CHAPTEHR

1 EXAMPLES AND DEFINITIONS

any of the languages we have considered, both regular and nonregular, can be
scribed by recursive definitions. In our first example, involving a very simple
egular language, a slight reformulation of the recursive definition leads us to the idea
a context-free grammar. These and other more general grammars that we will later
1dy turn out to be powerful tools for describing and analyzing languages.

Using Grammar Rules to Describe a Language

Context-Free Grammars

EXAMPLEG.1

tus consider the language L = {a, b}* of all strings over the alphabet {q, #}. In Example 2.15
considered a recursive definition of L equivalent to the following:

AelL.
Forany Se L, Sa ¢ L.
Forany Se L, Sbhe L.
No other strings are in L.

think of § here as a variable, representing an arbitrary element of L whose value is to be
ained by some combination of rules 1 to 3. Rule 1, which we write S —> A, indicates that
 way of giving'S a value is to replace it by A. Rules 2 and 3 can be written S — Sa and
= Sb. This means that S can also be replaced by Sa or Sb; in either case we must then
ain the final value by continuing to use the rules to give a value to the new S.

The symbol — is used for each of the rules by which a variable is replaced by a string.
two strings o and 8, we will use the notation o = B to mean that 8 can be obtained
applying one of these rules to a single variable in the string «. Using this notation in our
mple, we can write

§ = Sa = Sha = Sbba = Abba = bba

describe the sequence of steps (the application of rules 2, 3, 3, and 1) used to obtain, or
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derive, the string bba. The derivation comes to an end at the point where we replace § by
actual string of alphabet symbols (in this case A); each step before that is roughly analogg
to a recursive call, since we are replacing § by a string that still contains a variable.

We can simplify the notation even further by introducing the symbol | to mean “or”
writing the first three rules as '

A€l
Foreveryx € L,axb € L.
Nothing else is in L.

¢ language L is easily seen to be the r;onregular language {a"b" | n > 0}. The grammar

les in the first part of Example 6.1, for the language {a, b}*, allow a’s and b’s to be added

dependently of each other. Here, on the other hand, each time one symbol is added to one

d of the string by an application of the. grammar rule S — aSb, the opposite symbol is

ded simultaneously to the other end. As we have seen, this constraint is not one that can be
ptured by any regular expression.

S— A|Sal|Sb

(In our new notation, we dispense with writing rule 4, even though it is implicitly still in effec
We note for future reference that in an expression such as Sa | Sb, the two alternatives are
and Sb, not @ and S—in other words, the concatenation operation takes precedence over th
operation.

In Example 2.15 we also considered this alternative definition of L: P almdromes

t us consider both the language pal of palindromes over the alphabet {a, b} and its comple-

. AelL. ment N, the set of all nonpalindromes over {a, b}, From Example 2.16, we have the following
. Z € E cursive definition of pal:
e€L.

A,a,b epal
Forany S € pal, aSa and bSb are in pal.
No other strings are in pal.

Foreveryxandyin L, xy € L.

I NERISE

. No other strings are in L.

Using our new notation, we would summarize the “grammar rules” by writing

We can therefore describe pal by the context-free grammar with the grammar rules
S—Alalb]|S§

’ o ’ S— Alalb|aSa|bSh
With this approach there is more than one way to obtain the string bba. Two derivations are

shown below: The language N also obeys rule 2: For any nonpalindrome x, both axa and bxb are nonpalin-

dromes. However, a recursive definition of N cannot be as simple as this definition of pal,
because there is no finite set of strings that can serve as basis elements in the definition. There
S no finite set Ny so that every nonpalindrome can be obtained from an clement of Ny by
ipplications of rule 2 (Exercise 6.42). Consider a specific nonpalindrome, say

S= SS = bS = bSS = bbS = bba
S = 88 = Sa = SSa = bSa = bba

The five steps in the first line correspond to rules 4, 3, 4, 3, and 2, and those in the second line

torules 4, 2, 4, 3, and 3. abbaaba

m The Language {&"b" | n > 0}

{ we start at the ends and work our way in, trying to match the symbols at the beginning
with those at the end, the string looks like a palindrome for the first two steps. What makes
t d nonpalindrome is the central portion baa, which starts with one symbol and ends with the
pposite symbol; the string between those two can be anything. A string is a nonpalindrome if
ind only if it has a central portion of this type. These are the “basic” nonpalindromes, and we
an therefore write the following definition of N:

In both cases in Example 6.1, the formulas obtained from the recursive definition
can be interpreted as the grammar rules in a context-free grammar., Before we give the
official definition of such a grammar, we consider two more examples. In Examp
6.2, although the grammar is perhaps even simpler than.that in Example 6.1, thé
corresponding language is one we know to be nonregular. Example 6.3 is pethaps . Forany A € {a, b)*, aAb and bAa are in N.

more typical in that it includes a grammar containing more than one variable. Forany § € N, aSa and bSh are in N.

No other strings are in N,

Lorder to obtain a context-free grammar describing N, we can now simply introduce a second

ariable A, representing an arbitrary element of {a, b}*, and incorporate the grammar rules for
his language from Example 6.1;

The grammar rules

S—aSh| A
S— aAb|bAa|aSa|bSh

are another way of describing the language L defined as follows: A= A|Aa|Ab
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A derivation of the nonpalindrome abbaaba, for example, would look like and shorten it to o .:>* B if it is clear what grammar is involved) if & derives 8in
eto or more steps; in other words, either @ = 8, or there exist an integer k > 1 and

trings Ol;)c, Olli e O, withoy = o and o = B,sothate; =4 Q41 for ever;i with
<i<k—1L

S = aSa = abSba = abbAaba = abbAaaba = abbAaaba = abbaabqg

1t is common, and often necessary, to include several variables in a context-free gramm
describing a language L. There will still be one special variable that represents an arbiry;
string in L, and itis customary to denote this one by S (the start variable). The other variab]
can then be thought of as representing typical strings in certain auxiliary languages involve Definition 6.2 The Language Generated by a CFG
in the definition of L. (We can still interpret the grammar as a recursive definition of L, if w,
extend our notion of recursion slightly to include the idea of mutual recursion: rather than o

object defined in terms of itself, several objects defined in terms of each other.)

Let us now give the general definition illustrated by these examples.

Definl ion 6.1 Definition of a Context-Free Grammar

ontext-free grammar (CEG) is a 4-tuple G = (V, 3, S, P), wh
and X are disjoint finite sets, S is an element of V, and P is a finite ¢
( the form A —» «, where A € V. ando € (VU D)

nimportant language in computer science is the language of legal algebraic expressions. For
mplicity we restrict ourselves here to the simple expressions that can be formed from the
‘ form A | ‘ ; ; e ur binary operators +, —, *, and /, left and right parentheses, and the single identifier a
Th o ntspf Vo caﬂe d_varia‘ ﬂblesﬁ ot nonterminal symbols me of the features omitted, therefore, are unary operators, any binary operators other than'
thQSe of k the alphab ot 3 are called*tem?iﬂalk; symb:OlS; or terminals. ese four, numerical literals such as 3.0 or /2, expressions involving functional notation, and
g sym b Jan d‘the, elemeﬁts of P are called grammar rules ore general identifiers. Many of these features could be handled simply enough; for exan’1ple
C . : - ‘ ¢ language of arbitrary identifiers can be “embedded” within this one by using a variable f{
stead of the terminal symbol g and introducing productions that allow any identifier to be
rived from A. (See Examples 3.5 and 3.6.)
Arecursive definition of our language is based on the observation that legal expressions can
formed by joining two legal expressions using one of the four operators or by enclosing a legal
pression within parentheses, and that these two operations account for all legal expressions

cept the .single identifier a. The most straightforward way of getting a context-free grammar,
etefore, is probably to use the productions ,

Suppose G = (V, X, S, P) is a CFG. As in the first three examples, we w
reserve the symbol — for individual productions in P. We use the symbol =
steps in a derivation such as those in Examples 6.1 and 6.3. Sometimes it i useful
indicate explicitly that the derivation is with respect to the CFG G, and in this ¢
we write =g.

o = p S §+S|S=8|8S«S|8/51(5)]|a

means that the string 8 can be obtained from the string o by replacing some vatiable e string a + (a * a)/a — a can be obtained from the derivation

that appears on the left side of a production in G by the corresponding right side,

o pp p y P grg §=85-5 = S§+5-S=a+5—-8 = a+5§/5—5
=a+(S)/S—85S = a+(§%x8)/S—S = a+@x*8)/S—§

= w1 Aay
=a+(@*xa)/S—S = a+(a*xa)/a—S = a+(axa)/a—a

B=aryas

and one of the productions in G is A — y. (We can now understand better the ter
context-free. If at some point in a derivation we have obtained a string o containin
the variable A, then we may continue by substituting y for A, no matter what
strings o and oy are—that is, independent of the context.) ,

In this case, we will say that o derives 8, or f is derived from ¢, in one Ste
More generally, we write 4

L5 easy to see that there are many other derivations as well. For example,

§= 8/ = S+5/8 =a+S5/S = a+(8)/S
=a+(S%8)/S = a+@*x9)/S = a+(@x*a)/s
=a+@*a)/S—8§ = a+(a*xa)/a-5 = a+(axa)/a—a

We would probably say that the first of these is more natural than the second. The first starts
h the production

*
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C<— ( statement )<—> 3 }

and therefore indicates that we are interpreting the original expression as the difference of twg
other expressions. This seems correct because the expression would normally be evaluated a5
follows:

1. Evaluate a % a, and call its value A.
2. Evaluate A/a, and call its value B.
3. FEvaluate a + B, and call its value C.
4, Evaluate C —a.

The expression “is” the difference of the subexpression with value C and the subexpression g, Grammar RUIeS for Eng”Sh
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The second derivation, by contrast, interprets the expression as a quotient. Although there is
nothing in the grammar to rule out this derivation, it does not reflect our view of the corree
structure of the expression.

One possible conclusion s that the context-free grammar we have given for the language
may not be the most appropriate. It does not incorporate in any way the standard conventions
having to do with the precedence of operators and the left-to-right order-of evaluation; tha
we use in evaluating the expression. (Precedence of operators dictates that in the expression
a + b % c, the multiplication is performed before the addition; and the expression @ — b +
means (@ — b) + ¢, not a — (b + ¢).) Moreover, rather than having to choose between tw
derivations of a string, it is often desirable to select, if possible, a CFG in which a string can hay
only one derivation (except for trivial differences between the order in which two variable;
in some intermediate string are chosen for replacement). We will return to this question i
Section 6.4, when we discuss ambiguity in a CFG.

The advantage of using hlgh -level programming languages like C and Pascal is that they allow
s to write statements that look more like English. If we can use context-free grammars to
apture many of the rules of programming languages, what about Enghsh itself, which has its
own “grammar rules”? ‘

English sentences that are sufficiently simple can be described by CFGs. A great many
entences could be taken care of by the productlons

(declarative sentence) —» (subject phrase) (verb phrase) (object) |

(subject phrase) (verb phrase)
{ we provided reasonable productions for each of the three variables on the right. Producing
a wide variety of reasonable, idiomatic English sentences with context-free grammars, even
ontext-free grammars of manageable size, is not hard; what is hard is doing this and at the
ame time dlsallowmg gibberish. Even harder is dlsallowmg sentences that seem to obey

: nghsh syntax but that a native Enghsh speaker' would probably never say, because they don’t
ound right.

K3

Here is a simple example that nﬁght illustrate the point. Consider the productions

The language in the previous example and languages like those in Examples 3.5 and 3.6 are
relatively simple ingredients of programming languages such as C and Pascal. To alarg
extent, context-free grammars can be used to describe the overall syntax of such languages.

InC, one might try to formulate grammarrules to specify what constitutes alegal statemen
(As you might expect, a complete specification is very involved.) Two types of statements i
C are if statements and for statements; if we represent an arbitrary statement by the variable ﬁ
{statement), the productions involving (statement) might look like

(declarative sentence) — (subj'ect) {(verb) (object }

(subject) — (proper noun)

) —>

{proper noun) — John | Jane

(verb) — reminded
) —

(object (proper noun) | {reflexive pronoun)

(reflexive pronoun) — himself | herself

statement) — - | (if-statement or-statement) | - - ' i i Y
({ ) | {if- ) | {fe ) ore than one sentence derivable from this grammar does not quite work: “John reminded her-

¢lf” and “Jane reminded himself,” for example. These could be eliminated in a straightforward
ay (at the cost of complicating the grammar) by introducing productions like

The syntax of these two types of statements can be described by the rules

(if-statement) — if ( (expression) ) (statement)

. . . ) _ {declarative sentence i ; ;
(for-statement) — for ( (expression); (expression); (expression) ) (statement) ) — (masculine noun){verb) (masculine reflexive pronoun)

\ slightly more subtle problem is “Jane reminded Jane.” Normally we do not say this, unless
e have in mind two different people named Jane, but there is no obvious way to prohibit it
:1thout also proh1b1t1ng “Jane reminded T ohn”’ (At least, there is no obvious way without
sentially using a different production for every sentence we want to end up with. This trivial
pt n is available here, since the language is finite.) To d1st1ngu1sh “Jane reminded John,”

hich is a pgrfectly good English sentence, from “Jane reminded Jane” requires using context,
?d this is exactly what a context-free grammar does not allow. ’

where (expression) is another variable, whose productions would also be difficult to describe
completely.

Although in both cases the last term on the right side specifies a single statement, the logic
of a program often requires more than one. It is therefore necessary to have our definition of
(statement) allow a compound statement, which is simply a sequence of zero or more statements
enclosed within {}. We could easily write a definition for (compound-statement) that would
say this. A syntax diagram such as the one shown accomplishes the same thing.

EXAMPLEG.6
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ould like to show that x has a derivation in G. Such a derivation would have to start with the
roduction S — S5 in order to show that there is such a derivation, we would like to show
at x = wz, where w and z are shorter strings that can both be derived fro’Iﬁ S. (It will then
wilow that we can start the derivation with § — S, then continue by deriving w from the first
and z from the second.) Another Way to express this condition is to say that x has a prefix w
o that 0 < |w| < |x| and d(w) =

Let us consider d(w) for preﬁxes w of x. The shortest nonnull prefix is 0, and 4(0) = 1;
¢ longest prefix shorter than x is Oy, and d(0y) = —1 (because the last symbol of x is O:

6.2 MORE EXAMPLES

In general, to show that a CFG generates a language, we must show two things: ﬁrst
that every string in the language can be derived from the grammar, and second, that
no other string can. In some of the examples in this section, at least one of these two
statements is less obvious.

is the concatenation of 001011 and 1100). This observation suggests the production § — SS

nd d(x) = 0). Furthermore, the d-value of a prefix changes by 1 each time an extra symbol
added. It follows that there must be a prefix w, longer than 0 and shorter than Oy, with
() = 0. This is what we wanted to prove. The case when x = 1y1 is almost the same, and
o the proof is concluded.

Consider the language
= {x € {0, 1}* | no(x) = ni(x)}
where n; (x) is the number of i’s m the string x. '

As in Examples 6.1-6.3, we can begin by thinking about a recursive deﬁmtlon of L, and
once we find one we can easily turn it into a context-free grammiar. :

Another CFG for {x | no(x) = n1(x)}
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Clearly, A € L. Given a string x in L, we get a longer stting in L by addmg one 0 and
one 1. (Conversely, any nonnull string in L can be- obtained this way.) One way to add the
symbols is to add one at each end, producing either Ox1 or 1x0. This suggests the productions

S— A[0S1]1S0

et us continue with the language L' = {x € {0, 1}* | no(x) = n1(x)} of the last example;
is time we construct a CFG with three variables, based on a different approach to a recursive

One way to obtain an element of L is to add both symbols to a string a]ready in L. Another
ay, however, is to add a single symbol to a strmg that has one extra occurrence of the opposlte
ymbol. Moreover, every élement of L can be obtained this way and in fact can be obtained by
dding this extra symbol at the beginning. Let us introduce the variables A and B, to represent
kringsi with an extra 0 and an extra 1, respectively, and let us denote these two languages by
pand Ly:

Notevery string in L can be obtained from these productions, because some elements of L begin
and end with the same symbol; the strings 0110, 10001101, and 0010111100 are examples
If we look for ways of expressing each of these in terms of simpler elements of L, we migh
notice that each is the concatenation of two nonnull elements of L (for example, the third string

Lo={x € {0, 1}* | no(x) = n1(x) + 1} = {x € {0, 1}* | d(x) = 1}
= e {0 )" [m@) =no) +1} = {x €{0, 1} | d(x) = -1}

It is reasonably clear that if G is the CFG containing the productions we have so far,
S — A|0S1|1S0]SS

here d is the function in Example 6.7 defined by d(x) = noy(x) — n1(x). Then it is easy to

then derivations in G produce only strings in L. We will prove the converse, that L g L(G)
’ rmulate the productions we need starting with S:

It will be helpful to introduce the notation

d(x) = no(x) — n1 (%) S—>0B|1A|A

What we must show, therefore, is that for any string x with d(x) = 0, x € L(G). The proof i
by mathematical induction on |x|. : .

In the basis step of the proof, we must show that if |x| = Oandd(x) =0 (6f course, th
second hypothesis is redundant), then x € L(G). This is true because one of the production
inGis S - A,

Our induction hypothesis will be that & > 0 and that for any y with |y| <k and d(y) =
y € L(G) We must show that if |x| = k + 1 and d(x) =0, then x e L(G).

If x begins with 0 and ends with 1, then x = 0yl for some string y satlsfymg d@y) =
By the induction hypothesis, y € L(G). Therefore, since § =% y, we can dérive x from S
by starting the derivation with the production § — 051 and continuing to detive y from the
second S. The case when x begins with 1 and ends with 0 is handled the same way, except that ‘
the production § — 150 is used to begin the derivation. : ‘

The remaining case is the one in which x begins and ends with the same symbol Smce
d(x) = 0, x has length at least 2; suppose for example that x = 0y0 for some string y. We

I ‘is also easy to find one production for each of the variables A and B. If a string in L begins
ith 0, or if a string in L; begins with 1, then the remainder is an element of L. Thus, it is
appropriate to add the productions ’

A - 0S8 B — 18

What remains are the strings in Ly that start with 1 and the strings in L, that start with 0. In the
firstcase, if x = 1y and x € Lg, then ¥ has two more 0’s than 1’s. If it were true that y could
be written as the concatenation of two strings, each with one extra 0, then we could complete
e A-productions by adding A — 144, and we could handle B snmlarly '

In fact, the same techmque we used in Example 6.7 will work here. If d(x) = 1 and
= 1y, then A is a prefix ofy with d(A) = 0, and y itself is a preﬁx of y with d(y) = 2.

herefore, there is some intermediate prefix w of y with d (w) = 1, and y = wz where
W,z €Ly V
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This discussion should make it at least plausible that the context-free grammar.: with
productions
§—>0B|1AlA
A—0S|1AA
B— 15 |0BB
generates the language L. By taking the start variable to be A or B, we could just as easily

think of it as a CFG generating Lo or L1. 1t is possible without much difficulty to give a\'
induction proof; see Exercise 6.50.

The following theorem provides three simple ways of obtaining new CFLs from
languages that are known to be context-free.

_ Note that it really is necessary in the first two parts of the proof to make sure that
0 V5 = . Consider CFGs having productions

S — XA X —c A—a

S, - XB X —>d B—>b
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respectively. If we applied the construction in the first part (?f the proof with
relabeling variables, the resulting grammar would allow the derivation

§= 5= XA=dA=da

Starting with any regular expression, we can obtain an equivalent CFG using the
techniques illustrated in this example. In the next section we will see that any regular
language L can also be described by a CFG whose productions all have a very simple
form, and that such a CFG can be obtained easily from an FA accepting L.

even though da is not derivable from either of the two original grammars,

Corollary 6.1 Every regular language is a CFL. A CFG for {x | nO( X) £ Mm(x)}
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Proof ' consider the language
According to Definition 3.1, regular languages over Y. are Fhe languages (?btain

from @, {A}, and {a} (@ € X) by using the operations of union, concatenation, aj
Kleene *. Each of the primitive languages @, {A}, and {a}isa conte)ft—free langy )
(In the first case we can use the trivial grammar with no productions, and in ¢
other two cases one production is sufficient.) The corollary therefore follows f

Theorem 6.1, using the principle of structural induction. ®

L={x €{0,1}" [ no(x) # n1(x)}

Neither of the CFGs we found in Examples 6.7 and 6.8 for the complement of L is especially
helpful here. As we will see in Chapter 8, there is no general technique for finding a grammar
génerating the complement of a given CFL—which may in some cases not be a context-free
nguage at all. However, we can express L as the union of the languages Lg and L}, where
Lo ={x € {0, 1} | no(x) > n(x)}

i Ly = {x € {0, 1} | ny(x) > no(x)}
A CFG Equivalent to a Regular Expression

* . generate the language {011, 1}. Following the third part of the theorem, we can use

and thus we concentrate on finding a CFG G, generating the language L. Clearly 0 € Ly,
d for any x € Lo, both x0 and Ox are in L. This suggests the productions

Let L be the language corresponding to the regular expression

(011 + D*(01)* S—0|S0]08

‘We can take a few obvious shortcuts in the algorithm provided by the proof of Theorem e also need to be able to add 1’s to our strings. We cannot expect that adding a 1 to an
ment of Lo will always produce an element of Lg; however, if we have two strings in Ly,
ncatenating them produces a string with at least two more 0’s than 1°s, and then adding a
gle 1 will still yield an element of Ly. We could add it at the left, at the right, or between

e two.. The corresponding productions are

The productions

A — 011]1

productions §—155]851| 818

B> AB|A
A— 0111

is not hard to see that any string derived by using the productions

§—0{S0]05|155|S851|S81S

with B as the start symbol to generate the language {011, 1}". Similarly, we can use an element of L (see Exercise 6.43). In the converse direction we can do even a little better:

C— DC|A Gy is the grammar with productions

D — 01 S—0]0S|18S|8S1]S1S

ety string in Ly can be derived in Gy.

The proof is by induction on the length of the string. We consider the case that is probably
rdest and leave the others to the exercises. As in previous examples, letd (x) = ng(x)—n; (x).
e basis step, for a string in Ly of length 1, is straightforward. Suppose that k > 1 and that

to derive {01}* from the start symbol C. Finally, we generate the concatenation of th?
languages by adding the production § — BC. The final grammar has start symbol S, auxili
variables A, B, C, and D, and productions :

S — BC y x for which |x| < k and d(x) > 0 can be derived in Gp; and consider a string x for which

B—> AB| A l=k+1landd(x) > 0.

A 0111 We consider the case in which x = 0y0 for some string y. If x contains only 0’s, it can
derived from S using the productions § — 0 | 0S; we assume, therefore, that x contains at

C—> DCI|A st one 1. Our goal is to show that x has the form

D= 01

x = wlz for some w and z with d(w) > 0and d(z) > 0
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¢ second part of Theorem 6.1, applied twice, reduces the problem to finding CFGs for these
ce languages.

L is essentially the language in Example 6.2, Ls is the same with the symbols 0 and 1
ersed, and Ly can be generated by the productions

Once we have done this, the induction hypothesis will tell us that both w and z can be deriy,
from S, so that we will be able to derive x by starting with the production

S — S1S

To show that x has this form, suppose x contains n 1’s, wheren > 1. Foreachi with1 <7 <
let w; be the prefix of x up to but not including the ith 1, and z; the suffix of x that follows ¢
1. In other words, for each i,

B — 1B|1

. e second production is B — 1, not B — A, since we want only nonnull strings.)
x = w; 1z; The final CFG G = (V, Z, §, P) incorporating these pieces is shown below.
where the 1 is the ith 1 in x. If d(w,) > 0, then we may let w = w, and z = z,. The stri

2 is 07 for some j > O because x ends with 0, and we have the result we want. Otherwi V={S,A,B,C} Z={0,1}

d(w,) < 0. In this case we select the first i with d(w;) < 0, say i = m. Now sinc P={8—> ABC
begins with 0, d(w;) must be > 0, which implies that m > 2. At this point, we can say ¢ A > 0A1| A
d(Wy—1) > 0and d(w,,) < 0. Because w,, has only one more 1 than w1, d(W_1) canben B 1|1
more than 1. Therefore, d(wy—1) = 1. Since X = Wy,—1124—1, and d(x) > 0, it follows ¢

d(Zm-1) > 0. This means that we get the result we want by letting w = w,,—; and 7 = g, C— 1C0| A}

The proof in this case is complete.

For the other two cases, the one in which x starts with 1 and the one in which x ends w
1, see Exercise 6.44.

Now it is easy enough to obtain a context-free grammar G generating L. We use S as
start symbol, A as the start symbol of the grammar we have just derived generating Lg, and
as the start symbol for the corresponding grammar generating L1. The grammar G then
the productions

erivation of 01407 = (01)(1)(120%), for example, is

S = ABC = 0A1BC = 0A1BC = 01iC
= 0111C0 = 01111C00 = 01111A00 = 0111100

3| REGULAR GRAMMARS

e proof of Theorem 6.1 provides an algorithm for constructing a CFG corresponding
a given regular expression. In this section, we consider another way of obtaining a
G for aregular language L, this time starting with an FA accepting L. The resulting
mmar is distinctive in two ways. First, the productions all have a very simple form,

S—>A|B
A—> 0|0A|1AA | AA1| AlA
B— 1|1B|0BB|BB0|BOB

Another Application of Theorem 6.1

sely related to the moves of the FA; second, the construction is reversible, so that
FG of this simple type can be used to generate a corresponding FA.

We can see how to proceed by looking at an example, the FA in Figure 6.1. Tt
ccepts the language L = {0, 1}*{10}, the set of all strings over {0, 1} that end in 10;
ne element of L is x = 110001010. We trace its processing by the FA, as follows.

Let L = {0/170% | j > i + k). We try expressing L as the concatenation of CFLs, althoug
what may seem at first like the obvious approach—writing L as a concatenation L1 L; L3, whei
these three languages contain strings of 0’s, strings of 1s, and strings of 0’s, respectively:
doomed to failure. L contains both 01130! and 0'140%, but if we allowed L; to contain 0', L
to contain 1%, and L to contain 02, then L; L, L3 would also contain 0' 130, and this string
not an element of L.
Observe that

0’10k = 0’17 1%0° A

The only difference between this and a string x in L is that x has at least one extra 1 in 11 g
middle: N 110 C
x = 01 1 1%0* (for some m > 0) 1100 LA

A correct formula for L is therefore L = L;L;Ls, where 11000 A
R 110001 B

Ly={01]i =0} 1100010 c

L, ={1"{m > 0} 11000101 B




218

' These include évery production of the form

PART 3 Context-Free Languages and Pushdown Automata
CHAPTER 6 Context-Free Grammars

roductions do not allow A-productions; however, it will still be true that the nonnull
trings accepted by the FA are precisely those generated by the resulting grammar.

Assignificant feature of any derivation in such a grammar is that until the last step
ere is exactly one variable in the current string; we can think of it as the “state of
e dern:ﬂon " and in this sense the derivation simulates the processing of the string
y the FA.

Figure 6.1

If we list the lines of this table consecutively, separated by =, we obtain

A= 1B = 11B = 110C = 1100A = 110004 = 1100018
= 1100010C = 110001018 = 110001010C
This looks like a derivation in a grammar. The grammar can be obtained b
specifying the variables to be the states of the FA and starting with the productio
A— 1B
B— 1B
B — 0C
C - 0A
A — QA
C— 1B

P —aQ

where
P50
is a transition in the FA. The start symbol is A, the initial state of the FA. To complel

the derivation, we must remove the C from the last string. We do this by adding
production B — 0, so that the last step in the derivation is actually

11000101 B = 110001010

Note that the production we have added is of the form

P —a

where
PLF
is a transition from P to an accepting state F,
Any FA leads to a grammar in exactly this way. In our example it is easy to st

that the language generated is exactly the one recognized by the FA. In general, W

must qualify the statement slightly because the rules we have described for obtainin
~ oducuon B —a correspond to a transmon B —“> f
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a string o for which the production A — « is used in the derivation. (In the case of
aproduction A — A, the node labeled A has the single child A.)

In the simplest case, when the tree is the derivation tree for a string x € L(G)
and there are no “A-productions” (of the form A — A), the leaf nodes of the tree
correspond precisely to the symbols of x. If there are A-productions, they show up
in the tree, so that some of the leaf nodes correspond to A; of course, those nodes can
be ignored as one scans the leaf nodes to see the string being derived, because A’s
can be interspersed arbitrarily among the terminals without changing the string. In
the most general case, we will also allow “derivations” that begin with some variable
other than the start symbol of the grammar, and the string being derived may still
contain some variables as well as terminal symbols.

In Example 6.4 we considered the CFG with productions

S > S+S|S—SIS*xS|S85/S1(S)|a

The derivation

S=>85-8§=5«8§—S=>axS—85 =>a*xa—§ = axa—a
has the derivation tree show in Figure 6.2a. The derivation
S=>85-8§=>8S-8§/S= -+ =>a—afa

‘has the derivation tree shown in Figure 6.2b. In general, any derivation of a string in
a CFL has a corresponding derivation tree (exactly one).

(There is a technical point here that is worth mentioning. With the two produc-
tions S — SS | a, the sequence of steps S = S = SIS =* aaa can be interpreted
two ways, because in the second step it could be either the first S or the second that
is replaced by SS. The two interpretations correspond to two different derivation
trees. For this reason, we say that specifying a derivation means giving not only the
sequence of strings but also the position in each string at which the next substitution
oceurs. The steps S = SS§ = S5 already represent two different derivations.)

~ Sometimes the term regular is applied to grammars that do not restrict the form
of the reductions so severely. It can be shown (Exercise 6.12) that a language i
regular if and only if it can be generated, except possibly for the null strmg, by
grammar in which all productions look like this:

B — xC
B — x

where B and C are variables and x is a nonnull string of terminals. Grammars of thi
type are also called linear. The exercises discuss a few other variations as well,

6.4 DERIVATION TREES AND AMBIGUITY

In a natural language such as English, understanding a sentence begins with unde
standing its grammatical structure, which means knowing how it is derived from thi
grammar rules for the language. Similarly, in a context-free grammar that specifi
the syntax of a programming language or the rules for constructing an algebraic e

pression, interpreting a string correctly requires finding a correct derivation of f ¢ ¢ ¢ “
string in the grammar. A natural way of exhibiting the structure of a derivation @ @

to draw a derivation tree, or parse tree. At the root of the tree is the variable wi Figure 6.2

which the derivation begins. Interior nodes correspond to variables that appear inth Derivation trees for two algebraic
derivation, and the children of the node corresponding to A represent the symbols expressions.

221




222

/\
/\

Flgure 6.3 |
Expression tree
corresponding to
Figure 6.1a.

" quiring that each follow the same rule as to which variable to replace first whenever
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Algebraic expressions such as the two shown in Figure 6.2 are often represented.
by expression trees—Dbinary trees in which terminal nodes correspond to identifiers.
or constants and nonterminal nodes correspond to operators. The expression tree
Figure 6.3 conveys the same information as the derivation tree in Figure 6.2a, exce
that only the nodes representing terminal symbols are drawn. wo normalized versions can be compared meaningfully.
One step in a derivation is the replacement of a variable (to be precise, a particul As we have already noticed, a string can have two or more essentially different
occurrence of a variable) by the string on the right side of a production. The deriva;io erivations in the same CFG.
is the entire sequence of such steps, and in a sequence the order of the steps
significant. The derivations

S=S+S=>a+85 =>a+a

We conclude that a string of terminals has more than one derivation tree if and
hly if it has more than one leftmost derivation. Notice that in this discussion “left-
ost” could just as easily be “rightmost”; the important thing is not what order is
ollowed, only that some clearly defined order be followed consistently, so that the

and
S =S5+ = S4+a =>a+t+a

are therefore different. However, they are different only in a trivial way: When the
current string is S + S, the § that is used in the next step is the leftmost S in the fir
derivation and the rightmost in the second. A precise way to say that these derivations
are not significantly different is to say that their derivation trees are the same. A
derivation tree specifies completely which productions are used in the derivation, as
well as where the right side of each production fits in the string being derived. It does
not specify the “temporal” order in which the variables are used, and this order pla
no role in using the derivation to interpret the string’s structure. Two derivations th
correspond to the same derivation tree are essentially the same.

Another way to compare two derivations is to normalize each of them, by 1

It is not hard to see that the ambiguity defined here is closely related to the
mbiguity we encounter every day in written and spoken language. The reporter
/ho wrote the headline “Disabled Fly to See Carter,” which appeared during the
dministration of the thirty-ninth U.S. President, probably had in mind a derivation

S — (collective noun) (verb) - - -
owever, one that begins
S — (adjective) (noun) - - -

night suggest a more intriguing or at least less predictable story. Understanding a
entence or a newspaper headline requires picking the right grammatical derivation

there is a choice, and to compare the normalized versions. A derivation is a leffmo
derivation if the variable used in each step is always the leftmost variable of the ones
in the current string. If the two derivations being compared are both leftmost and
are still different, it seems reasonable to say that they are essentially, or s1gn1ﬁcantly,

different. Ambiguity in the CFG in Example 6.4
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In fact, these two criteria for “essentially the same” are equivalent. On the
one hand, leftmost derivations corresponding to different derivation trees are clearly
different, because as we have already observed, any derivation corresponds to only one
derivation tree. On the other hand, the derivation trees corresponding to two different
leftmost derivations are also different, and we can see this as follows. Consider the
first step at which the derivations differ; suppose that this step is

et us return to the algebraic-expression CFG discussed in Example 6.4, with productions
S —=> S+S5|S5—-S|S%S]S/S[(8)]a
 that example we considered two essentially different derivations of the string

a+(axa)fa—a

xAB = xa1p nd in fact the two derivations were both leftmost, which therefore demonstrates the ambiguity
in one derivation and f the grammar. This can also be demonstrated using only the productions S — S + S and
— a; the stri ivati
XAB = xwp e string a + a + a has leftmost derivations

in the other. Here x is a string of terminals, since the derivations are leftmost; A is $=S5+S=a+S=at+5+5=atatsS = ata+ta

a variable; and o # . The two derivation trees must both have a node labeled A,
and the respective portions of the two trees to the left of this node must be identical,
because the leftmost derivations have been the same up to this point. These two nodes
have different sets of children, however, and the trees cannot be the same.

S =8548 = 5+S+S =2 a+5+S5 = a+a+8S =a+a+a

he corresponding derivation trees are shown in Figures 6.4a and 6.4b, respectively.
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/ ‘ \ / ‘ \\ (statement)
/ ‘ \ / ‘ \ l ( {expression) (statement) else (statement)
a
. 2 a a // \\ \
@ ®) exptl if {expression) (statement) g();
Figure 6.4 |
Two derivation trees for a +a +a. .
expr2 f();
@ ’
Although the difference in the two interpretations of the string a + a -+ a is not quite 4
dramatic as in Example 6.4 (the expression is viewed as the sum of two subexpressions in bof} (statement)

cases), the principle is the same. The expression is interpreted as a + (@ + @) in one case, a
(a + a) + a in the other. The parentheses might be said to remove the ambiguity as to how
expression is to be interpreted. We will examine this property of parentheses more carefu

in the next section, when we discuss an unambiguous CFG equivalent to this one. ( (expiession) (staternent)
Itis easy to see by studying Example 6.12 that every CFG containing a productior / // \\
of the general form A — Aa A is ambiguous. However, there are more subtle way exprl {expression) (statement)  else (statement)
“in which ambiguity occurs, and characterizing the ambiguous context-free grammar,
in any nontrivial way turns out to be difficult or impossible (see Section 11.6).
expr2 £O); g();
[EISCEIREY Tre Danging Else

A standard example of ambiguity in programming languages is the “dangling else’ phe
nomenon. Consider the productions

Figure 6.5
Two interpretations of a “dangling else.”
(statement) — if ({expression)) (statement) |

if ({expression}) {statement) else (statement) | if (exprl) {if (expr2) £{);} else g();

{otherstatement) orces the first interpretation, whereas

describing the if statement of Example 6.5 as well as the related if-else statement, both parto
the C language. Now consider the statement

if (exprl) {if (expr2) £(); else g();}

orces the second. In some other languages, the appropriate version of “parentheses” is BEGIN
..END,

Itis possible, however, to find grammar ritles equivalent to the given ones that incorporate
 the correct interpretation into the syntax. Consider the formulas

if (exprl) if (expr2) £(); else g();

This can be derived in two ways from the grammar rules, In one, illustrated in Figure 6.4
the else goes with the first if, and in the other, illustrated in Figure 6.5b, it goes with the secon
A C compiler should interpret the statement the second way, but not as a resuit of the synt
rules given; this is additional information with which the compiler must be furnished.

Just as in Example 6.12, parentheses or their equivalent could be used to remove th
ambiguity in the statement.

(statement) — (stl) | (st2)
(stl) — if ({expression)) (stl}) else (st1) | (otherstatement)
{st2) — if ((expression}) (statement) |

i ({exnreeciony) (<1 else (<)
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These generate the same strings as the original rules and can be shown to be unambigy.
ous. Although we will not present a proof of either fact, you can see the intuitive feason for
the second. The variable ( st1 ) represents a statement in which every if is matched by
corresponding else, while any statement derived from ( st2 ) contains at least one unmatched
if. The only variable appearing before else in these formulas is { stl ); since the else canngt
match any of the if s in the statement derived from ( stl ), it must match the if that appeareq
in the formula with the else. : -

It is interesting to compare both these sets of formulas with the corresponding ones mt
official grammar for the Modula-2 programming language:

rules of order and operator precedence: # should have higher precedence than +,
and a + a + a should “mean” (a + a) + a, nota + (a + a).

In trying to eliminate § — S+ S and § — § * S, it is helpful to remember
xample 2.15, where we discussed possible recursive definitions of L*. Two possible
ays of obtaining new elements of L* are to concatenate two elements of L* and
o concatenate an element of L* with an element of L; we observed that the second
proach preserves the direct correspondence between one application of the recursive
le and one of the “primitive” strings being concatenated. Here this idea suggests
at we replace S — S+ S by either S — S+ T or S — T + S, where the variable
stands for a ferm, an expression that cannot itself be expressed as a sum. If we
emember that a + a + a = (a + a) + a, we would probably choose S — S+ T
s more appropriate; in other words, an expression consists of (all but the last term)
lus the last term. Because an expression can also consist of a single term, we will
so need the production S — T'. At this point, we have

S—>S+T|T

(statement) — IF (expression) THEN (statementsequence) END |
IF (expression) THEN (statementsequence) '
ELSE (statementsequence) END |
(otherstatement)
These obviously resemble the rules for C in the first set above. However, the explicit END aff;
each sequence of one or more statements allows the straightforward grammar rule to avoid {

“dangling else” ambiguity. The Modula-2 statement corresponding most closely to the tree
Figure 6.5a is

We may now apply the same principle to the set of terms. Terms can be products;
owever, rather than thinking of a term as a product of terms, we introduce factors,
which are terms that cannot be expressed as products. The corresponding productions

IF Al THEN IF A2 THEN S1 END ELSE S2 END
T—>TxF|F :
while Figure 6.5 corresponds to . ) v :

£ P So far we have a hierarchy of levels. Expressions, the most general objects, are

IF Al THEN IF A2 THEN S1 ELSE S2 END END ums of one or more terms, and terms are products of one or more factors. This hierar-

hy incorporates the precedence of multiplication over addition, and the productions
we have chosen also incorporate the fact that both the + and % operations associate
o the left.

Itshould now be easy to see where parenthesized expressions fit into the hierarchy.
Ithough we might say (A) could be an expression or a term or a factor, we should
mit ourselves only one way of deriving it, and we must decide which is most
propriate.) A parenthesized expression cannot be expressed directly as either a sum
a product, and it therefore seems most appropriate to consider it a factor. To say
nother way, evaluation of a parenthetical expression should take precedence over
y operators outside the parentheses; therefore, (A) should be considered a factor,
cause in our hierarchy factors are evaluated first. What is inside the parentheses
uld be an expression, since it is not restricted at all.

The grammar that we end up with is G1 = (V, £, §, P), where V = (S, T, F}
d P contains the productions

6.5| AN UNAMBIGUOUS CFG FOR
ALGEBRAIC EXPRESSIONS

Although it is possible to prove that some context-free languages are inherently an
biguous, in the sense that they can be produced only by ambiguous grammars, amb
guity is normally a property of the grammar rather than the language. If a CFGis a
biguous, it is often possible and usually desirable to find an equivalent unambiguo
CFG. In this section, we will solve this problem in the case of the algebraic-expressi
grammar discussed in Example 6.4. ‘ ‘

For the sake of simplicity we will use only the two operators + and % in 0
discussion, so that G has productions

S = S+SISxS|(S)|a oot
T—>T=x+F|F
Once we obtain an unambiguous grammar equwalent to thlS one, it will be easy o F—(S)]|a

reinstate the other operators.

Our final grammar will not have either § — S+ S or § — S % S, because eith
production by itself is enough to produce ambiguity. We will also keep in mind t
possibility, mentioned in Example 6.4, of incorporating into the grammar the stand

> must now prove two things: first, that G1 is indeed equivalent to the original
mmar G, and second, that it is unambiguous. To avoid confusion, we relabel the
tsymbol in G1.
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S/T\ /\\
/1N /IN |
|

a a a a

(@) ®)

a N

Figure 6.4 |
Two derivation trees for a +a + a.

Although the difference in the two interpretations of the stringa +a +a is not quite a
dramatic as in Example 6.4 (the expression is viewed as the sum of two subexpressions in bot
cases), the principle is the same. The expression is interpreted as a + (a + a) in one case, '
(a + a) + a in the other. The parentheses might be said to remove the ambiguity as to how
expression is to be interpreted. We will examine this property of parentheses more carefulls
in the next section, when we discuss an unambiguous CFG equivalent to this one.

1tis easy to see by studying Example 6.12 that every CFG containing a productio;

.+ of the general form A — AaA is ambiguous. However, there are more subtle way
" in which ambiguity occurs, and characterizing the ambiguous context-free grammar,
in any nontrivial way turns out to be difficult or impossible (see Section 11.6).

MThe “Dangling Else”

A standard example of ambiguity in programming languages is the “dangling else” ph
nomenon. Consider the productions

(statement) — if ({expression)) (statement) |
if ({expression)) (statement) else (statement) |

(otherstatement)

describing the if statement of Example 6.5 as well as the related if-else statement, both part
the C language. Now consider the statement

if (exprl) if (expr2) £(); else g(); -END.

This can be derived in two ways from the grammar rules. In one, illustrated in Figure 6.3
the else goes with the first if, and in the other, illustrated in Figure 6.5b, it goes with the seco
A C compiler should interpret the statement the second way, but not as a result of the syntax
rules given; this is additional information with which the compiler must be furnished.

Just as in Example 6.12, parentheses or their equivalent could be used to remove the
ambiguity in the statement.

if (exprl) {if

if (exprl)
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(statement)
(expression) {statement) else (statemerit)
exprl if {expression) (statement) g();
expr2 £0);
(@
(statement)
(expression) (staternent)
exprl if (expression) (statement) ~ else (statement)

expr2 () g();
®

Figure 6.5 |
o interpretations of a “dangling else.”

(expr2) )i} else g();

forces the first interpretation, whereas

{if (expr2) £(); else g();}

forces the second. In some other languages, the appropriate version of “parentheses” is BEGIN

Itis possible, however, to find grammar rules equivalent to the given ones that incorporate
He correct interpretation into the syntax. Consider the formulas

(statement) — (st1) | (st2)
(stl) — if ({expression}) (stl) else (stl) | (otherstatement)
(st2) — if ({(expression)) (statement) |

P avnraedany) (et elea (D)
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These generate the same strings as the original rules and can be shown to be unambigy
ous. Although we will not present a proof of either fact, you can see the intuitive reason fg
the second. The variable { st1 ) represents a statement in which every if is matched by
corresponding else; while any statement derived from ( st2 ) contairs at least one unmatched
if. The only variable appearing before else in these formulas is { st1 }; since the else cannot
match any of the if s in the statement derived from { stl ), it must match the if that appeare
in the formula with the else. '

Ttis interesting to compare both these sets of formulas with the corresponding ones in the
official grammar for the Modula-2 programming language: ‘ V

ules of order and operator precedence: * should have higher precedence than -+,
nd a + a + a should “mean” (a + a) + a, not a + (a + a).

In trying to eliminate § — S+ S and § — S % S, it is helpful to remember
xample 2.15, where we discussed possible recursive definitions of L*, Two possible
ays of obtaining new elements of L* are to concatenate two elements of L* and
o concatenate an element of L* with an element of L; we observed that the second
pproach preserves the direct correspondence between one application of the recursive
le and one of the “primitive” strings being concatenated. Here this idea suggests
hat we replace S — S+ Sbyeither S — S+ T or § — T + S, where the variable
stands for a ferm, an expression that cannot itself be expressed as a sum. If we
emember that a + a + a = (a + a) + a, we would probably choose § — § + T
s more appropriate; in other words, an expression consists of (all but the last term)
lus the last term. Because an expression can also consist of a single term, we will
Iso need the production S — 7'. At this point, we have

S—S+T|T

(statement) — IF {(expression) THEN (statementsequence) END |
IF (expression) THEN (statementsequence) »
ELSE (statementsequence) END |
(otherstatement)
These obviously resemble the rules for C in the first set above. However, the explicit END after
each sequence of one or more statements allows the straightforward grammar rule to avoid the

“dangling else” ambiguity. The Modula-2 statement corresponding most closely to the tree in
Figure 6.5a is

We may now apply the same principle to the set of terms. Terms can be products;
owever, rather than thinking of a term as a product of terms, we introduce factors,
vhich are terms that cannot be expressed as products. The corresponding productions

IF Al THEN IF A2 THEN S1 END ELSE S2 END -
T~>Tx+F|F
while Figure 6.5b corresponds to , ) . -

So far we have a hierarchy of levels. Expressions, the most general objects, are

IF Al THEN IF A2 THEN S1 ELSE 52 END END ums of one or more terms, and terms are products of one or mote factors. This hierar-

hy incqrporates the precedence of multiplication over addition, and the productions
ve have chosen also incorporate the fact that both the + and * operations associate

~ Itshould now be easy to see where parenthesized expressions fit into the hierarchy.
Although we might say (A) could be an expression or a'term or a factor, we should
ermit ourselves only one way of deriving it, and we must decide which is most
ppropriate.) A parenthesized expression cannot be expressed directly as either a sum
r a product, and it therefore seems most appropriate to consider it a factor. To say
 another way, evaluation of a parenthetical expression should take precedence over
1y operators outside the parentheses; therefore, (4) should be considered a factor,
ecause in our hierarchy factors are evaluated first. What is inside the parentheses
hould be an expression, since it is not restricted at all.

_ The grammar that we end up withis G1 = (V, £, S, P), where V = {S, T, F}
nd P contains the productions

6.5| AN UNAMBIGUOUS CFG FOR
ALGEBRAIC EXPRESSIONS

Although it is possible to prove that some context-free languages are inherently am-
biguous, in the sense that they can be produced only by ambiguous grammars, ambi
guity is normally a property of the grammar rather than the language. If a CFG is am-
biguous, it is often possible and usually desirable to find an equivalent unambiguou
CFG. In this section, we will solve this problem in the case of the algebraic-expression
grammar discussed in Example 6.4. o » ‘

For the sake of simplicity we will use only the two operators + and * in oul
discussion, so that G has productions

S — 8§+S[8%S51(S]a S—>S8S+T|T
. ‘ . N T—>TxF

Once we obtain an unambiguous grammar equivalent to this one, it will be easy t - - (S;k | | F
— a

reinstate the other operators. S

Our final grammar will not have either § — S+ or § — S §, because eithel
production by itself is enough to produce ambiguity. We will also keep in mind th
possibility, mentioned in Example 6.4, of incorporating into the grammar the standar

*¢ must now prove two things: first, that G1 is indeed equivalent to the original

fammar G, and second, that it is unambiguous. To avoid confusion, we relabel the
art symbol in G1.
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s 314;7*‘1*
T—+ T*Fi

In order to show that the grammar G1 is unambiguous, it will be helpful to
oncentrate on the parentheses in a string, temporarily ignoring the other terminal
ymbols. In a sense we want to convince ourselves that the grammar is unambiguous
nsofar as it generates strings of parentheses; this will then allow us to demonstrate
he unambiguity of the entire grammar. In Exercise 5.34, we defined a string of
varentheses to be balanced if it is the string of parentheses appearing in some legal
gebraic expression. At this point, however, we must be a little more explicit.

;x=&fm+r
(GD) and n is as large
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Theorem 6.4 ; o ‘
The context-free grammar G 1 withproductions ;
..
T
- F-+ (Sl‘);kajk ‘

un ‘rkn‘bigiﬁous‘;‘ -
wish to show that every string x in L(G1) has only one leftmost deriva-
n from S1. The proof will be by mathematical induction on |x], and it
i actually be easier to prove something apparently stronger: Forany x
' i nvincing yourself that every left parenthesis in . e Prove ; Y sbonger ; ;
1 Ymi1 s}zguld hs}:;e:(IIn L?tg(t:r;(; " 630) g’éle first observation we make is that th eri a?le ffrpm 2}111et of t?l(;; l\farlablcs S, T , o F,‘x has only Qng lefuant }
a e : vation from that variable, o o
E;iigczf ;a;:ngtheses in any string obtain;d.frhotm S1 igl tl;:sgr;rrlllcrzegl g laiz l;a;lozilrf:: 61?;61' Bl bads e e thatfa o Ee Tndnon anj} of e
inly i f left and right parentheses, ! - o e e it e
Certqlnly o equ'c’lflo?‘;irnelzerji(g)ht parenthesis produced by a derivationin G1,ale hr Vaﬁ‘la})lgs »and ‘tlzat_m ¢?¢h Caseghtk f ?mzolllle ‘(‘;envatloin. d . .
1n pairs. l\_/Ioreover3 y1g duced simultaneously, and so no prefix of th ; ‘”‘ € mduction st ep, we assumeft atx = 1and that orgveriy ‘erlva_ e
parenthesis appearing before it is pro of SL T, or F for which [y| < k, y has only one leftmost derivation from
T IEOFC ré%?a??flgsgjrszgoi tm G1, the parentheses between an at v ariat‘)(lief Vgﬁ Wilsih to Sho“"’fh;sa;:"ie‘resﬁltf?r a Stlfing . with [x =k +1 .
incl i?COIiﬁley, :ir Sirc:,duced by a single application of the production F' — (S1) form : 2:1 Srhs]‘tcg ‘:h‘;a:ﬂm i’siﬁitf&?fﬁi r?zzaziztf(;g;?ngi \;1 hin
a bal lngd : pThis is because the parentheses within the string derived from § . ~ ‘th > b‘yd . dl ? ~ SI ~ dkk dori i ar? -
@ balanced string. : d string of parentheses within parentheses yield 1in parentheses, .x can be derive Shuy rom o1, and a1y Oeflvaton of
do, and because enclosing a balanced string of p st begin S1 = $1 47 » where this + is the last + in x that is not
- a balanced string. " L(G1), and (o is any left parenthesis in x. The stateme ithin parentheses. Therefore, any leftmost derivation of x from S1 has the
Now suppose that x € » and o : ' X ; ~ . -
that there is only one leftmost derivation of x in G1 will follow if we can show t?h | ; - -
G1 is unambiguous, and we will be able to do this very soon. For now, howe‘vert ; Sl = ST =y LT
discussion above allows us to say that even if there? are severgl leftmost dfenvatm ; ;
of x, the right parenthesis produced at the same time as (o is the same for any

N this, let us consider a fixed derivation of : 18 £ = :
;herlrl{—ét is Sl:}lplyt}tllée;tzgt‘;no; ﬁé}rfc()osf:pro duced also produces a right parenthesi he induction hypothesis tells us that y has only one leftmost derivation
n this derivation,

hich 11 )g. As we have seen in the previous paragraph, the parentheses in 1 S1 and z has only one from 7. Therefore, x has only one leftmost
all )o. . L : ; ~ e
whieh we ca th(z and ending with )¢ form a balanced string. This implies that ¢ at‘IOI‘l‘ﬁ’On:l S 1 - .
beginning with (o f because of how “mate” is defined. ~ Next consider the case in which x contains no + outside parentheses
mate of (o cannot appear :‘f‘ (terczﬁl,not appear before )o either. Suppose a is the stri at least one * outside parentheses. This time x can be derived only from -
sowever thte I?ite '?lstoafter (o and ending with the mate of (o. The string T’ any detivation from S1 must begin S1:> L1 F  and any
of parentheses ia.r lhtg Jarentheses because (o is balanced. Let B be the string tion from 7' must begin T - ’ Ither;case,kkthe #mustbe
has an excess o 1rlgb tP oy and’)o Then § is balanced. If the mate of (o appea last one in x that is not within Dparentheses. As in the:ﬁgstk;cas?, the
Ea;ent}geses Str;fltlci, b: ;V pereﬁxoof B and this is impossible. Therefore, the mate of bsequent steps of any leftmost derivatio mustbe .
efore )g, ¢ W ’ ‘ .

re the last two steps r‘epr‘é‘s‘ent leftmost derivations of y from $1 and 7
L 7, respectively, and the + is still the last one not within parentheses,

coincides with )g. S
The point of this discussion is that when we say that something is within parenth

ses, we can be sure that the parentheses it is within are the two parentheses pl"()d}w ist?ng first of a leftmost derivation of y from 1 and then :O:faﬁle tmost.
by ;he production ¥ — (S1), no matter what derivation we have in mind. This is { k“1Vka‘1t10n of z from F. Again the induc tm Il‘hy pothesm: t¢ll§ i tha e i

ingredient we need for our theorem.
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'sor ¥ s‘outside;‘parenﬂles‘e‘s'; Th Let G be the context-free grammar with productions

ariables, but the only derivation from S ABCBCDA
ind the only derivation from 7' or F be Ao CD
or two steps omitted. Therefore, x = ‘
. induction hypothesis, y has only one left B— Cb
follows that x has only one from each of the t C—alA

The first thing this example illustrates is probably obvious already: We cannot simply
throw away the A-productions without adding anything. In this case, if D — A is eliminated
then nothing can be derived, because the A-production is the only way to remove the variable
D from the current string.

Let us consider the production § — ABCBCDA, which we write temporarily as

6.6 |SIMPLIFIED FORMS AND
NORMAL FORMS

Ambiguity is one undesirable property of a context-free grammar that we migh
wish to eliminate. In this section we discuss some slightly more straightforwar
ways of improving a grammar without changing the resulting language: first by
eliminating certain types of productions that may be awkward to work with, and
by standardizing the productions so that they all have a certain “normal form.”
We begin by trying to eliminate “A-productions,” those of the form A — A,
“unit productions,” in which one variable is simply replaced by another. To illustr
how these improvements might be useful, suppose that a grammar contains neithe

The three variables Cy, C;, and D on the right side all begin A-productions, and each can also
bg used to derive a nonnull string. In a derivation we may replace none, any, or all of these
hree by A. Without A-productions, we will need to allow for all these options by adding
productions of the form § — «, where « is a string obtained from ABCBCDA by deleting
some or all of {Cy, (3, D}. In other words, we will need at least the productions

S — ABBC,DA | ABCiBDA | ABC|BC,A |
ABBDA | ABBC,A | ABC1BA |
ABBA

a=f in addition to the one we started with, in order to make sure of obtaining all the strings that can
be obtained from the original grammar.

If we now consider the variable A, we see that these productions are still not enough.
Although A does not begin a A-production, the string A can be derived from A (as can other
I}onnu]l strings). Starting with the production A — CD, we can leave out C or D, using the
ame argument as before. We cannot leave out both, because we do not want the production
d A in our final grammar. If we add subscripts to the occurrences of A, as we did to those
f C, so that the original production is

If there are no A-productions, then the string 8 must be at least as long as «; if ther
are no unit productions, & and 8 can be of equal length only if this step consists ¢
replacing a variable by a single terminal. To say it another way, if / and ¢ represe
the length of the current string and the number of terminals in the current string
respectively, then the quantity / + ¢ must increase at each step of the derivation, Th
value of [ + ¢ is 1 for the string S and 2k for a string x of length k in the languag
We may conclude that a derivation of x can have no more than 2k — 1 steps.
particular, we now have an algorithm for determining whether a given string x is
the language generated by the grammar: If [x| = k, try all possible sequences
2k — 1 productions, and see if any of them produces x. Although this is not usuall
a practical algorithm, at least it illustrates the fact that information about the form
productions can be used to derive conclusions about the resulting language.
In trying to eliminate A-productions from a grammar, we must begin with
qualification. We obviously cannot eliminate all productions of this form if the strin
A itself is in the language. This obstacle is only minor, however: We will be able
show that for any context-free language L, L — {A} can be generated by a CFG wi
no A-productions. A preliminary example will help us see how to proceed.

S — ABC{BC,DA,

we need to add productions in which the right side is obtained by leaving out some subset of
; 1,‘A2, Cy, Gy, D}. There are 32 subsets, which means that from this original production we
btain 31 others that will be added to our grammar,

. The same reasoning applies to each of the original productions. Tf we can identify in
he production X — « all the variables occurring in « from which A can be derived, then
We can add all the productions X — o/, where o' is obtained from « by deleting some of
! s'e occurrences. In general this procedure might produce new A-productions—if so, they
dre lgnored_and it might produce productions of the form X — X, which also contribute
othing to the grammar and can be omitted.
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Initialize P1 to be P.

Find all nullable variables in V, using Algorithm FindNull.

For every produc.tion A — ain P, add to P1 every production that can be
obtained from this one by deleting from & one or more of the occurrences of
nullable variables in «. v

In this case our final context-free grammar has 40 productions, including the 32
productions already mentioned and the ones that follow:

A—>CD|C|D

B> Cb\b

o Delete 2}11 A-productions from P1. Also delete any duplicates, as well as
productions of the form A — A. H

D—bD|b

N

3

The procedure outlined in Example 6.14 is the one that we will show works in
general, In presenting it more systematically, we give first a recursive definition of 4
nullable variable (one from which A can be derived), and then we give the algorithm
suggested by this definition for identifying such variables. ‘

Definition 6.6  Nullable Variables

iAk‘n‘u‘l/lab‘lie Vanablem aCFG G ‘=“(kV;‘ 3,8, P) is defined as ‘followks.‘k k

1. Any variable A for which P contains the production A — A is nullable.
2. If P contains the production A — BiB; ... B, and By, By, ..., B, are nullab ]

. varigbles,then Aisnullable. ~ 1AmGg.
3. Noother variablos in V arc nullable. | ; . show first that for any

- - : e : ; ~ ; mathematical inducti‘oﬁzon For the basis step,

14 — x s a production in P. Since x # A, this production

-

In the induction step we aSSumé‘that k > 1 and that any strin g 5 ‘
derivable from A in k or fewer steps in G is derivable from A in G1

nAlgorithm FindNull (Finding the nullable variables in a CFG (V, X, S, P))

Ng = {A € V | P contains the production A — AY;
i=0;
do
i=i+1;
N; = N;_{ U{A | P contains A — « for some o« € N;° |}
while N; 7—‘- Ni_1;
N; is the set of nullable variables. H

You can easily convince yourself that the variables defined in Definition 6.6 ar
the variables A for which A =* A. Obtaining the algorithm FindNull from th
definition is straightforward, and a similar procedure can be used whenever wehayv
such a recursive definition (see Exercise 2.70). When we apply the algorithm
Example 6.14, the set Ny is {C, D}. The set N; also contains A, as a result of th
production A — CD. Since no other productions have right sides in {4, C; D}
these three are the only nullable variables in the grammar. k;b‘ecause:\ivefcaq begina ation with the production A — ¢ an
Algorithm 6.1 (Finding an equivalent CFG with no A-productions) GivenaCF ced by detiving :A‘from each of the nullable variables that was deleted
G = (V,%,S, P), construct a CFG G1 =(V, %, 8, P1) withno A-productions ... - -

follows.

235




236 PART 3 Context-Free Languages and Pushdown Automata
CHAPTER 6 Context-Free Grammars 237

" Suppose that' k. _>_ 1 and that any string chefr than A derivable fr "‘

: ; Tor every pair (A, B) such that B is A-deri . ,
or fewer steps in G is derivable from A in G. We wish to shoy B — «, add the production A — « to gini\f]ailg:’nﬁtler\;z? o procuction
ame result for a string x for which A =K x_ Again, let the first step Delete all unit productions from P1 Y present in P1.
(k + 1)-step derivation of x in G1 be A — XX, where each '
ither a variable or a terminal. We may write & = Xi¥p -+ Xy, Whe
eithet equal to X; or derivable from X; in k or fewer steps in
e induction hypothesis, X; =% x; for each i. By definition of G1,.
is a production A —> o in P sothat XX, - X, can be obtained fi
by deleting certain nullable variables. Since A =7 XXy Xp W
derive x from A in G by first deriving X, X, -+ X, and then deriving
om the corresponding X;. -

més
be any CFG without A-pr
from G by Algorithm 6.2. Th
)=LG). ‘

he proofis omitt«?d (Exercise 6.62). Itis worth pointing out, again without proof, that
 the grammar G is unambiguous, then the grammar G1 obtained from the algor,ithm

Eliminating A-productions from a grammar is likely to increase the number
productions substantially. We might ask whether any other undesirable properties
introduced. One partial answer is thatif the context-free grammar G is unambiguo
then the grammar G1 produced by Algorithm 6.1 is also (Exercise 6.64).

The next method of modifying a context-free grammar, eliminating unit prod
tions, is similar enough in principle to what we have just done that we omit many

Eliminating Unit Productions m

et G be the algebraic-expression grammar obtained in the previous section, with productions

. . . S

the details or leave them to the exercises. Just as 1t was necessary before to consi - SHTIT
all nullable variables as well as those that actually begin A-productions, here i I'—->TxF|F
necessary to consider all the pairs of variables A, B for which A =" B as well F—>(S)]|a

the pairs for which there is actually a production A — B. In order to guatan|

that eliminating unit productions does not also eliminate strings in the language,

-+ make sure that whenever B — « is a nonunit production and A =" B, we add
“production A — .

In order to simplify the process of finding all such pairs A, B, we make
simplifying assumption that we have already used Algorithm 6.1 if necessary so ¢
the grammar has no A-productions. It follows in this case that one variable can
derived from another only by a sequence of unit productions. For any variable A, v
may therefore formulate the following recursive definition of the set of “A-derivabls
variables (essentially, variables B other than A for which A =* B), and the defini
can easily be adapted to obtain an algorithm.

he S-derivable variables are T and F, and F is T-derivable. In step 3 of Algorithm 6.2, the

oductions S — T« F | (S)|aand T — (S) | a are added i
to P1. W i
deleted, we are left with fem unit productions

S—>S+T|T*F|(8)]a
T—>T*xF|(S|a
F—(S)|a

. In'addmon t.o eli@nating specific types of productions, such as A-productions
nd unit productions, it may also be useful to impose restrictions upon the form of

remaining productions. Several types of “normal forms” h i
ave been int ;
shall present one of them, the Chomsky normal form. niroduced:

1. If A — B is aproduction, B is A-derivable.
2. IfCis A-derivable, C — Bisa production, and B # A, then B is A—derivabl
3. No other variables are A-derivable.

(Note that according to our definition, a variable A is A-derivable only if A — A Definition 6.7 Chomsky Normal Form
actually a production.) e T -

Algorithm 6.2 (Finding an equivalent CFG with no unit productions) Given
context-free grammar G = (V, X, S, P ) with no A-productions, constructa grammny
G1 = (V, %, S, P1) having no unit productions as follows.
1. Initialize P1tobe P.

9. Foreach A € V, find the set of A-derivable variables.
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Transforming a grammar G = (V, &, S, P) into Chomsky normal form py
be done in three steps. The first is to apply Algorithms 6.1 and 6.2 to obta;
CFG G1 = (V, %, S, P1) having neither A-productions nor unit productions so ¢
L(G1) = L(G)—{A}. The second step is to obtain a grammar G2 = (V2, £, §, p
generating the same language as G1, so that every production in P2 is either of
form

A — B1 B2 v Bk
where k > 2 and each B; is a variable in V2, or of the form
A—a

for some a € 2. ;

The construction of G2 is very simple. Since P1 contains no A-productions
unit productions, every production in P1 thatis not already of the form A — a lo
like A — « for some string o of length at least 2. For every terminal a appeari
in such a string &, we introduce a new variable X, and a new production X, —
and replace a by X, in all the productions where it appears (except those of the fo
A — a).

For example, if there were two productions A — aAb and B — ab, they woul
be replaced by A — X,AX, and B — X,X}, and the productions X, — a
X — b would be added. The only X,-production is X, — a, and so it is reasonab}
clear that G2 is equivalent to G1.

The grammar G2 obtained this way now resembles a grammar in CNE, in
sense that the right side of every production is either a single terminal or a str
of two or more variables. The last step is to replace each production having mor
than two variables on the right by an equivalent set of productions, each one havin
exactly two variables on the right. This process is described best by an example; th
production

A — BCDBCE
would be replaced by
A — BY;
Y1 = CY,
Y, > DY;
Ys — BY,
Y.~ CE

The new variables Y, Y2, Y3, Yy are specific to this production and would be u
nowhere else. Although this may seem wasteful, in terms of the number of variable
at least there is no doubt that the combined effect of this set of five producti
is precisely equivalent to the original production. Adding these new variables
productions therefore does not change the language generated. .

If we are willing to let these informal arguments suffice, we have obtained ‘
following result.
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Converting a CFG to Chomsky Normal Form

I et G-be the grammar with productions

S— AACD
A—aAb| A
C—aCla
D —aDa|bDb| A

1 et us go through each step of the conversion to CNF.

1. Eliminating A-productions. The nullable variables are A and D, and Algorithm 6.1
produces the grammar with productions

§ — AACD |ACD |AAC |CD | AC|C
A — aAb|ab

C—aCla

D — aDa |bDb | aa | bb

. Eliminating unit productions. Here we may simply add the productions

S—aCla

and delete § — C.

. Restricting the right sides of productions to single terminals or strings of two or
more variables. This step yields the productions

§—~ AACD | ACD | AAC|CD | AC | X,C | a
A— X, AX, | X, X,

C—X,Cla

D— X, DX, | XyDXy | X, X, | Xp X,

X, —~>a

Xb—>b

The final step to CNF. There are six productions whose right sides are too long,
Applying our algorithm produces the grammar with productions

S—)ATI T1—>AT2 Tz—)CD
S'—)AU1 Ul—)CD
S—>AV1 Vi —> AC
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§— CD|AC|X,Cla
A— X, W W, — AX,
A— X, X,

C—- X, Cla

D — XY, Y — DX,
D — X, 7, Z; —~ DX,
D — X, X, | XpXp

X,—a X, —> b

v

EXERCISES

6.1.

6.2.

In each case, say what language is generated by the context-free grammar
with the indicated productions.

gthj'i
a. i
S — aSa|bSh| A
b. Figure 6.6 |
S — aSa|bSbla|b ‘
6.3. A context-free grammar is sometimes specified in the form of BNF rules; the
c. letters are an abbreviation for Backus-Naur Form. In these rules, the symbol
S — aSh|bSa|A ::= corresponds to the usual —, and {X} means zero or more occurrences of
X. Find a context-free grammar corresponding to the BNF rules shown
d. below. Uppercase letters denote variables, lowercase denote terminals.
S — aSa |bSh|aAb|bAa
A —> aAa |bAb|a|b| A Pu=pl |pI(F{; F}
Fu=G|vG|fG|pl{ I}
(See Example 6.3.) Gu=1{ I}: I
e. I =L {L}
S—aS|bS|a Lis=L|D
f. Lu=alb
S—SS|bS|a D:=0|1
g. 6.4. Ineach case, find a CFG generating the given language.
S— SaS|b a. The set of odd-length strings in {a, b}* with middle symbol a.
0 b. The set of even-length strings in {a, b}* with the two middle symbols

equal.
S—aT |[bT | A

c. The set of odd-length strings in {a, b}* whose first, middle, and last
T —aS|bS

symbols are all the same,

6.5. In each case, the productions in a CFG are given. Prove that neither one
generates the language L = {x € {0, 1}* | no(x) = n1(x)}.

Find a context-free grammar corresponding to the “syntax diagram” in
Figure 6.6.
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6.6.

6.7.

6.8.

6.9.

6.10.

CHAPTER 6 Contexi-Free Grammars

a. b. The grammar with productions ,
S — S015| S10S 1A S—bS|aA| A
b. A—>aA|bB|b
S — 0S1|150] 018|108 |S0L|S10|A B — bS

Consider the CFG with productions
S —> aShScS | aScShS | bSaScS | bScSas | cSaSbS | cSbSaS |'A
Does this generate the language {x € {a, b, c}* | na(x) =np(x) = nc(x)}2
Prove your answer. ,
Find a context-free grammar generating the language of all regular
expressmns over an alphabet X: d
a. If the definition of regular expression is interpreted strictly with regard
parentheses.
b. Tf the definition is interpreted so as to allow regular expressmns that ar
not “fully parenthesized.”
Be careful to distinguish between A-productions and productions whose
right side is the symbol A appearing in a regular expression; use Ain the
second case.
This problem gives proposed aliernative constructions for the CFGs Gy, G,
and G* in Theorem 6.1. In each case, either prove that the construction
works, or give an example of grammars for which it doesn’t and say why
doesn’t.
a. (ForG,)V,=ViuUVy; S,= S1; P,=P UPU{S = S}
b. ForG,)V,=WVVU Vo, Se=815 FPe= PLUP,U{S — S5}
c. ForGHV=V; S=8; P=PU{S—~ 5181 | A}
Find context-free grammars generating each of these languages.

11, Show that for a language L C X* such that A ¢ L, the followihg statements
are equivalent.

a. L isregular.

b. L can be generated by a grammar in which all productions are either of

the form A — xB or of the form A — x (where A and B are variables
and x € 1),

c. L can be generated by a grammar in which all productions are either of

the form A —» Bx or of the form A =X (where A and B are variables
andx € ).

.12, Show that for any language L C E* the followmg statements are equ1va1ent
a. L isregular.

b. L can be generated by a grammar in which all productions are either of

the form A — x B or of the form A — x (where A and B are Vanables
and x € I%). ‘

¢. L can be generated by a grammar in Wthh all productlons are either of

the form A — Bx or of the form A — x (where A and B are variables
and x € X%).

.13 Given the FA shown in Figure 6.7, acceptmg the language L, find a regular
- grammar generating L — {A}.

a. {albick|i=j+k}

b. {a'bick|j=i+k}

c. {dbick|j=iorj=k}
d. {a'bicF|i=jori=Fk}
e. {a'bick|i < jori >k}
£ {a'b’ |i <2j}

g {a'bl |i <2j}

h.

{a'bl |i = j <2i}
Describe the language generated by each of these grammars.

Figure 6.7 |

a. The regular grammar with productions 14, Draw an NFA accepting the language generated by the grammar with

S—>aA|bC|b productions .
A—>aS|bB S — abA |bB | aba
B —aC|bA|a A—b|aB|bA
C —aB|bS

B > aB|aA
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6.15.

6.16.

6.17.

6.18.

6.19,

6.20.

6.21.

6.22.

6.23.
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Show that if the procedure described in the proof of Theorem 6.2 is app?ied
to an NFA instead of an FA, the result is still a regular grammar generating
the language accepted by the NFA. '
Consider the following statement. For any language L g ¥*, Lis reglﬂaFi
and only if L can be generated by some grammar in which every productig
takes one of the four forms B — a, B — Ca, B — aC,or B —~ {\, where
B and C are variables and @ € £. For both the “if” and the “only if” parts,
give either a proof or a counterexample. ' .
A context-free grammar is said to be self-embedding if there is some variab
A and two nonnull strings of terminals o and B so that A =* a AB. Show
that a language L is regular if and only if it can be generated by a grammar
that is not self-embedding.
Each of the following grammars, though not regular, ggnerates aregular
language. In each case, find a regular grammar generating the language,
a. §S— S8SS|alab

S — AabB A—>aA|DA|A B — Bab|Bb|ab|b
S — AAS | ab|aab A—ab|ba|A

S — AB A — aAa|bAbla|b B—aB|bB|A

. S— AA|B A— AAA|Ab|bA|a B—bB|b
Refer to Example 6.4. '

a. Draw the derivation tree corresponding to each of the two given
derivations of @ + (a * a)/a — a. ‘
Write the rightmost derivation corresponding to each of the trees in (a),

Any derivation of a string in this grammar must begin with the production

§ — AB. Clearly, any string derivable from A has only one derivation from
A, and likewise for B. Therefore, the grammar is unambiguous. True or
false? Why? (Compare with the proof of Theorem 6.4.)

In each part of Exercise 6.1, decide whether the grammar is ambiguous or
not, and prove your answer.

For each of the CFGs in Examples 6.3, 6.9, and 6.11, determine whether or
not the grammar is ambiguous, and prove your answer.

In each case, show that the grammar is ambiguous, and find an equivalent
unambiguous grammar,

S—>S8S|alb

S — ABA A—aA|A B—bB|A
S—>A|B A -— aAb|ab B —abB| A
S —aSb|laaSh| A

S—aSblabS | A

Find an unambiguous context-free grammar equivalent to the grammar with
productions

¢ 0 U

oo o

S — aaaal | aaaaaaaS | A
(See Exercise 2.50.)

The proof of Theorem 6.1 shows how to find a regular grammar generating
L, given a finite automaton accepting L.

a. Under what circumstances is the grammar obtained this way

unambiguous?
How many distinct leftmost derivations of this string are there? -

How many derivation trees are there for the stringa+a+a+a-+al
How many derivation trees are there for the string
(@+@+a)+(a+a)?

Give an example of a CFG and a string of variables and/or terminals
derivable from the start symbol for which there is neither a leftmost
derivation nor a rightmost derivation.

b. Describe how the grammar can be modified if necessary in order to make
it unambiguous.

o oo

Describe an algorithm for starting with a regular grammar and finding an
equivalent unambiguous grammar,

Show that every left parenthesis in a balanced string has a mate.

Show that if a is a left parenthesis in a balanced string, and b is its mate, then
a is the last left parentheses for which the string consisting of ¢ and b and
everything in between is balanced.

Find an unambiguous context-free grammar for the language of all algebraic
expressions involving parentheses, the identifier a, and the four binary
operators +, —, *, and /.

Show that the nullable variables defined by Definition 6.6 are precisely those
variables A for which A =* A,
In each case, find a context-free grammar with no A-productions that

generates the same language, except possibly for A, as the given CFG,
a.

Consider the C statements
x = 1; if (a > 2) if (a > 4) x = 2; else x = 3;

a. What is the resulting value of x if a = 3? Ifa = 1?

b. Same question as in (a), but this time assume that the statement is
interpreted as in Figure 6.5a.

Show that the CFG with productions

S —al|Sa|bSS|8Sb|ShS
is ambiguous. ‘
Consider the context-free grammar with productions

¢ AB A aA|A B —ab|bB|A S— AB| A A —> aASb|a B — bS
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6.35.

6.36.

6.37.

6.38.
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b. i. G has productions

S — AB| ABC

A—> BA|BC|Ala
B— AC|CB|A|b
C— BC|AB|A]c

S — ABC | BaB A — aA | BaC |aaa
B — bBb|a C - CA|AC

ii. G has productions

S — AB| AC A — aAb|bAa|a B — bbA|aaB | AB

In each case, given the context-free grammar G, find a CFG G’ with no C — abCalaDb D bD |
) — aC

A-productions and no unit productions that generates the language
L(G) — {A}.

a. G has productions

§ > ABA A — aA|A B — bB|A

-39, - In each case, given the context-free grammar G, find a CFG G in Chomsky
normal form generating L(G) — {A}. '

a. G has productions S — SS|(S) | A
b. G has productions § — S(S) | A

¢. G is the CFG in Exercise 6.35¢

d. G has productions

b. G has productions
S — aSa|bSb| A A — aBb|bBa B — aB|bB|A
¢. G has productions

S - A|B|C A — aAa|B B — bB|bb
C — aCaa|D D — baD |abD \aa

S — AaA|CA| BaB A — aaBa|CDA|aa|DC
B — bB|bAB|bb|aS C — CalbC|D D — bD|A

40, If G is a context-free grammar in Chomsky normal form and x € L(G) with
A variable A in a context-free grammar G = (V, X, S, P) is live if A =* |x| = k, how many steps are there in a derivation of x in G?
for some x € T*. Give a recursive definition, and a corresponding

algorithm, for finding all live variables in G.

MORE CHALLENGING PROBLEMS
Avar:able A in a context-free grarmnfr G_ =V, %, S y P)ist _eflChable it 41. Describe the language generated by the CFG with producti
S =* g AB for some a, B € (X U V)*. Give a recursive definition, and a procuctions

corresponding algorithm, for finding all reachable variables in'G. §—aS|aSbS| A

A variable A is a context-free grammar G = (V, X, S, P) is useful if for i

One way to understand this lan i i
some string x € %%, there is a derivation of x that takes the form e e oo oy et an righ

parefltheses, respectively. However, the language can also be characterized
by giving a property that every prefix of a string in the language must have.
Show that the language of all nonpalindromes over {a, b} (see Example 6.3)
cannot be generated by any CFG in which S — aSa | bSb are the only
productions with variables on the right side.

Show using mathematical induction that every string produced by the
context-free grammar with productions

S =" aAB =" x

A variable that is not useful is useless. Clearly if a variable is either not It
or not reachable (Exercises 6.36-6.37), then it is useless.
a. Give an example in which a variable is both live and reachable but sti
useless. ~
b. Let G be a CFG. Suppose G1 is obtained by eliminating all dead
variables from G and eliminating all productions in which dead
variables appear. Suppose G2 is then obtained from G1 by eliminatin
all variables unreachable in G1, as well as productions in which such
variables appear. Show that G2 contains no useless variables, and
L(G2) = L(G).
¢. Show that if the two steps are done in the opposite order, the resultin
grammar may still have useless variables.

S— 050085 |185|SS81|S1S
has more 0’s than 1’s.

C,omplete the proof in Example 6.10 that every string in {0, 1}* with more
0’s than 1’s can be generated by the CFG with productions
$—>0]|0S[1SS]SS51|S1S. (Take care of the two remaining cases.)

Let L be the language generated by the CFG with productions

d. Ineach case, given the context-free grammar G, find an equivalent C
with no useless variables.

S — aSb|ab|SS

Show using mathematical induction that no string in L begins with abb.
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6.46. Describe the language generated by the CFG with productiqns

generates the same language. (One inclusion is easy. For the other one,
S—>ST|A T —>aS|bT|b

it may be helpful to prove the following statements for a string x € L(G)
with |x| > 0. First, if there is no derivation of x beginning with the
production S — (S§), then there are strings y and z, both in L(G) and
both shorter than x, for which x = yz. Second, if there are such strings y

Prove that your answer is correct.
6.47. Show that the context-free grammar with productions

S— bS|aT | A and z, and if there are no other such strings y’ and 7z’ with y’ shorter than
A . then there is a derivation of y in G that starts with the production

T — aT | bU | S — (5))

U—aT | A

Show that the CFG with productions
generates the language of all strings over the alphabet {a, b} that do not
contain the substring abb. One approach is to use mathematical induction
prove two three-part statements. In both cases, each part starts with “For
every n > 0, if x is any string of length »,”. In the first statement, the thre
parts end as follows: (i) if § =" x, then x does not contain the substring
abb; (i) if T =* x, then x does not contain the substring bb; (iif) if
U =>* x, then x does not start with b and does not contain the substring b
In the second statement, the three parts end with the converses of (i), (ii),
(iii). The reason for using two three-part statements, rather than six separate
statements, is that in proving each of the two, the induction hypothesis wi

say something about all three types of strings: those derivable from S; those
derivable from T, and those derivable from U.

6.48. What language over {0, 1} does the CFG with productions
S — 005|118 |S00]|S11|01501|01510 | 10510 | 10501 | A

S — aSaShS | aSbSaS | bSaSasS | A

generates the language {x € {a, b}* | na(x) = 2np(x)}.
Does the CFG with productions

S — aSaSh | aSbSa | bSaSas | A

generate the language of the previous problem? Prove your answer.
Show that the following CFG generates the language
{x € {a, b}* [ nq(x) = 2np(x)}.

S — SS|bTT|TbT |TTb|A T — aS|SaS|Sa|a

For alphabets Xy and X, a homomorphism from LY to %5 is defined in
Exercise 4.46. Show thatif f : X} — X is a homomorphism and L € X
is a context-free language, then f(L) € X is also a CFG.
Show that the CFG with productions
generate? Prove your answer.
6.49. Complete the proof of Theorem 6.3, by taking care of the two remaining
cases in the first part of the proof.
6.50. Show using mathematical induction that the CFG with productions

S—>SS A
is unambiguous.

Find context-free grammars generating each of these languages.
a. {a'bick|i#j+k)

S—0B|1A[A b. {a'bick|j#i+k)
A— 0S|1AA Find context-free grammars generating each of these languages, and prove
B —>1S|0BB

that your answers are correct.

a. {a'bl|i<j<3i/2}

b. {a'b/ |i/2<j<3i/2}

Let G be the context-free grammar with productions
S —aS|aSbS |c

and let G be the one with productions

generates the language L = {x € {0, 11 | no(x) = n1(x)} (See Ex?\mple 6.
It would be appropriate to formulate two three-part statements, as in
Exercise 6.47, this time involving the variables S, A, and B and the
languages L, Lo, and L.
6.51. Prove that the CFG with productions § — 0515 | 1505 | A generates the
language L = {x € {0, 1}* [ no(x) = n1(x)}. ,
6.52. a. Describe the language generated by the CFG G with productions

S—>SSIOTA
b. Show that the CFG G with productions
Sp = (S)S1 | A

S —>T|U T — aTbT | c U — aS|aTbU
(G is a simplified version of the second grammar in Example 6.13.)
a. Show that G is ambiguous.

b. Show that G and G generate the same language.
¢. Show that Gy is unambiguous.
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6.61. Let x be a string of left and right parentheses. A complete pairing of x i3
partition of the parentheses of x into pairs such that (i) each pair consists of
one left parenthesis and one right parenthesis appearing somewhere after it
and (ii) the parentheses between those in a pair are themselves the union of
pairs. Two parentheses in a pair are said to be mates with respect to that
pairing. \.

a. Show that there is at most one complete pairing of a string of parenthese

B b. Show that a string of parentheses has a complete pairing if and only if

is a balanced string, according to Definition 6.5, and in this case the tw,
definitions of mates coincide. \

6.62. Give a proof of Theorem 6.6. Suggestion: in order to show that
L(G) C L(G1), show that for every n > 1, and every string of variables
and/or terminals that can be derived from S in G by an n-step leftmost
derivation in which the last step is not a unit production can be derived fro
Sin G1.

6.63. Show that if a context-free grammar is unambiguous, then the grammar
obtained from it by Algorithm 6.1 is also.

6.64. Show that if a context-free grammar with no A-productions is unambiguou
then the one obtained from it by Algorithm 6.2 is also. '

Pushdown Automata

1 INTRODUCTION BY WAY
OF AN EXAMPLE

this chapter we investigate how to extend our finite-state model of computation so
t we can recognize context-free languages. In our first example, we consider one
the simplest nonregular context-free languages. Although the abstract machine we
lescribe is not obviously related to a CFG generating the language, we will see later
hat a machine of the same general type can be used with any CFL, and that one can
constructed very simply from a grammar.

An Abstract Machine to Accept Simple Palindromes

G be the context-free grammar having productions

S—aSa|bSh|c
generates the language '
L = {xcx" | x € {a, b}*}

e strings in L are odd-length palindromes over {a, b} (Example 6.3), except that the middle
bol is ¢. (We will consider ordinary palindromes shortly. For now, the “marker” in the
ddle makes it easier to recognize the string.)

Itisnot hard to design an algorithm for recognizing strings in L, using a single left-to-right
ass, We will save the symbols in the first half of the string as we read them, so that once
encounter the ¢ we can begin matching incoming symbols with symbols already read. In
et for this to work, we must retrieve the symbols we have saved using the rule “last in, first
'’ (often abbreviated LIFO): The symbol used to match the next incoming symbol is the one
st recently read, or saved. The data stricture incorporating the LIFO rule is a stack, which
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