalence classes of the relation
Furthermore, it turns out that if our language L is regular, identifying these
uivalence classes will also give us an answer to the second question (how can we
d an FA?), because there is a simple way. to use the equivalence classes to construct

A accepting L. This FA is the most natural one to accept L, in the sense that it has
fewest possible states; and an interesting by-product of the discussion will be a
hod for taking any FA known to accept I, and simplifying it as much as possible.
We wish to show that if the the set of equivalence classes of I, is finite, then
e is a finite automaton accepting L, The discussion may be easier to understand
ever, if we start with a language L known to be regular, and with an FA M =,
, 2, qo, A, 8) recognizing L. If ¢ € Q, then adapting the notation introduced in
ion 4.3, we let

Regular and Nonregular
Languages

L, ={x € £*| §*(go, x) = q}

We remember from Chapter 1 that talking about equivalence relations on a set
sentially the same as talking about partitions of the set: An equivalence relation
rmines a partition (in which the subsets are the equivalence classes), and a partition
rmines an equivalence relation (in which being equivalent means belonging to
same subset). At this point, there are two natural partitions of X* that we might
er; the orie determined by the equivalence relation I, and the one formed by
he sets L, for g € Q. The relationship between them is given by Lemma 3.1. If x
y are in the saime L, (in other words, if §*(qo, x) = 6*(qo, y)), then L/x = L/y

iat x and y are in the same equivalence class of I,. This means that each set L ,
t be a subset of a single equivalence class, and therefore that every equivalenctqe
s of Iy is the union of one or more of the L,’s (Exercise 1.68). In particular

e can be no fewer of the L,’s than there are equivalence classes of I7. If the twc;
bers are the same, thén the two partitions are identical, each set L, is preciser
of :che equivalence classes of I7, and M is an FA with the fewest p(éssible states
coghizing L.

These observations suggest how to turn things around and begin from the other
If we have an FA accepting L, then under certain circumstances, the strings in
of the equivalence classes of I, are precisely those that correspond to one of the
s of the FA. If we are not given an FA to start with, but we know the equivalence
ses of. I, then we might try to construct an FA with exactly this property: Rather
“Stertlh'ng with a state g and considering the corresponding set L, of strings, this
 we have the set of strings and we hope to specify a state to which the set, will
espond, However, the point is that we do not have to find a state like this, we can
tlgicjefl::t%r;es.tﬁn“stite” is an abstraction anyway; why not go ahead and say that
! . gs—specifically, one of the equivalence classes of I ? If there
enly a finite number of these equivalence classes, then we have at least the first
gredient of a finite automaton accepting L: a finite set of states.

5.1 | A CRITERION FORREGULARITY

Kleene’s theorem (Theorems 4.4 and 4.5) provides a useful characterization of regul
languages: A language is regular (describable by a regular expression) if and only,
it can be accepted by a finite automaton. In other words, a language can be generate
- in a simple way, from simple primitive languages, if and only if it can be recogniz
“in a simple way, by a device with a finite number of states and no auxiliary memor
There is a construction algorithm associated with each half of the theorem, so that
we already have a regular expression, we can find an FA to accept the correspondi
language, and if we already have an FA, we can find a regular expression to descri

the language it accepts.

Suppose now that we have a language over the alphabet £ specified in some w
that involves neither a regular expression nor an FA. How can we tell whether it
regular? (What inherent property of a language identifies it as being regular?) A
if we suspect that the language is regular, how can we find either a regular expressi
describing it or an FA accepting it?

We have a partial answer to the first question already. According to Theorem 3
if there are infinitely many strings that are “pairwise distinguishable” with respec
L, then L cannot be regular. (To say it another way, if L is regular, then every
that is pairwise distinguishable with respect to L is finite.) It is useful to reformul
this condition slightly, using Definition 3.5. Recall that L/x denotes the set {y

»* | xy € L}. If we let I be the indistinguishability relation on %%, defined by

xIyyifandonlyif L/x = L/y

then I, is an equivalence relation on ¥ (Exercise 1.33b), and saying that two string
are distinguishable with respect to L means that they are in different equivale
classes of I;. The statement above can therefore be reformulated as follows: [
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Once we commit ourselves to this abstraction, filling in the rer‘nainin‘gvldf:tails is
surprisingly easy. Because one of the strings that cause an FA to bg in the initial state
is A, we choose for our initial state the equivalence class containing ‘A. Because we
want the FA to accept L, we choose for our accepting st.a.tes those 'equwalence classes ;
containing elements of L. And because in the recognition algorithm we change th¢
current string by concatenating one more input symbol, we cor_npute the value of
our transition function by taking a string in our present state. (equwalen.ce class) and
concatenating it with the input symbol. The resulting string determines the new
equivalence class. ' ;

Before making our definition official, we need to look a ht'tle mor? close.ly at
this last step. “Taking a string in our present state and concatena.tn}g it w1t1.1 the input
symbol” means that if we start with an equivalence class g .c‘ontan%mg a strn'lg x, then
8(g, a) should be the equivalence class containing xa. Writing this symbolically, we
should have

8([x], a) = [xa]

Where for any string z, [z] denotes the equivalence class containing z. As an assertion
about a string x, this is a perfectly straightforward formula, which may be true or false,

5 A tells us, therefore, that x is accepted by M; if and only if
. ) : rmula to be the definition . gore, thal x Is accepted by My b
d ding on how 8([x1, @) is defined. If we want the formu ‘ L 0 ; S : : o
o?%e(?xi i), we must consider a potential problem. We are trying to deﬁn§ 8(g, a); e e ;13125211; g ;chieg tzdalfeagi Zgg ;fgxilcﬁr?;; 012
where q’is an equivalence class (a set of strings). We have taken a string x in the se o E: 7 then[x] ﬂ L“ 75 7 smce - E [x]. In he ;) ther direc tik o
g, which allows us to write ¢ = [x]. However, there is nothing special about x; the — s s ‘ on,

. set ¢ could just as easily be written as [y] for any otl.ler string y € q. If our definition
“is to make any sense, it must tell us \yhat 8(g,a) is, Wheth?r V;/le W:ﬁte '6] :153810 s utie] Therofore. M) accepis T
g = [y]. The formula gives us [xa] in one s:se}?ir;&r[zfe]l;nt;eenc;x:iérﬁga takg naﬂy,fifkther‘e are n equivalence cIaSS¢s of I, then we can ge.t‘a setof
unless [xa] = [ya], our definition is nonsense. ’ : that are pairwise distinguishable by just choosing one string from
care of the potential problem. o ivalence class. (No two of these strings are equivalent, or any two
guishable.) Theorem 3.2 implies that any FA accepting L must
ast n states. Since My has exactly n, it has the fewest possible.

itains an element y of L, then x must be in L. Otherwise the string
distinguish x and y with respect to L, and x and y could not both

Lemma 5.1 I, is right invariant with respect to concatenatign. In oth@r words, for
any x,y € X*andany a € X, if x I y, then xa I; ya. Equivalently, if [x] = [y]
then [xa] = [ya].

Proof Suppose x I, y anda € X. Then L/x = L/y, so that for ariy 7 € XX, xz
and yz’ are either both in L or both notin L. Therefore, forany z € X ', xaz and ya
are either both in L or both not in L (because we can apply the previous statemen
with 7/ = az), and we conclude that xalyya. B

rollary 5.1 L is a regular language if and only if the set of equivalence classes

roof = Theorem 5.1 tells us that if the set of equivalence classes is finite, there is
— n FA accepting L; and Theorem 3.2 says that if the set is infinite, there can be no
Theorem514 ... o -
e S : ,_ ; .
 Let 21:* 9(];/—7* ’h anf let QtléfbZtltisgfgi:(li?:a::?g;gﬁings:) Ko i orollary 5.1 was proved by Myhill and Nerode, and it is often called the Myhill-
- on X (Hach element of (/, HICICIOIE, 15 & E e ode theorem
L e e .
~ set, then M ; (:QL,‘ZJ;C_IO, Ap, 0) Isa}ﬁn:; . tOQ - - Itis interesting to observe that to some extent, the construction of M}, in Theorem
. et L - { o Fur hérmo o = L 1 makes sense even when the language L is notregular. I is an equivalence relation
- ~bY“t}§ALfonnu1?-§ (%La) = [va e - ‘ - or any language L, and we can consider the set Q; of equivalence classes. Neither
wyBeemnl L ‘
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Figure 5.1 |

the definition of 8 : Qr x X — Qg nor the proof that My, accepts L depends on the
assumption that Q;, is a finite set. It appears that even in the most general case, we
have some sort of “device” that accepts L. I it is not a finite automaton, what isit?

Instead of inventing a name for something with an infinite number of states, letu
draw a (partial) picture of itin a simple case we have studied. Let L be the languagi

pal of all palindromes over {a, b}. As we

any two strings in {a, b}* are distinguishable with respect to L. Not only is th
set Oy infinite, but there are as many equivalence classes as there are strings; eac
equivalence class contains exactly one string. Even in this most extreme case, ther

is no difficulty in visualizing My, as Figure 5.1 indicates.

The only problem, of course, is that there is no way to complete the picture, an
no way to implement My, as a physical machine. As we have seen in other ways, th

crucial aspect of an FA is precisely the finiteness of the set of states.

m Applying Theorem 5.1 to {0, 1}*{10}

CHAPTER 5 Regular and Nonregular Languages

Figure 5.21

A minimum-state FA recognizing
{0, 1}*{10}.

and ?O?Sidef the thfeff strings A, 1, and 10. We can easily verify that any two of these strings
are'dlstmgul.s hable .Wlth respect to L: The string A distinguishes A and 10, and also 1 and 1%)
while the string 0 distinguishes A and 1. Therefore, the three equivalence classes [A], [1 :
[10] are distinct. ‘ 1, [1], and
However, an}f strin.g ¥ is equivalent to (indistinguishable from) one of these strings, If

nds én 10, thecrll ¥ is equivalent to 10; if y ends in 1, y is equivalent to 1; otherwise (if y - Ay
y = 0, or y ends with 00), y is equivalent t T -
he only ones. quivalent to A. Therefore, these three equivalence classes are

Let My = (Qr, {0, 1}, [A], {[10]}, 8) be the FA we constructed in Theorem 5.1. Then
8([A],0) =[A] and 8([Al, 1) =[1]

ince AQ is equivalent to A and Al = 1. Similarly,

§([11,0) =[10] and &([11,1) =[1]

ince 11 is equivalent to 1. Finally,

8([10],0) = [A] and &([10], 1) =[1]

ince 190 i§ equivalent to A and 101 is equivalent to 1. Tt follows that the FA M, is th

hown in Figure 5.2. Not surprisingly, this is the same FA we came up with in ExzmS 1 e?)olne
xcept for the names given to the states. (One reason it is not surprising is that th tp 'e "
s and 10 were chosen to correspond to the three states in the previous FA!) "otines &
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. 1:1\17; l?;geélo"l;hec;regn 3.2, which is the “only if” part of Theorem 5.1, to show that
¢ langy palindromes over {0, 1} is nonregular. We ma : inci
0 exhibit a number of other nonregular languages. Y e he sume principle

The Equivalence Classes of /; for L = {0717 | n >0}

L e 711 * . . ¥

1ements {(f)g | n > 0}. The intuitive reason L is not regular is that in trying to recognize

. W'(l)l ! » we must remember how many 0’s we have seen, so that when we start seeing
ill be able to determine whether the number of 1°s is exactly the same. In order to

Consider the language diséussed in Example 3.12, ’
L = {x € {0, 1}* | x ends with 10}

Theore i
m 5.1 to show L is not regular, we must show that there are infinitely many distinct

q uivale]lce CIaSSe I i
- S ()1 1 .In thlS example at least let us dO cven more ]la]l ]l

i (] t] at ar (I (le (ZI.])C
= equlV alence ClaSSeS exacﬂy. t o !
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. EXAMPLES5.3

" alence classes, which allows us to conclude that L is not regular.

PART 2 Regular Languages and Finite Automata CHAPTER 5 Regular and Nonregular Languages

Some strings are not prefixes of any elements of L (examples include 1, 011, and 010),
and it is not hard to see that the set of all such strings is an equivalenge class (Exercise 5.4
The remaining strings are of three types: strings in L, strings of 0’s (0", for some i > 0), and

£ all even-length strings of 0’s and 1’s whose first and second halves are identical. This time,
¢ a string 7 that distinguishes 0" and 0™ when m # n, we choose z = 1"0"1", The st ring 0z
in L, and the string 0™z is not.
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strings of the form 0'1/ with 0 < j <. . ;
The set L is itself an equivalence class of ;.. This is because for any string x € L, A ig
the only string that can follow x so as to produce an element of L. ;
Saying as we did above that “we must remember how many 0’s we héVé seen” suggests
that two distinct strings of 0’s should be in different equivalence clésses. This is ttfug: it
the strings 0' and 0/ are distinguished by the string 17, because 0'1F € L and 0'1" ¢ L. We

Exercise 5.20 asks you to get even a little more mileage out of the set {0 | n > 0}
¢ some variation of it. We close this section with one more example.

Another Nonregular Language from Theorem 5.1

now know that [0'] # [0/]. To see exactly what these sets are, we note that for any string x
other than 0/, the string 017+ distinguishes 0 and x (because 0701 '€ L and x01+! ¢ 1y
In other words, (f is equivalent only to itself, and 0] = {0'}. :

Finally, consider the string 000011, for example. There is exactly one string z for Which
000011z € L: the string z = 11, However, any other string x having the property thatxz
if and only if z = 11 is equivalent to 000011, and these are the strings 0721/ for j ' 0.
No string other than one of these can be equivalent to 000011, and we may conclude that thg
equivalence class [000011] is the set (074217 | j > 0}. Similarly, for each k > 0, the set

ot L = {0,011, 011000, 0110001111, ...}. A string in L consists of groups of 0’s alternated
ith groups of 1’s. It begins with a single 0, and each subsequent group of identical symbols
one symbol longer than the previous group. Here we can show that the infinite set L itself is
airwise distinguishable with respect to L, and therefore that L is not regular. Let x and y be
wo distinct elements of L. Suppose x and y both end with groups of 0’s, for example, x with
J and y with 0. Then x 17! € L, but y1/*+! ¢ L. Itis easy to see that similar arguments also
ork in the other three cases.

{0/+¥17 | j > 0} is an equivalence class.
Let us summarize our conclusions. The set L and the set of all nonprefixes of elements
of L are two of the equivalence classes; for each i > 0, the set with the single element 0 is
an equivalence class; and for each k > 0, the infinite set {0117 | j > O} is an equivalence
class. Since every string is in one of these equivalence classes, these are the only equivalence
classes.
As we expected, we have shown in particular that there are infinitely many distinct equiv

.2 MINIMAL FINITE AUTOMATA

heorem 5.1 and Corollary 5.1 help us to understand a little better what makes a
nguage L regular. In a sense they provide an absolute answer to the question of
ow much information we need to remember at each step of the recognition algorithm:
e can forget everything about the current string except which equivalence class of
; it belongs to. If there are infinitely many of these equivalence classes, then this

Simple Algebraic Expressions more information than any FA can remember, and L cannot be regular. If the set
imple

f equivalence classes is finite, and if we can identify them, then we can use them to
onstruct the simplest possible FA accepting L.

It is not clear in general just how these equivalence classes are to be identified
r described precisely; in Example 5.1, where we did it by finding three pairwise
istinguishable strings, we had a three-state FA recognizing L to start with, so that
e obtained little or no new information. In this section we will show that as long
s we have some FA to start with, we can always find the simplest possible one. We
ill develop an algorithm for taking an arbitrary FA and modifying it if necessary so
at the resulting machine has the fewest possible states (and the states correspond
xactly to the equivalence classes of Ir).

Suppose we begin with the finite automaton M = (@, X, go, A, §). We consider
gain the two partitions of T* that we described in Section 5.1, one in which the
1bsets are the sets L, and one in which the subsets are the equivalence classes of 17,.
the two partitions are the same, then we already have the answer we want, and M
already a minimum-state FA. If not, the fact that the first partition is finer than the

Let L. be the set of all legal algebraic expressions involving the identifier a, the operator +; an
left and right parentheses. To show that the relation I, has infinitely many distinct equivalenc
classes, we can ignore much of the structure of L. The only fact we use is that the string

is in L if and only if the numbers of left and right parentheses are the same. We may therefor
consider the set S = {(* | n > O}, in the same way that we considered the strings 0" in th
previous example. For 0 < m < n, the string @)™ distinguishes (" and (", and so any tW
elements of § are distinguishable with respect to L (i.e., in different equivalence classes). We
conclude from this that L is not regular, Exercise 5.35 asks you to describe the equivalenc

classes of I; more precisely.

The Set of Strings of the Form ww

cond (one subset from the second partition might be the union of several from the
15t) tells us that we do not need to abandon our FA and start over, looking for one

ith fewer states; we just have to determine which sets L, we can combine to obtain
h equivalence class.

For yet another example where the set'S = {0" | n > 0} can be used to prove a langua
nonregular, take L to be the language :

{ww | w e {0, 1)}
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Before we attack this problem, there is one obvious way in which we might be -
able to reduce the number of states in M without affecting the L, partition at al]
This is to eliminate the states g for which L, = @. For such a g, there are no strings
x satisfying §*(go, Xx) = ¢; in other words, ¢ is unreachable from go. It is easy tg
formulate a recursive definition of the set of reachable states of M and then use thatto
obtain an algorithm that finds all reachable states. If all the others are eliminated, the |
resulting FA still recognizes L (Exercise 3.29). For the remainder of this discussion,
therefore, we assume that all states of M are reachable from go.

It may be helpful at this point to look again at Example 3.12. Figure 5.3a shows
the original FA we drew for this language; Figure 5.3b shows the minimum-state FA
we arrived at in Example 5.1; Figure 5.3c shows the partition corresponding to the
original FA, with seven subsets; and Figure 5.3d shows the three equivalence classes
of I, which are the sets L, for the minimum-state FA, We obtain the simpler FA
from the first one by merging the three states 1, 2, and 4 into the state A, and by
merging the states 3, 5, and 7 into B. State 6 becomes state C. Once we have done
this, we can easily determine the new transitions. From any of the states 1, 2, and
4, the input symbol 0 takes us to one of those same states, Therefore, the transition

from A with input O must go to A. From 1, 2, or 4, the input 1 takes us to 3, 5,
or 7. Therefore, the transition from A with input 1 goes to B. The other cases are
similar.

In general, starting with a finite automaton M, we may describe the problem in.
terms of identifying the pairs (p, ) of states for which L, and L, are subsets of the
same equivalence class. Let us write this condition as p = g. What we will actually
do is to solve the opposite problem: identify those pairs (p,q)forwhichps#qg.The 2 Ly={1})
first step is to express the statement p = ¢ in a slightly different way. ~

(@

Lemma 5.2 Suppose p,q € O, and x and y are strings withx € Loand y € L,
(in other words, §*(go, x) = p and 6*(qo, ¥) = 4): Then these three statementsare. . . | - __| Ls=X*{01}

all equivalent:

L, =3*{11}

L, =2*{00}
1. p=g. ‘

2. L/x=L/y(e,xILy,orx and y are indistinguishable with respect to L)
3. Foranyz € Z* 8 (p,0) €A 8*(q, z) € A (ie., 8*(p,z) and 8*(q, z) are

either both in A or both not in A). Lg=L=2*{10}

Proof To see that statements 2 and 3 are equivalent, we begin with the formulas

8*(p, 2) = 8*(8* (g0, ), 2) = 8" (g0, ¥2) ©

* L RROS% . |* :
8*(q, 2) = 8*(8*(q0, ¥), 2) = 8"(go0, ¥2) gure 5.3 1

Saying that L/x = L/y means that a string z is in one set if and only if it is in th
other, or that xz € L if and only if yz € L; since M accepts L, this is exactly th
same as statement 3.

Now if statement 1 is true, then L, and L, are both subsets of the same equiv
alence class. This means that x and y are equivalent, which is statement 2. Th
converse is also true, because we know thatif L, and L, are not both subsets Qf thi

atement2 does not hold. H

0 FAs for {0, 1}*{10} and the corresponding partitions of {0, 1}*.
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(b

me equivalence class, then they are subsets of different equivalence classes, so that

‘ Let us now consider how it can happen that p # g. According to the lemma
1S means that for some z, exactly one of the two states §*(p, z) and §*(g, z) is in A.

177
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The simplest way this can happen is with z = A, so that only one of the states p and
g isin A. Once we have one pair (p, ¢) with p # g, we consider the situation where

r,s € Q, and for some a € X, 8(r, a) = p and 8(s, a) = g. We may write

8*(r, az) = 8*(8*(r, @), 2) = §*(8(r, a),2) = §"(p, D)

and similarly, §*(s, az) = 8*(g, z). Since p # g, then for some z, exactly one of the
states 8*(p, z) and 8*(g, z) is in A; therefore, exactly one of §*(r, az) and §*(s,

isin A, and r # s,

These observations suggest the following recursive definition of a set S, which

will turn out'to be the set of all pairs (p, ) with p # g.
1. Forany p and g for which exactly one of p and g is in A, (p, q) isin S.

2. For any pair (p, q) € S, if (r, s) is a pair for which (r, a) = p and 8(s,a) = q

for some a € X, then (r, s) isin S.
3. No other pairs are in S.

It is not difficult to see from the comments preceding the recursive deﬁnltlon that
for any pair (p,g) € S, p # q. On the other hand, it follows from Lemma 5.2 that

we can show § contains all such pairs by establishing the following statement:

any string z € X*, every pa1r of states (p, ¢g) for which only one of the states 8* ( p, Z)

and 8*(g, z) is in A is an element of S.

We do this by using structural induction on z. For the basis step, if only one of
8*(p, A) and 8*(g, A) is in A, then only one of the two states p and g isin A, and

(p, q) € S because of statement 1 of the definition.

3
N

andg =§ (s @), then we have

§*(r, az) = 8*(5(r, a), 2) = 6*(p, 2)
8*(s,az) = 6*(8(s a), z) =8"(q,2)

Our assumption on r and s is that only one of the states 8*(r, az) and 8*(s, az),
and therefore only one of the states §*(p, z) and §*(g, 2), isin A. Our induction
hypothesis therefore implies that (p, q) € S, and it then follows from statement 2
in the recursive definition that (r, s) € S. (Note that in the recursive definition of
* implicit in this structural induction, the recursive step of the definition involves

strings of the form az rather than za.)

Now it is a simple matter to convert this recursive deﬁmtlon mto an algonthm to

identify all the pairs (p, g) for which p # g.

Algorithm 5.1 (For Identifying the Pairs (p, ¢) with p = q) List all (unordered)
pairs of states (p, g) for which p # g. Make a sequence of passes through these
palrs On the first pass, mark each pair of which exactly one. element is in A. On

each subsequent pass, mark any pair (r, 5) if there is ana € X for wh1ch 3(r,a) =

Now suppose that for some z, all pairs (p, g) for which only one of 8*(p, 2) and
8%(g, z)isin A arein S. Consider the string az, wherea € £, and suppose that (r, )
is a pair for which only one of §*(r, az) and 8*(s, az) is in A If we let p =48(r,a)

CHAPTER 5 Regular and Nonregular Languages

8(s,a) = ¢, and (p, q) is already marked. After a pass in which no new pairs are
marked, stop. The marked pairs (p, g) are precisely those for which p # ¢. ®

; When the algorithm terminates, any pair (p, g) that remains unmarked represents

two states in our FA that can be merged into one, since the corresponding sets of strings
are both subsets of the same equivalence class. In order to find the total number of
equivalence classes, or the minimum number of states, we can make one final pass
through the states of M the first state of M to be considered corresponds to one
equivalence class; for each subsequent state g of M, g represents a new equivalence
class only if the pair (p, ¢) was marked by Algorithm 5.1 for every previous state pof
M. As we have seen in our example, once we have the states in the minimum-state FA
determining the transitions is straightforward. We return once more to Example 5 f
_to illustrate the algorithm.

az)

We apply Algorithm 5.1 to the FA in Figure 5.3a. Figure 5.4a shows all unordered pairs (p, q)
with p # g. The pairs marked 1 are those of which exactly one element is in A; they are
marked on pass 1. The pairs marked 2 are those marked on the second pass. For example,
2 5)is one of these, since 8(2, 0) = 4, §(5, 0) = 6, and the pair (4, 6) was marked on pass 1.
A third pass produces no new marked pairs. Suppose for example that (1, 2) is the first
_ pair to be tested on the third pass. We calculate §(1, 0) = 2 and §(2, 0) = 4, and (2,4) is not
__marked, Similarly, §(1, 1) =3 and§(2, 1) = 5,and (3, 5) is not marked. It follows that (1, 2)
will not be marked on this pass.

Ifwe now go through the seven states in numerical order, we see that there is an equivalence
| classcontaining state 1; state 2 is in the same class, since the pair (1, 2) is unmarked; state 3 is
_ inanew equivalence class, since (1, 3) and (2, 3) are both marked; state 4 is in the same class
as 2, since (2, 4) is unmarked; 5 is in the same class as 3; 6 is in a new class; and 7 is in the
same class as 3. We conclude that the three equivalence classes of I, are p; = L, U L, U Ly,
= L3 U L5 U L7, and D3 =

We found the transitions earher The resulting FA is shown in Figure 5.4b. Again, it is
ldentlcal to the one obtained in Example 3.12 except for the names of the states.

For

S
3[2]2
41 2
5120124 |2
6|1 111|141
7122 2 1
1 23456
(a) " (b)

Figure 5.4 |
Applying Algorithm 5.1 to the FA in Figure 5.3a.
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Minimizing the FA in Figure 5. 3am
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5.3 | THE PUMPING LEMMA
FOR REGULAR LANGUAGES

Every regular language can be accepted by a finite automaton, a recogmzmg device
with a ﬁnrte set of states and no auxrhary memory. We can use the ﬁmteness
this set to derive another property shared by all regular languages Showing that
language does not have this property will then be another way, in addition to usj
Corollary 5.1, of showing that the language is not regular One reason this is usefyl
that the method we come up with can be adapted for use with more general language
as we will see in Chapter 8.

Suppose M = (@, X, qo, A, §) isan FArecogmzmg alanguage L. The prope
we are interested in has to do with paths through M that contain “loops.” Afi i inpu
string x € L requiring M to enter some state twice corresponds to a path that start
at go, ends at some accepting state gy, and contains a loop. (See Figure 5.5.)
other path obtained from this one by changing the number of traversals of the loop
will then also correspond to an element of L, different from x in that it contains
different number of occurrences of the substring correspondmg to the loop. T
simple observation will lead to the property we want.

Suppose that the set Q has n elements. For any strmg x in L with length atle
n, if we write x = aiay - - - a,, then the sequence of n + 1 states

qo = 3*(610, A)
q1 = 8"(qo, a1)
42 = 8"(qo, a102)

CHAPTER 5 Regular and Nonregular Languages

W= Gitp+1Qitp+2 - nY

¢ Higure 5 .5.) The string u is interpreted to be A if i = 0, and w is interpreted to
yifi +p=n

~since 8*(qi, v) = gi, we have §*(g;, V") = ¢; for every m > 0, and it follows
£ 5*(qo, wv"w) = qr for every m > 0. Since p > Oand i 4+ p < n, we have
ved the following result.

This result is often referred to as the Pumping Lemma for Regular Languages,
e we can think of it as saying that for an arbitrary string in L, provided it is
ficiently long, a portion of it can be “pumped up,” introducing additional copies
he substring v, so as to obtain many more distinct elements of L.

The proof of the result was easy, but the result itself is complicated enough in its
cal structure that applying it correctly requires some care. It may be helpful firstto
aken it slightly by leaving out some information (where the integer n comes from).

gn = 8*(qo, a1z -+ - ay) heorem,S.Za clarifies the essential feature and is sufficient for most applications.

must contain some state at least twice, by the prgeonhole principle (Exercise 2.44
This is where our loop comes from. Suppose gi = Gi+p» where O<i<i+p=n
Then

8*(qo, ar1a2- -+ ai) = qi
8%(qis ai1Git2 -+ Gigp) = Gi
8*(qi, Qi p41Gispra - ny) =qf €A
To simplify the notation, let
u=aay G

UV =a;414i42 " * Qi+p

In order to use the pumping lemma to show that a language L is not regular, we
st sllow that L fails to have the property described in the lemma. We do this by
stming that the property is satisfied and deriving a contradiction.

- The statement is of the form “There is an 7 so that forany x € L with |x| > n,...”
e,assurne, therefore, that we have such an #, although we do not know what it is.
€ try to find a specific string x with |x| > n so that the statements involving x in the
Oreru will lead to a contradiction. (The theorem says that under the assumption
L is regular, any x € L with |x| > n satisfies certain conditions; therefore,

Figure 5.5 |
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MApplication of the Pumping Lemma

PART 2 Regular Languages and Finite Automata CHAPTER 5 Regular and Nonregular Lan
guages
our specific x satisfies these conditions; this leads to a contradiction; therefore, the
assumption leads to a contradiction; therefore, L is not regular.) ]
Remember, however, that we do not know what 7 is. In effect, therefore, we
must show that for any n, we can find an x € L with |x| > n so that the statements
about x in the theorem lead to a contradiction. It may be that we have to-choose x
carefully in order to obtain a contradiction. We are free to pick any x we like, as long
as |x| > n—but since we do not know what n is, the choice of x must involve n.
Once we have chosen x, we are not free to choose the strings u, v, and w into
which the theorem says x can be decomposed. What we know is that there is some
way to write x as uvw so that equations (5.2)~(5.4) are true. Because we must
guarantee that a contradiction is produced, we must show once we have chosen x that )
any choice of u, v, and w satisfying equations (5.1)~(5.4) produces a contradiction, 1. v =(01) forsome j >0

Let us use as our first illustration one of the languages that we already know is not 2. v= 1(01)1: for some j > 0
regular. 3. p=1(01)/0 for some j > 0
4

. v=(01)/0forsomej >0

have worked for the language L (at least if n is even), no longer works for L;. The reason
this str%ng works for L is that even if v happens to contain both 0’s and 1’s, uv?w is not of the
form 0'1'. (The contradiction is obtained, not by looking at the numbers of O’s and 1’s, but by
looking at the order of the symbols.) The reason it does not work for L4 is that if v c,ontains
equial numbers of (’s and 1’s, then uv™ w also has equal numbers of 0’s and 1°s, no matter what
m we use, and there is no contradiction.

Tf we had set out originally to show that L; was not regular, we might have chosen an x
in L1 but not in L. An example of an inappropriate choice is the string x = (01)". Although
this string is in L; and its length is at least n, look what happens when we try to produce a
contradiction. If x = uvw, we have these possibilities:

Unfortunately, none of the conditions (5.2)—(5.4) gives us any more information about v

-, conclude that L cannot be regular.

except for some upper bounds on j. In cases 2 and 4 we can obtain a contradiction because
che strinig v that is being pumped has unequal numbers of 0’s and 1’s. In the other two cases,
however, there is no contradiction, because #v”' w has equal numbers of 0’s and 1’s for any
m. We cannot guarantee that one of these cases does not occur, and therefore we are unable to
finish the proof using this choice of x.

Let L = {01 | i > 0}. Suppose that L is regular, and let n be the integer in Theorem 5.2a,
We can now choose any x with |x| > n; a reasonable choice is x = 071", The theorem says
that x = wvw for some u, v, and w satisfying equations (5.2)~(5.4). No matter what u, v, and
w are, the fact that (5.2) is true implies that uv = 0* for some k, and it follows from (5.3) that
v = 0/ for some j > 0. Equation (5.4) says that wv™w € L for every m > 0. However, we
can obtain a contradiction by considering m = 2. The string uv*w contains j extra 0’s in the

first part (uv?w = 0"+/17), and cannot be in L because j > 0. This contradiction allows us to Another Application of the Pumping Lemma
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EXAMPLES5.8

onsider the language
Let us look a little more closely at the way we chose x in this example (which for this ‘
language just means the way we chose |x|). In the statement of the pumping lemma, the only
condition x needs to satisfy is |x| > n; with a little more effort, we can obtain a contradictioh
by starting with x = 0"1™, for any m = » /2. However, now we can no longer assert tha
uv = OF. There are two other possibilities to consider. In each case, however, looking a
m = 2 is enough to obtain a contradiction. If v contains both 0°s and 1’s, then v = 01/, so tha
uv2w contains the substring 10 and is therefore not in L. If v contains only 1’s, then v = U
and yv?w = 0"1"*/, also notin L. : k

Again, the point is that when we use the pumping lemma to show L is nonregular, we arn
free to choose x any way we wish, as long as |x| > n and as long as it will allow us to derive
contradiction. We try to choose x so that getting the contradiction is as simple as possible; Onc
we have chosen x, we must be careful to show that a contradiction follows inevitably. Unles
we can get a contradiction in every conceivable case, we have not accomplished anything. ‘

Another feature of this example is that it allows us to prove more than we originally set ou
to. We started with the string x = 0"1" € L and observed that for the strings u, v, and w, %V
fails to be an element, not only of L but of the larger language L, = {x € {0, 1} | no(x)

L={0x|i>0,xe{0,1} and |x| <i}

nother description of L is that it is the set of all strings of 0’s and 1°s so that at least the first
alf of x consists of 0’s. The proof that L is not regular starts the same way as in the previous
xample. Assume that L is regular, and let n be the integer in Theorem 5.2a. We obviously
hould not try to start with a string x of all 0’s, because then no string obtained from x by
umping could have any 1’s, and there would be no chance of a contradiction. Suppose we try
0”17, just as in the previous example. Then if Equations (5.1)~(5.4) hold, it follows as
efore that v = 0/ for some j > 0. In this example the term pumping is a little misleading. We
z’mnot obtain a contradiction by looking at strings with additional copies of v, because initial
s account for an even larger fraction of these strings than in x. However, Equation (5.4) also

0 . .
ays that uv®w € L. This does give us our contradiction, because uv®w = uw = 0"~7/1" ¢ L
herefore, L is not regular.

Application of the Pumping Lemma to pal

_ EXAMPLES.9

n1(x)}. Therefore, our proof also aflows us to conclude that L, is not regular.

However, with this larger language it is-worth looking one more time at the initial choic
of x, because specifying a length no longer determines the string, and not all strings of th
same length are equally suitable. First we observe that choosing x = 0%/21%/%, which wou

€t L be pal, the languages of palindromes over {0, 1}. We know from Theorem 3.3 that L
1ot regular, and now we can also use the pumping lemma to prove this. Suppose that I is
ular, and let n be the integer in the statement of the pumping lemma. We must choose x
¢ a palindrome of length at least n that will produce a contradiction; let us try x = 0*10".
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Then just as in the two previous examples, if Equations (5.1)—(5.4) are true, the string v is 3

substring of the form 0/ (with j > 0) from the first part of x. We can obtain a contradiction
using either m = 0 or m > 1. In the first case, uv”w = 0"/10", and in the second case, if
m = 2 for example, uv™w = 0"*/10". Neither of these is a palindrome, and it follows that I
cannot be regular.

 The phrase not prime means factorable into factors 2 or bigger. We could choose m = D,
_ which would give

p+mg=p+pqg=p{l+gq)
_ except that we are not certain that p > 2. Instead 1et m = p+2q + 2. Then

p+mg=p+(p+29+2)q
=(p+29)+ (p+29)q
=(p+29)(1+q)

It is often possible to get by with a weakened form of the pumping lemma. Here
are two versions that leave out many of the conclusions of Theorem 5.2a but are still“
strong enough to show that certain languages are not regular. nd this is clearly not prime.

_ This example has a different flavor from the preceding ones and seems to have more to
ormk of Pumplng Lem a - o with arithmetic, or number theory, than with languages. Yet it illustrates the fact, which
\ S will become even more obvious in the later parts of this book, that many statements about
omputation can be formulated as statements about languages. What we have found in this
xample is that a finite automaton is not a powerful endugh device (it does not have enough
memory) to solve the problem of determining, for an arbitrary integer, whether it is prime.
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Corollary 5.1, in the first part of this chapter, gives a condition involving a
anguage that is necessary and sufficient for the language to be regular. Theorem 5.2a
ives a necessary condition. One might hope that it is also sufficient. This result (the
onverse of Theorem 5.2a) would imply that for any nonregular language L, the
umping lemma could be used to prove L nonregular; constructing the proof would
ust be a matter of making the right choice for x. The next example shows that this
s not correct: Showing that the conclusions of Theorem 5.2a hold (i.e., showing that
here is no choice of x that produces a contradiction) is not enough to show that the
anguage is regular.

Theorem 5.3 would be sufficient for Example 5.7, as you are asked to show
Exercise 5.21, but it is not enough to take care of Examples 5.8 or 5.9.

L={dbc]i>1 i pick | i
Theorem 5.4 would not be enough to show that the language in Example 5.7 i is {a'b/c/Ji=1and j =0 U B/ " | j k >0}

not regular. The next example shows a language for which it might be used.

m An Application of Theorem 5.4

Let

et us show first that the conclusions of Theorem 5.2a hold. Take n to be 1, and suppose that
L and |x| > n. There are two cases to consider. If x = a’b/c/, where i > 0, then define

u=A v=a w=a"1p/¢/

1y string of the form uv™w is still of the form a' b/ ¢/ and is therefore an element of L (whether
1 not [ is 0). Ifx = bic/, then again let u = A and let v be the first symbol in x. It is still true
hat uv"w € L for every m > 0.

However, L is not regular, as you can show using Corollary 5.1. The details are almost
dentlcal to those in Example 5.7 and are left to Exercise 5.22.

= {0" | n is prime} = {0%,0°,0%,07, 04, ..}

According to Theorem 5.4, in order to show that L is not regular we just need to show that the
set of primes cannot contain an infinite arithmetic progression of the form {p +mgq | m = 0}
in other words, for any p > 0 and any ¢ > 0, there is an integer m so that p +mq is not prime

The Pumping Lemma Cannot Show a Language Is Regularm
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~ x, is x an element of L? An instance of this problem is a string x. We might step
" -up one level and formulate the membership problem for regular languages: Given

PART 2 Regular Languages and Finite Automata

5.4 | DECISION PROBLEMS .
Given two finite automata M and M,, are there any strings that are accepted by

A finite automaton is a rudimentary computer. It receives input, and in response to both?
that input produces the output “yes” or “no,” in the sense that it does or does not
end up in an accepting state. The computational problems that a finite automaton
can solve are therefore limited to decision problems: problems that can be answered
yes or no, like “Given a string x of a’s and b’s, does x contain an occurrence of the
substring baa?” or “Given a regular expression r and a string x, does x belong to the
language corresponding to #?” A decision problem of this type consists of a set of
specific instances, or specific cases in which we want the answer. An instance of the
first problem is a string x of a’s and b’s, and the set of possible instances is the entire
set {a, b}*. An instance of the second is a pair (r, x), where r is a regular expression
and x is a string. In general, if the problem takes the form “Given x, is it true that
..7”, then an instance is a particular value of x.
There are other possible formulations of a finite automaton, in which the machine
operates essentially the same way but can produce more general outputs, perhaps in
the form of strings over the input alphabet. What makes the finite automaton only a
primitive model of computation is not that it is limited to solving decision problems,
but that it can handle only simple decision problems. An FA cannot remember more
than a fixed amount of information, and it is incapable of solving a decision problem
if some instances of the problem would require the machine to remember more than
this amount.
The generic decision problem that can be solved by a particular finite automaton

is the membership problem for the corresponding regular language L: Given a string

CHAPTER 5 Regular and Nonregular Languages

Given two FAs M; and M, do they accept the same language? In other words,
is L(My) = L(M3)? '
Given two FAs My and M, is L(M;) a subset of L(M,)?

Given two regular expressions ry and r;, do they correspond to the same
language?
Given an FA M, is it a minimum-state FA accepting the language L(M)?

_ Problem 1 is a version of the membership problem for regular languages, eXcept
 that we start with a regular expression rather than a finite automaton. Because we
have an algorithm from Chapter 4 to take an arbitrary regular expression and produce
_an FA accepting the corresponding language, we can reduce problem 1 to the version
 of the membership problem previously mentioned.

Section 5.2 gives a decision algorithm for problem 8: Apply the minimization
|gorithm to M, and see if the number of states is reduced. Of the remaining problems,
ome are closely related to others. In fact, if we had an algorithm to solve problem
. we could construct algorithms to solve problems 4 through 7. For problem 4, we
_ could first use the algorithm presented in Section 3.5 to construct a finite automaton
M recognizing L(M;) N L(M2), and then apply to M the algorithm for problem
. Problem 6 could be solved the same way, with L(M;) N L(M,) replaced by
L(M;) — L(My), because L(M;) € L(M,) if and only if L(M;) — L(M,) = .
roblem 5 can be reduced to problem 6, since two sets are equal precisely when each
s a subset of the other. Finally, a solution to problem 6 would give us one to problem
7, because of our algorithm for finding a finite automaton corresponding to a given

egular expression.

Problems 2 and 3 remain, With regard to problem 2, one might ask how a finite
utomaton could fail to accept any strings. A trivial way is for it to have no accepting
tates. Even if M does have accepting states, however, it fails to accept anything
f none of its accepting states is reachable from the initial state. We can determine
whether this is true by calculating T, the set of states that can be reached from go by
sing strings of length k& or less, as follows:

- [ta) itk =0
“TIn_Uls@a)lgeTiandae D) ifk>0

:Tk contains, in addition to the elements of T;_1, the states that can be reached in one
tep from the elements of Tj_q.)

a finite automaton M and a string x, is x accepted by M? (Or, equivalently, given a
regular language specified by the finite automaton M, and a string x, is x an elemen
of the language?) Now an instance of the problem is a pair (M, x), where M is an FA
and x is a string. The problem has an easy solution—informally, it is simply to give
the string x to the FA M as input and see what happens! If M ends up in an accepting
state as a result of processing x, the answer is yes; otherwise the answer is no. The
reason this approach is acceptable as an algorithm is that M behaves deterministically
(that is, its specifications determine exactly what steps it will follow in processmg X
and is guaranteed to produce an answer after |x| steps.
In addition to the membership problem, we can formulate a number of othe
decision problems having to do with finite automata and regular languages, and som
of them we already have decision algorithms to answer. Hereis a list that is not by an
means exhaustive. (The first problem on the list is one of the two mentioned above.
~ Decision Algorithm for Problem 2 (Given an FA M, is L(M) = #?) Compute
he set T, for each & > 0, until either 7} contains an accepting state or until £ > 0
and 7y = T;_;. In the first case L(M) # @, and in the second case L(M) = (. B

1. Given a regular expression r and a string x, does x belong to the language
corresponding to r?

2. Given a finite automaton M, is there a string that it accepts? (Alternatlvely,
given an FA M, is L(M) = ()?

3. Given an FA M, is L(M) finite?

; If n is the number of states of M, then one of the two outcomes of the algorithm
must occur by the time 7, has been computed. This implies that the following
algorithm would also work.
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' then have to be a shorter string y € L close énough in length to x so that |y| > >n
Therefore, if L is infinite, there must be a string x € L withn < |x| < 2n. We have
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Aside from the question of finding efficient algorithms, however, there is another
reason for considering these decision problems, a reason that will assume greater
_ significance later in the book. Itis simply that not all decision problems can be solved.
An example of an easy-to-state problem that cannot be solved by any decision
_ algorithm was formulated in the 1930s by the mathematician Alan Turing. He de-
 qcribed a type of abstract machine, now called a Turing machine, more general than
4 finite automaton. These machines can recognize certain languages in the same way
_ that FAs can recognize regular languages, and Turing’s original unsolvable problem
is simply the membership problem for this more general class of languages: Givena
Turing machine M and a string x, does M accept x? (see Section 11.2). Turing ma-
chines are involved in this discussion in another way as well, because such a machine
.~ turns out to be a general model of computation. This is what allows us to formulate
the idea of an algorithm precisely and to say exactly what “unsolvable” means.
Showing the existence of unsolvable problems—particularly ones that arise nat-
urally and are easy to state—was a significant development in the theory of computa-
tion. The conclusion is that there are definite theoretical limits on what it is possible
to compute. These limits have nothing to do with how smart we are, or how good at
designing software; and they are not simply practical limits having to do with effi-
ciency and the amount of time available, or physical considerations like the number
of atoms available for constructing memory devices. Rather, they are fundamental
limits inherent in the rules of logic and the nature of computation. We will be in-
vestigating these matters later in the book; for the moment, it is reassuring to find
that many of the natural problems involving regular languages do have algorithmic
solutions.

Begin testing all input strings, in nondecreasing order of 1ength, for acceptance By M. H—' ﬁ
no strings of length n or less are accepted, then L(M) = .

Note however, that this approach is likely to be much less efficient. For example
if we test the string 0101100 and later the string 01011000, all but the last step of the
second test is duplicated effort.

The idea of testing individual strings in order to. dec1de whether an FA accepts ;
something is naturally tempting, but useless as an algorithm without some way to
stop if the individual tests continue to fail. Only the fact that we can stop after teSting .
strings of length n makes the approach feasible. Theorem 5.2, the original form of
the pumping lemma, is another way to see that this is possible. The pumping lemma
implies that if x is any string in L of length at least n, then there is a shorter string in
L (the one obtained by deleting the middle portion v). Therefore, it is impossible for
the shortest string in the language to have length n or greater.

Perhaps surprisingly, the pumping lemma allows us to use a similar approach
with problem 3. If the FA M has » states, and x is any strmg in L of length at leas
n, then there is a string y in L that is shorter than x but not too much shorter: There
exist u, v, and w with 0 < |v| < nsothatx = uvw € Land y = uw € L; so
that the difference in length between x and y is at most n. Now consider strings in
L whose length is at least n. If there are any at 4ll, then the pumping lemma implie
that L must be infinite (because there are infinitely many strings of the form i viw)
in particular, if there is a string x € L with n < |x| < 2n, then L is infinite. On th
other hand, if there are strings in L of length at least r, it is impossible for the shortes
such stririg x to have length 2n or greater—because as we have seen, there woulc

therefore established that the following algorithm is a solution for problem 3.

5.5 | REGULAR LANGUAGES
AND COMPUTERS

Now that we have introduced the first class of languages we will be studying, we can
ask what the relationship is between these simple languages and the familiar ones
people use in computer science, programming languages such as C, Java, and Pascal.
he answer is almost obvious: Programming languages are not regular. In the C
language, for example, the string main () {™}" is a valid program if and only if
= n, and this allows us to prove easily that the set of valid programs is not regular,
sing either Corollary 5.1 or the pumping lemma.

Although regular languages are not rich enough in structure to be programming
languages themselves, however, we have seen in Examples 3.5 and 3.6 some of
e ways they occur within programming languages. As a general rule, the fokens
f a programming language, which include identifiers, literals, operators, reserved
ords, and punctuation, can be described by a regular expression. The first phase in
ompilitig a program written in a high-level programming language is lexical anal-
is: identifying and classifying the tokens into which the individual characters are
rouped. There are programs called lexical-analyzer generators. The input provided

Decision Algorithm for Problem 3 (Given an FA M, is L(M) finite?) Test inpu
strings beginning with those of length n (where 7 is the number of states of M)
in nondecreasing order of length. If there is a string x with n < x| < 2n thati
accepted, then L(M) is infinite; otherwise, L (M) is finite. B

There are at least two reasons for discussing, and ti'ying to solve, decision prdb
lems like the ones in our list. One is the obvious fact that solutions may be useful
For a not entirely frivolous example, picture your hard-working instructor grading a
exam question that asks for an FA recognizing a specific language. He or she know
a solution, but one student’s paper shows a different FA. The instructor must then try
to determine whether the two are equivalent, and this means answering an instanc
of problem 5. If the answer to a speciﬁc instance of the problem is the primary con
cern, then whether there is an efficient, or feasible, solution is at least as important a
whether there is a solution in pr1nc1p1e The solution sketched above for problem 5
involves solving problem 2, and the second version of the decision algorithm give
for problem 2 would not help much in the case of machines with a hundred states
even if a computer program and a fast computer were available.
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" alarger value of n.) We can describe the complete state of the machine by specifying
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to such a program is a set of regular expressions specifying the structure of tokens
and the output produced by the program is a software version of an FA that can b
incorporated as a token-recognizing module in a compiler. One of the most widel
used of these is a program called 1ex, which is a tool provided in the Unix operatin
system. Although 1ex can be used in many situations that require the processing of -
structured input, it is used most often in conjunction with yacc, another Unix too],
The lexical analyzer produced by lex creates a string of tokens; and the parser pro
duced by yacc, on the basis of grammar rules provided as input, is able to determin
the syntactical structure of the token string. (yacc stands for yet another compile
compiler.) Regular expressions come up in Unix in other ways as well. The Unix
text editor allows the user to specify a regular expression and searches for pattern,
in the text that match it. Other commands such as grep (global regular expressio
print) and egrep (extended global regular expression print) cause a specified file ¢
be searched for lines containing strings that match a specified regular expression,
If regular languages cannot be programming languages, it would seem that finite XERCISES
automata are even less equipped to be computers. There are a number of obvious
differences, some more significant than others, having to do with memory, output ca 5.1. For which languages L C {0, 1}* is there only one equivalence class with
pabilities, programmability, and so on. We have seen several examples of languages, respect to the relation 7,7
such as {0"1" | n > 0}, that no FA can recognize but for which a recognition program Let x be an arbitrary string in {0, 1}*, and let L = {x}. How many
could be written by any programmer and run on just about any computer. ‘ equivalence classes are there for the relation 77 ? Describe them.

Well, yes and no; as obvious as this conclusion seems, it has to be .qualiﬁed at Find a language L C {0, 1}* for which every equivalence class of I, has
least a little. Any physical computer is a finite device; it has, for some integer n, n. exactly one element.

total bits of internal memory and disk space. (It:nay be cor}nected to alarger' network, Show that for any language L € X*, the set
_butin that case we may think of the “computer” as the entire network and simply use

The advantage of a theoretical approach to computation is that we do not need to
ot bogged down in issues like memory size. Obviously there are many languages,
cluding some regular ones, that no physical computer will ever be able to recognize;
owever, it still makes sense to distinguish between the logical problems that arise in
cognizing some of these and the problems that arise in recognizing others. Finite
utomata and computers are different in principle, and what we are studying is what
ach is capable of in principle, not what a specific computer can do in practice.
Most people would probably agree that in principle, a computer can recognize the
nguage {0"1" | n > 0}.) As we progress further in the book, we will introduce
bstract models that resemble a computer more closely. There will never be a perfect
hysical realization of any of them. Studying the conceptual model, however, is
i1l the best way to understand both the potential and the limitations of the physical
achines that approximate the model.

S = {x € &% | x is not a prefix of any element of L}
the status of each bit of memory, each pixel on the screen, and so forth. The number |
of states is huge but still finite, and in this sense our computer is in fact an FA, where
the inputs can be thought of as keystrokes, or perhaps bits in some external file b'eit'lg;
read. (In particular, the computer cannot actually recognize the language {0/1/},
because there is an integer j so large that if the computer has read exactly j 0’s,
will not be able to remember this.)

As a way of understanding a computer, however, this observation is not helpful;
there is hardly any practical difference between this finite number of possible states
and infinity. Finite automata are simple machines, but having to think about a com-
puter as an FA would complicate working with computers considerably. The situation
is similar with regard to languages. One might argue that programming languages
are effectively regular because the set of programs that one can physically write, or
enter as input to a computer, is finite. However, though finite languages are simpler
in some ways than infinite languages (in particular, they are always regular), restrict-
ing ourselves to finite languages would by no means simplify the discussion. Finite
languages can be called simple because there is no need to consider any underlying
structure—they are just sets of strings. However, with no underlying principle to
impose some logical organization (some complexity!), a large set becomes unwieldy
and complicated to deal with.

is one equivalence class of I;,, provided it is not empty.

Let L € £* be any language. Show that if [A] (the equivalence class of I},
containing A) is not {A}, then it is infinite.

Show that if . € ¥* is a language, x € X*, and [x] (the equivalence class of
Iy, containing x) is finite, then x is a prefix of an element of L.

For a certain language L < {a, b}*, I, has exactly four equivalence classes.
They are [A], [a], [ab], and []. It is also true that the three strings a, aa,
and abb are all equivalent, and that the two strings b and aba are equivalent.
Finally, ab € L, but A and a are not in L, and b is not even a prefix of any
element of L. Draw an FA accepting L.

Suppose there is a 3-state FA accepting L C {a, b}*. Suppose A ¢ L,b ¢ L,
and ba € L. Suppose also that al; b, Al bab, al;aaa, and bI; bb. Draw an
FA accepting L.

Suppose there is a 3-state FA accepting L C {a, b}*. Suppose A ¢ L, b € L,
ba ¢ L, and baba € L, and that Al a and al;bb. Draw an FA accepting L.
Find all possible languages L C {a, b}* for which I; has these three
equivalence classes: the set of all strings ending in b, the set of all strings
ending in ba, and the set of all strings ending in neither b nor ba.
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5.11.

5.12.

5.13.

5.14.

5.15.

5.16.

5.17.

5.18.

5.19.

Find all possible languages L < {a, b}* for which I}, has three equivalenc

classes, corresponding to the regular expressions ((a + b)a*b)*,

((a + b)a*b)*aa*, and ((a + b)a*b)*ba*, respectively.

In Example 5.2, if the language is changed to {0"1" | n > 0} (i.e., A is added

to the original language), are there any changes in the partition of {0, 1}*

corresponding to I;,? Explain.

Consider the language L = {x € {0, 1}* | no(x) = n;(x)} (where no(x) an

n1(x) are the number of 0’s and the number of 1’s, respectively, in x).

a. Show that if ng(x) — n1(x) = no(y) —n1(y), thenx I y.

b. Show that if ng(x) — n1(x) % no(y) — ni(y), then x and y are
distinguishable with respect to x.

c. Describe all the equivalence classes of I7..

Let M = (Q, =, go, A, 8) be an FA, and suppose that Q is a subset of O

such that 8(g, a) € Q1 forevery g € Q; and every a € X.

a. Show thatif Q; N A = @, then for any p and g in @1, p =q.

b. Show thatif Q; C A, thenforany pandgin 01, p =gq.

For a language L over X, and two strings x and y in X* that are

distinguishable with respect to L, let

dr .,y = min{|z| | z distinguishes x and y with respect to L}

a. For the language L = {x € {0, 1}* | x ends in 010}, find the maximum kﬁ
of the numbers dy, ,, over all possible pairs of distinguishable strings
and y.

b. If L is the language of balanced strings of parentheses, if [x| = m and -
|y| = n, find an upper bound involving m and n on the numbers dr, .

For each of the FAs pictured in Figure 5.6, use the minimization algorithm

described in Algorithm 5.1 and illustrated in Example 5.6 to find a

minimum-state FA recognizing the same language. (It’s possible that the

given FA may already be minimal.) ‘

Find a minimum-state FA recognizing the language corresponding to each o

these regular expressions.

a. (0*10 4 1*0)(01)*

b. (010)*1 4 (1*0)*

Suppose that in applying Algorithm 5.1, we establish some fixed order in

which to process the pairs, and we follow the same order on each pass.

a. What is the maximum number of passes that might be required? Describ
an FA, and an ordering of the pairs, that would require this number.

b. Is there always a fixed order (depending on M) that would guarantee no
pairs are marked after the second pass, so that the algorithm terminates
after three passes?

For each of the NFA-As pictured in Figure 5.7, find a minimum-state FA

accepting the same language. ; ure 5.6 |
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d. L=1{01/] jisamultiple of i}

L ={x €{0,1}* | no(x) < 2n1(x)}

f. L ={x €{0, 1}* | no prefix of x has more 1’s than 0’s}

Use Theorem 5.3 to show that {0"1" | n > 0} is not regular.

Use Corollary 5.1 to show that the language in Example 5. 11is net regular.

In each part of Exercise 5. 20 use the pumping lemma for regular languages
to show that the language is not regular.

Use the pumping lemma to show that each of these languages is not regular
a. L={ww]|we{0,1}*}
b. L={xy|x,ye{0,1}*andy is either x or x"}
¢. The language of algebraic expressions in Example 5.3.
' Suppose L is a language over {0, 1}, and there is a fixed integer k so that for

every x € ¥*, xz € L for some string z w1th Iz] < k. Does it follow that L is
regular? Why or why not?

For each statement below, decide whether it is true or false. If it is true,
prove it. If not, give a counterexample All parts refer to languages over the
alphabet {0, 1}.

If Ly € L) and L is not regular, then L, is not regular.

If L € L, and L, is not regular, then L; is not regular.

If Ly and L, are nonregulaf, then Ly U L, is nonregular,

If L; and L, are nonregular, then L; N Lyis nomegular.

IfLis nonregulér, then L’ is nonregular.

If L, is régular and L, is nonregular, then L U L, is nonregular,

If L, is regular, L, is nonregular, and L; N L, is regular, then Ly U L is
nonregular. :

(&

Figure 5.6 |
Continued

If L, is regular, L is nonregular, and L; N L, is nonregular, then
" L1.U L, is nonregular.

If Ly, Ly, L3, ....are all regular, then U2, 1Ln is regular,

If Ly, Ly, L3, ... are all nonregular and L; < L;,, for each i, then
- U, L, is nonregular. :

27, Anumber of languages over {0, 1} are glven in (a)~ (h). In each case, decide
whether the language is regular or not, and prove that your answer is correct.

The set of all strings x beginning with a nonnull string of the form ww.

The set of all strings x containing some nonnull substring of the form
ww.

The set of odd-length strings over {0, i} with middle symbol 0.

The set of even—length stnngs over {0, 1} with the two middle symbols
equal. ‘

The set of strings over {0, 1} of the form xyx for some x with |x| > 1,
The set of nonpalindromes.

Figure 5.7 |

5.20. In each of the following cases, prove that L is nonregular by showing that
any two elements of the infinite set {0” |n > 0} are distinguishable w1th

respectto L.

a. L=1{0"10"|n>0}

b. L={0U0"k>i+j}

c. L={01V|j=iorj=2i}
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5.28.

- 5.29,
5.30.

MORE CHALLENGING PROBLEMS

5.31.

5.32.

5.33.
5.34.

g. The set of strings beginning with a pallndrome of length at least 3
h. The set of strings in which the number of 0’s is a perfect square
Describe decision algorithms to answer each of these questions.
a. Given two FAs M, and My, are there any strings that are accepted by
neither? i ‘
b. Givena regular expression r and an FA M, are the corresponding
languages the same?
¢. GivenanFAM = (0, X, qo, A, 8) and astate g € Q, is there an x with
|| > 0 so that 8*(g, x) = q?
d. Given an NFA- A M and a string x, does M accept x?
Given two NFA-As, do they accept the same language?
£ Given an NFA-A M and a string x, is there more than one sequence of
transitions correspondmg to x that causes M to accept x?
g. Givenan FAM accepting a language L, and given two strings x and y,
are x and y distinguishable with respect to L?
h. Given an FA M accepting a language L, and a string x, is x a prefix of an
element of L? ‘
i. Given an FA M accepting a language L, and a string x, is x a suffix of an
element of L? « | '
j. Given an FA M accepting a language L, and a string x, is x a substring
of an element of L?
Find an example of a language L C {0, 1}* so that L* is not regular.
Find an example of a nonregular language L C {0, 1}* so that L* is regular.

Let L € ¥* be a language, and let L; be the set of prefixes of elements of L,
What is the relationship, if any, between the two partitions of *
corresponding to the equivalence relations Iz and I, respectively? Explain.
a. List all the subsets A of {0, 1}* having the property that for some
language L < {0, 1}* for which I;, has exactly two equivalence classes,
=[A]
b. For each set A that is one of your answers to (a), how many distinct
languages L are there so that I, has two equivalence classes and [A] is
A? : :
Let L = {ww | w € {0, 1}*}. Describe all the equivalence classes of I
Let L be the language of “balanced” strings of parentheses—that is, all
strings that are the strings of parentheses in legal algebralc expressions. For
example, A, (), and ((0())) are in L, (O and ())(() are not. Describe all
the equivalence classes of I1.

5.35.

5.36.

5.37.

CHAPTER 35 Regular and Nonregular Languages

a. Let L be the language of all fully parenthesized algebraic expressions
involving the operator + and the identifier ;. (L can be defined
recursively by saying i € L, (x + y) € L for every x and yin L, and
nothing else is in L.) Describe all the equivalence classes of I L.

b. Answer the same question for the language L in Example 5.3, defined by
sayinga € L,x +y € L for every x and y in L, and (x) € L for every
xeL.

For an arbitrary string x € {0, 1}*, denote by x™ the string obtained by

replacing all 0’s by 1’s and vice versa. For example, A~ = A and

(011)~ = 100.

a. Define

= {xx" | x € {0, 1}*}
Determine the equivalence classes of 1.
b. Define

= {xy | x € {0, 1}* and y is either x or x™}-
Determine the equivalence classes of I, .

Let L = {x € {0, 1}* | n1(x) is a multiple of ny(x)}. Deternnne the
equivalence classes of 1. !
Let L be a language over . We know that I; is a rlght invariant
equivalence relation (i.e., for any x and y in X* andany a € %, if x I ¥,
then xa I, ya). By the Myhill-Nerode theorem (Corollary 5.1), we know
that if the set of equivalence classes of I is finite, then L is regular, and in
this case L is the union of some (zero or more) of these finitely many
equivalence classes. Show that if R is any right invariant equivalence
relation such that the set of equivalence classes of R is finite and L is the
union of some of the equivalence classes of R, then L is regular.

If P is a partition of {0, 1}* (i.e., a collection of pairwise disjoint subsets
whose union is {0, 1}*), then there is an equivalence relation R on {0, 1}*
whose equivalence classes are precisely the subsets in P. Let us say that P
is right invariant if the resulting equivalence relation is.

a.  Show that for a subset S of {0, 1}*, S is one of the subsets of some right
invariant partition of {0, 1}* (not necessarily a finite partition) if and only
if the following condition is satisfied: for any x, y € S, and any
z € {0, 1}*, xz and yz are either both in S or both not in S.

b. To what simpler condition does this one reduce in the case where S is a
finite set?

. Show that if a finite set S satisfies this condition, then there is a finite
right invariant partition having S as one of its subsets.

d. For an arbitrary set § satisfying the condition in part (a), there may be no
finite right invariant partition having S as one of its subsets.
Characterize those sets S for which there is.
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5.40.

5.41.

5.42.

5.43.

5.44.

5.45.

5.46.

For two languages L and L, over X, we define the quotient of Ly and L, to
be the language \
Li/L,={x| forsomey € Ly, xy € Ly}
Show that if L is regular and L is any language, then L; /Ly is regular.
Suppose L is a language over X, and x1, X2, . .. , X, are strings that are
pairwise distinguishable with respect to L; that is, for any i # j, x; and x;
are distinguishable. How many distinct strings are necessary in order to
distinguish between the x; 's? Tn other words, what is the smallest number &
so that for some set {z1, 22, - . . » Zx}, any two distinct x;’s are distinguished,
relative to L, by some z;? Prove your answer. (Here is a way of thinking
about the question that may make it easier. Think of the x;’s as points on a
piece of paper, and think of the z;’s as cans of paint, each z; representing a
different primary color. Saying that z; distinguishes x; and x; means that one
of those two points is colored with that primary color and the other isn’t. We
allow a single point to have more than one primary color applied to it, and
we assume that two distinct combinations of primary colors produce
different resulting colors. Then the question is, how many different primary
colors are needed in order to color the points so that no two points end up the
same color?)
Suppose M = (Q, T, qo, A, 8) is an FA accepting L. We know (Lemma 5.2)
that if p, ¢ € Q and p # g, then there is a string z s0 that exactly one of the
two states 8*(p, z) and 8*(g, z) is in A. Find an integer n (depending only
on M) so that for any p and g with p # g, there is such a z with |z] < n.
Show that L is regular if and only if there is an integer n so that any two
strings distinguishable with respect to L can be distinguished by a string of
length < n. (Use the two previous exercises.)
Suppose that My = (Q1, X, q1, A1, 81) and M = (03, X, q2, Ay, 87) are
both FAs accepting the language L, and both have as few states as possible.
Show that M, and M, are isomorphic (see Exercise 3.55). Note that in both
cases, the sets L, forming the partition of >* are precisely the equivalence
classes of I;.. This tells you how to come up with a bijection from Q; to 03
What you must do next is to show that the other conditions of an
isomorphism are satisfied.
Use the preceding exercise to describe another decision algorithm to answer
the question “Given two FAs, do they accept the same language?”
Suppose L and L are both languages over X, and M is an FA with alphabet
3. Let us say that M accepts L relative to Ly if M accepts every string in
the set L. N L; and rejects every string in the set Ly — L. Note that this is no
in general the same as saying that M accepts the language L N Ly.

Now suppose L, Ly, ... are regular languages over X, L; C Ly for
eachi, and U, L; = X*. For each i, let n; be the minimum number of
states required to accept L relative to L;. If there is no FA accepting L
relative to L;, we say n; is 00.

47,
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a. Show that for each i, n; < n;,;.

Show that if the sequence »; is bounded (i.e., for some constant C
n; < C for every i), then L is regular. (It follows in particular that, if

there is some fixed FA that accepts L relative to L; for every i, then L is
regular.) ,

Prove ‘the following generalization of the pumping lemma, which can
sometimes make it unnecessary to break the proof into cases. If L is a regular
1an.g.uage, then there is an integer 7 so that for any x € L, and any way of
Wwriting x as x = xyxpx3 with |x;| = n, there are strings u, v, and w so that

X2 = uvw
|lv] >0

foranym > 0, xjuv"wx, € L

48. Can you find a language L < {0, 1}* so that in order to prove L nonregular,

the pumping lemma is not sufficient but the statement in the preceding
problem is?

49. Describe decision algorithms to answer each of these questions.

a. Given a regular expression r, is there a simpler regular expression (i.e.,

one involving fewer operations) that is equivalent to #?

b. Given two FAs M; and M,, is L(M;) a subset of L(M,)?
c. Given two FAs M; and My, is every element of L(M;) a prefix of an

element of L(M»)?

d. Giventwo FAs M| = (Q1, X, q1, A1, 81) and M,, and two states

p,q € Q1,1s there a string x € L(My) so that 87 (p, x) = ¢?

50. Below are a nlumber of languages over {0, 1}. In each case, decide whether
the language is regular or not, and prove that your answer is correct.

a. The set of all strings x having some nonnull substring of the form www.

(You may assume the following fact: There are arbitrarily long strings in
{0, 1}* that do not contain any nonnull substring of the form www. In

fact, such strings can be obtained using the construction in
Exercise 2.43.)

T}le set of strings having the property that in every prefix, the number of
0’s and the number of 1’s differ by no more than 2.

The' set of strings having the property that in some prefix, the number of
0’s is 3 more than the number of 1’s,

The set of strings in which the number of s and the numb ’

f 1
both divisible by 5. SO
The set of strings x for which there is an integer £ > 1 (possibly

depending on x) so that the number of 0’s in x and the number of 1°s in x
are both divisible by k.
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5.51. Aset S of nonnegative integers is an arithmetic progression if for some

5.52.

5.53.
5.54,

f. (Assuming L is a regular language), Max(L) = {x € L | thereis no
nonnull string y so that xy € L}.

g. (Assuming L is a regular language), Min(L) = {x € L | no prefix of x
other than x itself is in L}.

integers n and p,
={n+ip|i=0}

Let A be a subset of {0}*, andlet § = {|x| | x € A}

a. Show thatif S is an arithmetic progression, then A is regular.

b. Show that if A is regular, then S is the union of a finite number of
arithmetic progressions.

This exercise involves languages of the form

= {x € {a, b}" | na(x) = f(np(x))}

for some function f from the set of natural numbers to itself. Example 5.7
shows that if f is the function defined by f(n) = n, then L is nonregular. If
f is any constant function (e.g., f(r) = 4), L is regular. One might ask
whether L can still be regular when f is not restricted quite so severely.

a. Show that if L is regular, the function f must be bounded—that is, there
must be some integer B so that f(n) < B for every n. (Suggestion:
suppose not, and apply the pumping lemma to strings of the form
a f) b )

b. Show thatif f(n) = n mod 2, then L is regular.

¢. nmod 2 is an eventually periodic function; that is, there are integers ng
and p, with p > 0, so that for any n > no, f(n) = f (@ + p). Show that
if f is any eventually periodic function, L is regular.

d. Show that if L is regular, then f must be eventually periodic.
(Suggestion: as in part (a), find a class of strings to which you can apply
the pumping lemma.)

Find an example of a nonregular language L < {0, 1}* so that L? is regular,

Show that if L is any language over a one-symbol alphabet, then L* is

regular. \

Context-Free Languages and
Pushdown Automata

context-free grammar is a simple recursive method of specifying grammar rules
L by which strings in a language can be generated. All the regular languages can
be generated this way, and there are also simple examples of context-free grammars
generating nonregular languages. Grammar rules of this type permit syntax of more
variety and sophistication than is possible with regular languages. To a large extent,
they are capable of specifying the syntax of high-level programming languages and
other formal languages.
A model of computation that corresponds to context-free languages, in the same
way that finite automata correspond to regular languages, can be obtained by starting
with the finite-state model and adding an auxiliary memory. Although the memory
_ will be potentially infinite, it is sufficient to impose upon it a very simple organization,
that of a stack. It is necessary, however, to retain the element of nondeterminism in
these pushdown automata; otherwise, not every context-free language can be accepted
this way. For any context-free grammar, there is a simple way to get a nondeterministic
pushdown automaton accepting the language so that a sequence of moves by which
a string is accepted simulates a derivation of the string in the grammar. For certain
classes of grammars, this feature can be retained even when the nondeterminism is
removed, so that the resultis a parser for the grammar; we study this problem briefly,
The class of context-free languages is still not general enough to include all
interesting or useful formal languages. Techniques similar to those in Chapter 5 can
be used to exhibit simple non-context-free languages, and these techniques can also
be used to find algorithms for certain decision problems associated with context-free
languages. @
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