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. half of the string has been successfully matched with an identical input symbol in the secon
~half, and at that point the machine enters the accepting state g;.
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is usually implemented as a list in which one end is designated as the 7op. Ttems are alway
added (“pushed orito the stack”) and deleted (“popped off the stack™) at this end, and at an
time, the only element of the stack that is immediately accessible is the one on top.

In trying to incorporate this algorithm in an abstract machine, it would be reasonable ¢
say that the current “state” of the machine is determined in part by the current contents of th
stack. However, this approach would requite an infinite set of “states,” because the stack need
to be able to hold arbitrarily long strings. It is convenient instead to continue using a finit
set of states—although the inachine is not a “finite-state machine” in the same way that
FA is, because the current state is not enough to specify the machine’s status—and to think o
the stack as a simple form of auxiliary memory. This means that a move of our machine wi
depend not only on the current state and input, but also on the symbol currently on top of th
stack. Carrying out the move may change the stack as well as the state.

In this simple example, the set Q of states will contain only three elements, g, g1, an
¢2. The state ¢q, the initial state, is sufficient for processing the first half of the string. In thi
state, each input symbol is pushed onto the stack, regardless of what is currently on top. Th
machine stays in go as long as it has not yet received the symbol c; when that happens; th
machine thoves to state g, leaving the stack unchanged. State g; is for processing the secon
half of the input string. Once the machine enters this state, the orily string that can be accepte
is the one whose second half (after the ¢) is the reverse of the string already read. In this stat
each input symbol is compared to the symbol currently on top of the stack. If they agree, th:
symbol is popped off the stack and both are discarded; otherwise, the machine will crash and
the string will not be accepted. This phase of the processing ends when the stack is emp
provided the machine has not crashed. An empty stack means that every symbol in the first

 Here, if we allow the possibility that the stack alphabet I" (the set of symbols that can appear
on the stack) is different from the input alphabet X, it looks as though we want

§:0xEuxl—> QxTI*
_ For a state ¢, an input @, and a stack symbol X,
8(g,a,X) = (p, )

__means that in state g, with X on top of the stack, we read the symbol a, move to state p, and
replace X on the stack by the string o.

; This approach raises a few questions. First, how do we describe a move if the stack is
_empty (8(g, a, M)? We avoid this problem by saying that initially there is a special start symbol
7, on the stack, and the machine is not allowed to move when the stack is empty. Provided
. that Z, is never removed from the stack and that no additional copies of Z; are pushed onto
_ the stack, saying that Z; is on top means that the stack is effectively empty.

Second, how do we describe a move when the input is exhausted (§(g, 7, X))? (Remember
_ that in our example we want to move to g, if the stack is empty when all the input has been
__read.) The solution we adopt here is to allow moves that use only A as input, corresponding
to A-transitions in an NFA-A. This suggests that what we really want is

§:Ox(XUADXT - QxT*

Of course, once we have moves of the form 8(g, A, X), we can make them before all the
nput has been read; if the next input symbol is not read in a move, it is still there to be read
_subsequently.

We have already said that there may be situations when the machine will crash—that is,
when no move is specified. In the case of a finite automaton, when this happened we decided
to make 8(g, a) a subset of Q, rather than an element, so that it could have the value @. At the
_ same time we allowed for the possibility that §(g, a) might contain more than one element, so
that the FA became nondeterministic. Here we do the same thing, except that since Q x I'* is
1. The current state an infinite set we should say explicitly that (g, a, X) and §(g, A, X) will always be finite. In

2. The next input our current example the nondeterminism is not necessary, but in many cases it is. Thus we are
3. The symbol on top of the stack left with

Now we consider how to describe precisely the abstract machine whose operations we
have sketched. Each move of the machine will be determined by three things:

and will consist of two patrts: 8: 0 x (ZU{A}) x T — the set of finite subsets of Q@ x I'*

1. Changing states (or staying in the same state)
2. Replacing the top stack symbol by a string of zero or more symbols

Now we can give a precise description of our simple-palindrome recognizer. Q will be the
set {90, 91, g2}, go is the initial state, and g, is the only accepting state. The input alphabet
2 is {a, b, ¢}, and the stack alphabet T" is {a, b, Zs}. The transition function § is given by
Table 7.1. Remember that when we specify a string to be placed on the stack, the top of the
stack corresponds to the left end of the string. This convention may seem odd at first, since
if we were to push the symbols on one at a time we would have to do it right-to-left, or in
reverse order. The point is that when we get around to processing the symbols on the stack,
the order in which we encounter them is the same as the order in which they occurred in the

Describing moves this way allows us to consider the two basic stack moves as special cases:
Popping the top symbol off the stack means replacing it by A, and pushing ¥ onto the stack
means replacing the top symbol X by Y X (assuming that the left end of the string corresponds
to the top). We could enforce the stack rules more strictly by requiring that a single move
contain only one stack operation, either a push or a pop. However, replacing the-stack symbol
X by the string o can be accomplistied by a sequence of basic moves (a pop, followed by
a sequefice of zero or more pushes), and allowing the more general move helps to keep the
number of distinct moves as small as possible.

In the case of a finite automaton, our transition function took the form

§:0xx—> 0

change state without affecting the stack, moves 10 and 11 match an input symbol with a stack
symbol and discard both, and the last move is to accept provided there is nothing except Zg on
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Table 7.1 | Transition table for Example 7.1

;:Movesnumber ~~Stata Input . ,; ‘ )
1 qo a Zy (g0, aZy)
qo b Zo (qo, bZy)
3 o a a (go, aa)
4 4o b a (90, ba)
5 qo a b (o, ab)
6 4o b b (o, bD) b, a/ba b, b/A
7 9o c Zy (g1, Zo) .
3 0o c a (q1,a) Figure 7.1 [
9 g0 ¢ b (g1, b) Transition diagram for the pushdown automaton (PDA) in
10 q1 a a (g1, N) Example 7.1.
11 a1 b b (g1, A)
12 i A Zy (@2 Zy)
(all other combinations) none

placing X on the stack by «. Even with the extra information required for labeling an arrow,
a diagram of this type does not capture completely the PDA’s behavior in the same way that
3 transition diagram for an FA does. With an FA, you can start at any point with just the
agram and the input symbols and trace the action of the machine by following the arrows. In
gure 7.1, however, you cannot follow the arrows withoutkeeping track of the stack contents—
ossibly the entire contents—as you go. The number of possible combinations of state and
ack contents is infinite, and it is therefore not possible to draw a “finite-state diagram” in the

Let us trace the moves of the machine for three input strings: abcba, ab, and acaa.

_ Unread input

'Movenumber  Resulting state

(initially) qo abcba
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1 do beba ime sense as for an FA. In most cases we will describe pushdown automata in this chapter by
4 qo cha ansition tables similar to the one in Table 7.1, although it will occasionally also be useful to
’ @ ba ow a transition diagram.
11 q a
10 q1 -
12 Q@ -
(accept)
Gl 2| THE DEFINITION OF APUSHDOWN
y) 9o ab Zy
1 a0 b aZo AUTOMATON
(ersh) o baZo elow is a precise definition of the type of abstract machine illustrated in Example 7.1.
emember that what is being defined is in general nondeterministic.
(initially) 9o acaa Zy
1 9o caa aZy
8 q1 aa aZy 7 Definition 7.1 Def nition of a PDA
10 qi a Zy ‘
12 q» a Zy

Note the last move on input string acaa. Although there is no move 8(q1, @, Zp); 1
machine can take the A-transition 8(q;, A, Zo) before running out of choices. We could say
that the portion of the string read so far (i.e., aca) is accepted, since the machine is in a
accepting state at this point; however, the entire input string is not accepted, because not all of
it has been read.

Figure 7.1 shows a diagram correspondmg to Example 7.1, modeled after (but more th Set Of acceptmg states isa subset of Q
complicated than) a transition diagram for an FA. Each transition is labeled with an input 8 Q x (E U {A}) X[ — the Set Of ﬁmte subsets Of Q X F*

(either an alphabet symbol or A), a stack symbol X, a slash ( /), and a string o of stack The functron S is calle dthe tran51t1 on functionof M.
cvmhnle The fnfernratation i< that the transition mav occur on the specified input and involves ' - -
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qccepting configuration to denote any configuration in which the state is an accepting
state. This type of acceptance is sometimes called acceptance by final state. Tt will
e convenient in Section 7.5 to look briefly at another type, acceptance by empty
stack. In this approach, a string is said to be accepted if it allows the PDA to reach
a configuration in which the stack is empty, regardless of whether the state is an
accepting state. It is not hard to see (Section 7.5 and Exercises 7.41 and 7.42) that
the two types of acceptance are equivalent, in the sense that if a language is accepted
by some PDA using one mode of acceptance, there is another PDA using the other
mode that also accepts the language.

It is worth emphasizing that when we say a string x is accepted by a PDA, we
mean that there is a sequence of moves that cause the machine to reach an accepting
configuration as a result of reading the symbols of x. Since a PDA can be nonde-
ferministic, there may be many other possibie sequences of moves that do not lead
to an accepting configuration. Each time there is a choice of moves, we may view
the PDA as making a guess as to which one to make. Acceptance means that if the
PDA guesses right at each step, it can reach an accepting configuration. In our next
example, we will see a little more clearly what it means to guess right at each step.

The stack alphabet I" and the initial stack symbol Zy are what make it necessar
to have a 7-tuple rather than a 5-tuple. Otherwise, the components of the tuple are th
same as in the case of an FA, except that the transition function § is more complicate,

We can trace the operation of a finite automaton by keeping track of the currep
state at each step. In order to trace the operation of a PDA M, we must also keep trae
of the stack contents. If we are interested in what the machine does with a spec
input string, it is also helpful to monitor the portion of the string yet to be read,
configuration of the PDAM = (Q, £, T, qo, Zo, A, 8) is atriple

(g, x,a)

where g € Q, x € ©*, and @ € I'*. Saying that (g, x, &) is the current configuratio

of M means that ¢ is the current state, x is the string of remaining unread input, 4n

« is the current stack contents, where as usual it is the left end of « that correspond

to the top of the stack. ‘ ‘
We write

(paxsa) I_M (qs y’ﬂ)

to mean that one of the possible moves in the first configuration takes M to th
second. This can happen in two ways, depending on whether the move consumes a
input symbol or is a A-transition. In the first case, x = ay for some a € X, and i

A PDA Accepting the Language of Palindromes
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EXAMPLE 7.2

the second case x = y; we can summarize both cases by saying x = ay for som
a € T U{A}. In both cases, the string 8 of stack symbols is obtained from «
replacing the first symbol X by a string & (in other words, & = Xy for some X
and some ¥ € T'*, and B = &y for some § € I'*), and

(q,8) €d(p,a, X)

This example involves the language pal of palindromes over {a, b} (both even-length and odd-
length), without the marker in the middle that provides the signal for the PDA to switch from
the “pushing-input-onto-stack” state to the “comparing-input-symbol-to-stack-symbol” state.
The general strategy for constructing a PDA to recognize this language sounds the same as in
Example 7.1: Remember the symbols seen so far, by saving them on the stack, until we are
teady to begin matching them with symibols in the second half of the string. This switch from
one fype of move to the other should happen when we reach the middle of the string, just as in
Example 7.1. However, without a symbol marking the middle explicitly, the PDA has no way
of knowing that the middle has arrived; it can only guess. Fortunately, there is no penalty for
guessing wrong, as long as the guess does not allow a nonpalindrome to be accepted.

We think of the machine as making a sequence of “not yet” guesses as it reads input
symbols and pushes them onto the stack. This phase can stop (with a “yes” guess) in two
possible ways: The PDA may guess that the next input symbol is the one in the very middle
of the string (and that the string is of odd lerigth) and can therefore be discarded since it need
1ot be matched by anything; or it may guess that the input string read so far is the first half
of the (even-length) string and that any subsequent input symbols should therefore be used to
match stack symbols. In effect, if the string read so far is x, the first “yes” guess that might be
made is that another input symbol s should be read and that the input string will be xsx”. The
second possible guess, which can be made without reading another symbol, is that the input
string will be xx”. In either case, from this point on the PDA is committed. It makes no more
guesses, attempts to process the remaining symbols as if they belong to the second half, and
can accept no string other than the one it has guessed the input string to be.

’ This approach cannot cause a nonpalindrome to be accepted, because each time the PDA
makes a “yes” guess, it is then unable to accept any string not of the form xsx” or xx”. On the
her hand, the approach allows every palindrome to be accepted: Bvery palindrome looks like

More generally, we write
(p.x,0) Fi (g, 5. B)

if there is a sequence of zero or more moves that takes M from the first configuratio
to the second. As usual, if there is no possibility of confusion, we shorten -y to
and %, to *. Using the new notation, we may define acceptance of a string by
PDA.

f Definition 7.2 Acceptance by a PDA

Note that whether or not a string is accepted depends only on the current sta
when the string has been processed, not on the stack contents. We use the phra
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even looking at the next input symbol. (Another approach would have been to read the g, use
. to match the a on the stack, and move to g, all on the same move; however, the moves show

PART 3 Context-Free Languages and Pushdown Automata

either xsx” or xx”, and in either cese, there is a permissible sequence of choices that involy (qo, baab, Zp)
making the correct “yes” guess at just the right time to cause the string to be accepted. It
still possible, of course, that for an input string z that is a palindrome the PDA guesses “ve
at the wrong time or makes the wrong type of “yes” guess; it migh‘t end up acceptmg 50
palindrome other than z, or simply stop in a nonaccepting state. This does not mean that ¢
PDA is incorrect, but only that the PDA did not choose the part1cu1ar sequence of moves th
would have led to acceptance of z.

The transition table for our PDA is shown in Table 7.2. The sets Q,T', and A are the sa {qp; aab, bZy) (95, aab, Z;)
as in Example 7.1, and there are noticeable similarities between the two transition tables, T
moves in the first six lines of Table 7.1 show up as possible moves in the corresponding lin
of Table 7.2, and the last three lines of the two tables (which represent the processing of
second half of the string) are identical.

The fact that the first six lines of Table 7.2 show two possible moves tells us that ther
genuine nondeterminism. The two choices in each of these lines are to guess “not yet,”
Table 7.1, and to guess that the input symbol is the middle symbol of the (odd—lengsh) String‘
The input symbol is read in both cases; the first choice causes it to be pushed onto the sta
and the second choice causes it to be discarded.

However, there is also nondeterminism of a less obvious sort. Suppose for example tha
the PDA is in state go, the top stack symbol is a, and the next input symbol is a, as in line
Tn addition to the two moves shown in line 3, there is a third choice shown in line 8: no
read the input symbol at all, but to execute a A-transition to state g. This represents the othe
“yes” guess, the guess that as a result of reading the most recent symbol (now on top of
stack), we have reached the middle of the (even-length) string. This choice is made with

b, aabZy) (g1 b, abZy)

{gps A, baabZy) (91, A, aabZy) (g1, b, aabZy)

(q1, A, baabZy)

in the table preserve the distinction between the state go in which all the guessmg oceurs
the state ¢; in which all the companson-makmg occurs.)
Note that the A-transition in line 8 is not in itself the source of nondeterminism, Th

igure 7.2
move in line 12, for example is the only possible move from state g; if Zo is the top st igure

omputation tree for the PDA in Table 7.2, with input baab.

Table 7.2 ! Transition table for Example 7.2

- ‘Mb - mbol. Line 8§ represents nondeterminism because if the PDA is in state qo and a is the top
o i — ck symbol, there is a choice between a move that reads an input symbol and one that does
"1 do a Zy qu’ igog’ qu’ gog, t. We will return to this point in Section 7.3,
% do Z Zao q((é)l,o, ag): (gi: a)o Just as in Section 4.1, we can draw a computation tree for a PDA such as this one, showing
4 gg b a (g0, ba), (q1, a) onfiguration at each step and the possible choices of moves at each step. Figure 7.2 shows
5 % a b (o, ab), (g1, ) a tree for the string baab, which is a palindrome.
6 g0 b b (4o, bb), (41, b) Each time there is a choice, the possible moves are shown left-to-right in the order they
7 q0 A Zy ((‘11’ Zao)) pear in Table 7.2, In particular, in each configuration along the left edge of Figure 7.2 except
g 90 ﬁ Z (31: b) ast one, the PDA is in state go and there is at least one unread input symbol. At each of
10 g‘l) a a (g1, A) Se points, the PDA can choose from three possible moves. Continuing down the left edge
1 a b b (q1, N) the figure represents a “not yet” guess that reads an input and pushes it onto the stack. The
12 i ) A ) Zy (qlf(’) ri:O) et two possibilities are the two moves to state q1, one that reads an input symbol and one
(all other combinations

t does not

(g1, aab, Zy) (q1, baab, Z)

(45, baab, Zpy)

abzy) (41, ab, bZp) (41, aab, bZy)

CHAPTER 7 Pushdown Automata

(qy, ab, abZy)

(g1, b, bZy)

(g1, A, Zy)

(g2, A, Zy)
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The sequence of moves that leads to acceptance is still possible for one of the sets §(g, a, X) to be empty. In this sense, our notion of
determinism is a little less strict than in Chapter 4, where we called a finite automaton
nondeterministic if there was a pair (g, a) for which §(g, a) did not have exactly one
element.

The last statement in the definition anticipates to some extent the results of the
next two sections, which show that the languages that can be accepted by PDAs are
preClsely the context-free languages. The last statement also suggests another way
in which CFLs are more complicated than regular languages. We did not define a
_ “deterministic regular language” in Chapter 4, although we considered both NFAs

and deterministic FAs. The reason is that for any NFA there is an FA recognizing
_the same language; any regular language can be accepted by a deterministic FA. Not

every context-free language, however, can be accepted by a deterministic PDA. It

probably seemed obvious in Example 7.2 that the standard approach to accepting the

language of palindromes cannot work without nondeterminism; we will be able to

show in Theorem 7.1 that no other PDA can do any better, and that the language of

palindromes is not a DCFL.

(qo, baab, Zy) \- (g0, aab, bZy)
- (qo, ab, abZy)
F {q1, ab, abZy)
- (41, b, bZo) |
F (g1, A, Zo) ,
F (g2, A, Zo) (accept)

This sequence of moves is the one in which the “yes” guess of the right type is made a
exactly the right time. Paths that deviate from the vertical path too soon terminate before ¢ 1
PDA has finished reading the input; the machine either crashes or enters the accepting state
prematurely (so that the string accepted is a palindrome of length 0 or 1, not the one we h

in mind). Paths that follow the vertical path too long cause the PDA either to crash or.to rus
| out of input symbols before getting a chance to empty the stack.

7.3 | DETERMINISTIC PUSHDOWN
AUTOMATA

The PDA in Example 7.1 never has a choice of more than one move, and it is appro
priate to call it a deterministic PDA. The one in Example 7.2 illustrates both type:
of nondeterminism: that in which there are two or more moves involving the sam
+". combination of state, stack symbol, and input, and that in which, for some combi
\ tion of state and stack symbol, the machine has a choice of reading an input'sym

or making a A-transition.

A DPDA Accepting Balanced Strings of Brackets

Consider the language L of all balanced strings involving two types of brackets: {} and []. L
is the language generated by the context-free grammar with productions

S— SSIISTI{S}| A

(Itis also possible to describe this type of “balanced” string using the approach of Definition 6.5;

Our PDA will have two states: the initial state gq, which is also the accepting state (note
that A is one element of L), and another state g,. Left brackets of either type are saved on the
tack, and one is discarded whenever it is on top of the stack and a right bracket of the same
| ; - ¢ is encountered in the input. The feature of strings in L that makes this approach correct,
| . Definition 7.3 Definition f - determlmstlc il a}rlllzl therefore makes a stack the appropriate data stricture, is that when a riiit bracket in a
balanced string is encountered, the left bracket it matches is the last left bracket of the same
ype that has appeared previously and has not already been matched. The signal that the string
ead so far is balanced is that the stack has no brackets on it (i.e., Z; is the top symbol), and if
this happens in state ¢; the PDA will return to the accepting state go via a A-transition, leaving
he stack unchanged. From this point, if there is more input, the machine proceeds as if from
he beginning.

Table 7.3 shows a transition table for such a deterministic PDA. To make it easier to read,

he parentheses with which we normally enclose a pair specifying a single move have been
mitted,

‘ t‘M = (Q 2 1" qo, Zo, A 8)be apushdownautomaton M 1s‘ et
isti 1f there is no conﬁguratlon for which M has a choice of more than
' ‘ther words, M IS deternnmsuc if it satxsﬁes hoth the follo

The input string {[1}[], for example, results in the following sequence of moves.

(go, {[BL1, Zo) & (qu, (I}], {Zo)
= (g1, M1, [{Zo)
= (g1, Y1, {Zo)
(g1, I1, Zo)

Note that our definition does not require the transition function to be deﬁned_ i
every combination of state, input, and stack symbol; in a deterministic PDA, 1t
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Table 7.3 | Transition table for Example 7.3 Table 7.4 | Transition table for a DPDA to accept L
a : : PO o

Movenumber  State  Input  Stacksymbol Move ‘Movenumber  State  Input

Z 1 9o a (q1,aZy)
1 { Zy q1, {Zo - aZo
9 Zg [ Zo q1, [Zo 2 qo b (g0, bZ¢)
3 q { { qi, {{ 3 90 a (qo, A)
4 o [ { g1, { 4 90 b (qo, bb)
5 ¢ ( [ g1, {I 5 q1 a (q1, aa)
6 @ [ [ an [ 6 9 b (g0, A)
7 @ } { a, A 7 o A (1, @)
g o 1 [ q1, A (all other combinations) none
9 q A Zo qos Zo
(all other combinations) none
Table 7.5 | A DPDA with no A-transitions accepting L
F (g1, 1, [Zo) 1 do a Zy (g1, Zo)
F (g1, A, Zo) 2 9o b Zy (g0, bZy)
ce t) 3 qo0 a b ([ZOv A)
(g0, A, Zo)  (accep ' 4 s b b (G0, bb)
You may very well have seen stacks used in the way we are using them here, with lan 5 q1 a Zo (1. aZy)
guages closely related to the set of balanced strings of parentbeses. If you have written o g gi z io EZO’ 52;
. . : < 1s
studied a computer program that reads an algebrau? expression and'proces;eél(lit (to Pr.oce'ss 3 P b a (1, A)
an expression could mean to evaluate it, to convert it to postfix notation, to build an expressio (all other combinations) » none

tree to store it, or simply to check that it obeys the syntax rules), the program alrn'o?t certai%ﬂ
involved at least one stack. If the program did not use recursion, the stack we'ls exphc1t—sto1tm
values of subexpressions, perhaps, or patentheses and operators; if the algor‘lthm was recursiv
there was a stack behind the scenes, since stacks are the data structures involved whenev

recursive algorithms are implemented.

If we can provide a way for the PDA to determine in advance whether an a on the stack
the only one, then we can eliminate the need to leave the accepting state when a is popped
rom the stack, and thereby eliminate A-transitions altogether. There are at least three natural
ays we might manage this. One is to say that we will push a’s onto the stack only when we
ave an excess of at least two, so that in state ¢y, top stack symbol Z, means one extra a, and

A DPDA to Accept Strings with More a's Than b’s

op stack symbol a means more than one. Another is to use a different stack symbol, say A,
ot the first extra a. A third is simply to introduce a new state specifically for the case in which
lere s exactly one extra a. The DPDA shown in Table 7.5 takes the first approach. As before,
1 is the accepting state. There is no move specified from g; with stack symbol  or from 9o

For our last example of a DPDA, we consider
L= {x € {a,b}* | na(x) > np(x)}
The approach we use is similar in some ways to that in the previous example. There ' . . .
d left brackets on the stack so that they could eventually be matched by right bracke ith stack symbol a, because neither of these situations will ever occur,
;?VC we save cxcess symbols of either type, so that they can eventually be matched by symbols This PDA may be slightly easier to understand with the transition diagram shown in
OW ’ ‘ . . . v
of the opposite type. The other obvious difference is that since the null string is notin L, th§ igure 7.3.
initial state is not accepting. With those differences in mind, itis easy to understand the DPDA We illustrate the operation of this machine on the input string abbabaa:
described in Table 7.4, The only two states are the initial state go and the accepting state g;
At any point when the stack contains only Zo, the string read so far has equal numbe.ls OW
a’s and b’s. Tt is almost correct to say that the machine is in the accepting state g; prec1sely
when there is at least one a on the stack. This is not quite correct, because mput- b in state g
requires removing a from the stack and returning to go, at least temporarily; this guarantee
that if the a just removed from the stack was the only one on the stack, the mput.strmg read ;
far (which has equal numbers of ’s and b’s) is not accepted. The A-transition is the wa.y t o
i i i ‘e ar itional a’s remainin .4,
cepting state once it determines that there are additiona
PDA returns to the accepting et

(q0, abbabaa, Zy) & (q1, bbabaa, Zy)
t- (g0, babaa, Zy)
F (qo, abaa, bZ)
F (qo, baa, Zy)
F (qo, aa, bZy)

IS I .
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a, Zy/aZy for some state ¢, and some string @, € '* with locrl > 0; and for any s
,any state D, and any strmg Bel” ‘

; ‘, 1f(£10;x)’a ZO) }-* (p’ A ﬂ) thenlﬂ’ >I

ecause of ou initial assu
nvolves removmg a stac]

b, Zo/bZ,

Figure 7.3 |
The DPDA in Table 7.5.

We conclude this section by showing the result we promised at the beginning

Not every language that can be accepted by a PDA can be accepted by a deterministi . Therefore, there must be an infinite subset T of S so that for all the

nents xy, of 7, the pairs (g,, A,) are equal. In particular, we can choos
PDA. wo different stnngs Ui =)y and Uy = Wy, SO that ~

(C]O, Ut ZO) }—* (‘], -A7 Aﬁl)

(qO, i, Zo) H* (q, A, Aﬁz)

ok at longer strings of the form iz and 12z, we have ‘
(9o, 112, Zo) =" (g, 2, Aﬁl) -

(q(),uzz, Zo) F* (q,z, Aﬁz)

nd the symbol A is never removed from the stack asa result of precessx
< tring z. The Teason this is useful is that although the stack conten ]

1t ¢ f processmg 1»z: Either both strings are accepted or nelther is: No
ver, we have the contradiction we are looking for. On the one hand,
treats u,z and 1,z the same way; on the other hand, as we showed in
proof of Theorem 3.3, the two stungs ug and uy ate distinguishable with
~ spect to pal, so that for some z, one of the strings ulz, uzz isin pal and
a e’ w le p e e other is not. This is impossible if M accepts pal. -
fmake on ‘put % whether ot not x 1s followe

See Exercise 7.17 for some other examples of CFLs that are not DCFLs, and see

. M i remember about x We " ay . 0n81der how m Section 8.2 for some other methods of showing that languages are not DCFLs,
‘ on ow muc nee o ‘

ack can ever getasa result of reading subsequent input symb

‘eastrmgforw}uchthlsresultmg stack height is as § 4| APDA CORRESPONDING TO A GIVEN
‘ ‘becauseMmust stﬂlbe able to process long CONTEXT-FREE GRAMMAR

p to this point, the pushdown automata we have constructed have been based on
Simple symmetry properties of the strings in the languages being recognized, rather
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~in the simulated derivation is carried out by replacing a variable on the stack (at
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than on any features of context-free grammars generating the languages. As a resy n7.4 Top-down PDA corresponding to a CFG

it may not be obvious that every context-frec language can be recognized by a Pp : :

However, that is what we will prove in this section.

Starting with a context-free grammar G, we want to build a PDA that can test an
arbitrary string and determine whether it can be derived from G. The basic strategy “
to simulate a derivation of the string in the given grammar. This will require guessin,
the steps of the derivation, and our PDA will be nondeterministic. (As we will
in Section 7.6, there are certain types of grammars for which we will be able
modify the PDA, keeping its essential features but eliminating the nondeterminism
The approach will be particularly useful in these cases, because for a string x in
language, following the moves of the machine on input x will not only allow us For every Ae V. 8(q, A, A) - g d)i! A aian rodu Gonine
confirm x’s membership in the language, but also reveal a derivation of x in Foreverya € 3, 8(q1, a ~:a:)f:i G :,\)} . o ; C - m )
grammar. Because of languages like pal, however, finding such a deterministic PD/ . 1’ &
is too much to expect in general.) As the simulation progresses, the machine will teg '
the input string to make sure that it is still consistent with the derivation-in-progress ;
If the input string does in fact have a derivation from the grammar, and if the PDA’ ‘ ‘oi'elﬁ‘7'2 ‘ - ; S
guesses are the ones that correctly simulate this derivation, the tests will confirm thi t G = (V, %, $, P) be a context-free grammar. Then the top-down PDA
and allow the machine to reach an accepting state. : escribed in Definition 7.4 accepts L(G). k .

(G =(V, %, 8, P)be acontext-free grammaf
, Zo, A, 8) as follows: -
)= 0. q1.2} A={g) T=VUTU(Z
e initial move of M is to place S on ¢t
om g1, when the stack is empty except for Zp: §(
rwise, the only moves of M are as follows:

There are at least two natural ways a PDA can simulate a derivation in the gram. - éf ; ; -
mar. A step in the simulation corresponds to constructing a portion of the derivat ' ol s . : ...
. rst, toshow L(G) © : npin L on tha et o
tree, and the two approaches are called top-down and bottom-up because of the orde . I;ftmost deriff(a;t)io; ({} (jcwl). II<f 7;1 ;{S any string in L(G‘)s;‘thﬁn ‘the‘laskt step.
in which these portions are constructed. - - D e ‘ ..
We will begin with the top-down approach. The PDA starts by pushing the st - ‘ - YAz vyl =x o ;
symbol S (at the top of the derivation tree) onto the stack, and each subsequent ste nere y, z, and y' are strings of terminals, and a typ‘ikc‘al‘ intermedisie :step -

certain node in the tree) by the right side of a production beginning with that variabl
(in other words, adding the children of that node to the tree.) The stack holds ¢
current string in the derivation, except that as terminal symbols appear at the left
the string they are matched with symbols in the input and discarded. "

The two types of moves made by the PDA, after S is placed on the stack, are

; yAe=yyp
where again y and ¥ ~;§re"$trings of terminals for which yy prefix
and the string B begins with a variable. We may take the second cas \
presentative one, if we say that g either is A ot begins with a vz
at we would like to show in this situation is that quenc

1. Replace a variable A on top of the stack by the right side « of some productié oves of our PDA has the effect of reading the string yy’ of te . A
A — o. This is where the guessing comes in. hing it with terminals from the stack, leaving the string 8 (or Tl

2. Pop a terminal symbol from the stack, provided it matches the next input. ) on the stack, and leaving the PDA in state g;. It will follow, fro
symbol. Both symbols are then discarded. : ecial case in which § = A, that with the input String}c & 5 DA,(::‘aﬂﬁre

. knﬁgm:*ati‘on (g1, A, Zy); therefore, because of the move to g describe

the definition, the PDA accepts x. f .
A precise statement that says this and is suitable for proof by induct

the following: - . .

At each step, the string of input symbols already read (which have been successtul
matched with terminal symbols produced at the beginning of the string by the detiv
tion), followed by the contents of the stack, exclusive of Zg, constitutes the cuite
string in the derivation. When a variable appears on top of the stack, it is becau : ; ; : ;
terminal symbols preceding it in the current string have already been matched, a Foranyn > 1,if x € L(G) and the nth step in a leftmost deriﬁzaﬁoﬁ of
thus it is the leftmost variable in the current string. Therefore, the derivation bei is yA ¥, whete x = yy'z, yy is a string of terminals, and ,8 o :

simulated is a lefimost derivation. If at some point there is no longer any patt or begins with a variable, then :
the current string remaining on the stack, the attempted derivation must have be - (qo“,‘x,Zo)k e L) a - 2. BZ) -
successful at producing the input string read so far, and the PDA can accept. For kthe bl e obthe oroob o e -

~ We are now ready to give a more precise description of this top-down PDA a is:‘té ol D O the proof, et n - 1; The first ste 1 ader ion
to prove that the strings it accepts are precisely those generated by the grammar. § s apoauedon QL fonn $ = ¥, so that the string yin (7.1
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The other possibility is that the next- to-last conﬁgura
- - | ¥ Zo) for some variable A for which there i is a production
' (40 . Zo) (qo Yo Zo k(@1 ¥z SZo) - @Y%,y /320) ~ f i cues e mducuonhypmhem tells us e
(@, Y Y 2 ; r andS:gs* yA}/ But then

‘f‘ u]l Usmg the 1mt1a1 move m the definition of Manda move of type

owever, usmg as many moves of type 2) as there are symbols in y
PDA is able to get from the last confi guratlon shown {0 (ql, z, ,8) - ;
:may onclude that - L hi completes the 1nduct10n proof ‘ . - \

10: X, Zo) - @, z, b20) Now, ifx is any sing in L(M), -

Noy suppose that k- =1 and that our statement is true for everyn - (g0, x Z) Lt A Z L k
o sht)w that if the (k + Dth step ina Ieftmost denvanon o . : (ql’ o (qz, A ZO}

S=> yAy::}yay )/’ﬁ - |

ecause M can enter gz only via a A~trans1t10n w1th Z() on top of |
tmg y=xandz= B = A in the statement we proved by indue |
ay kconclude that § =¢ x and therefore that x € L(G)

| - wBy:>ww,3-wone

h1s means that x = ww'(y’ z) and the mductlon h

A Top-down PDA for the Strings with More a's than b’s m

nsider the language

g amove of type (1) we get
(a1 ¥z, AaZo) - @y'%daZo) = @)% yBZo)

low, Just as in the bams step, we may teach the configuration (g1,
sing moves of | type (2); this completes the proof that L(G) € L
Next, to show L(M) € L(G). Roughly speaking, this m ‘

; show the converse of the previous statement; in other wor ~ §—>alaS|bSS|SSb|SbS

| ~ ﬁguratlon (g1, 2, ,BZO) can occur only if some Ieftmost derivation lowing the construction in the proof of Theorem 7.2, we obtain the PDA M = (0, %,T,

kgramrﬁarproducesthe string yﬁ,wherex = yz. Tobepremse, we shoy Zy, A, 8), where O = {g0,q1, 2}, © = {a,b}, T = {S,a, b, Z), A
i . ~ : ; : sition function § is defined by this table. , o 4 = {go}, and the

={x € {a, b} | ny(x) > ny(x)}

which we constructed a DPDA in Exam
ple 7.4. From Example 6.10
text-free grammar for L is the one with productions ’ e know that e

. For any n > 1, if there is a sequence of n moves that leads fro
configuration (qo, X, Zo) to the configuration (611, Z ﬂZo), then for so — —— ; ,
,x~yz andS:>G 8. - . : Stack symbol =~  Move(
e bams step is easy because the only single move producmg a ? (g1, @), (q1, aS) (q(qgsi fo)( - |
figuration of the right form is the initial move of M; in this case z a T 1’( o AS a1, 55), (1, SbS)
B = S, sothat y can bechosentobe A. - b @A) :
Suppose k = 1 and our statement is true for any n > k. Suppos " 2o (@, Z0) 1
' that some sequence of k + 1 moves produces the configuration (g1, 2, (all other combinations) none ‘
| 1 Ve must show that x = yz for some y and that S =" yB.
There are two possﬂnhties for the (k -+ l)th move in this sequence We con “
sider th =
hat the next-to-last configuration is (g1, 4z, a 187Z¢) and the last move tha 1eftmosetrde:nsr:tl1[cl>izf x ilf ﬁlaaa - andEC ompare the moves made by M in accepting |
: e grammar. Each move in which "
ype (1) In th;s;ase*the mdu({gon hglz ; thesis | ;mp lies that fgr iOlmeby stack by a string corresponds to a step in a leftmost derivation i)cf xa Zflgil})lli oopheedon
y az an = aﬂ e ge e conc usion immediately by L € right of the move. Observe that at each step, the stack contains (in adc;tli)trexl?[ 1SZSh)o:zn
: - ~ 1 ’ (0] e
on of the current string in the derivation that remains after removing the initial stn(;g of
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terminals read so far.

A Bottom-up PDA for Simple Algebraic Expressions

(90, abbaaa, Zy) Let us illustrate this approach using the grammar G, a simplified version of the one in Section

= (g1, abbaaa, 57,) § 4, with productions

F (g1, abbaaa, SbSZy) = SbS

F (q1,abbaaa, abSZy) = ab$ 1 S — S+71

= (Qh bbaaa, bSZO) (2) S > T

= (q1, baaa, SZy) 3 T - Tsa

F (g1, baaa, bSSZy) =>abbS$ @ T > a

F (g1, aaa, SSZy)

F (g1, aaa,aSZy) = abbal he reason for numbering the productions will be seen presently. Suppose the input string is

F (g1, aa, SZo) +a x a$, which has the rightmost derivation

F (q1,aa,a87) = abbaa$ So syt

F (q1.a,8Zy) e

F (g1, a,aZy) = abbaaa = S+ T *a

F (g1, A, Zy) = S+axa

F (g2, A, Zo) =T +axa
= d+axa

You may wish to trace the other possible sequences of moves by which x can be accept

corresponding to other possible leftmost derivations of x in this CFG.  The corresponding steps or groups of steps executed by the bottom-up PDA as the string a+-axa

+_extends the tree downward), the PDA removes « from the stack and replaces it

is processed are shown in Table 7.6. Remember that at each point, the reverse of the string on
the stack (omitting Z;), followed by the string of unread input, constitutes the current string in
the derivation, and the reductions occur in the opposite order from the corresponding steps in
the derivation. For example, since the last step in the derivation is to replace T by a, the first
duction replaces a on the stack by 7'.

In Table 7.7 we show the details of the nondeterministic bottom-up PDA that carries out
i‘these moves. The shift moves allow the next input to be shifted onto the stack, regardless of
e current stack symbol. The sequence of moves in a reduction can begin when the top stack
symbol is the last symbol of o, for some string « in a production A — o. If lee| > 1, the
moves in the sequence proceed on the assumption that the symbols below the top one are in
ct the previous symbols of a; they remove these symbols, from back to front, and place A

The opposite approach to top-down is bettom-up. In this approach, there are
posite counterparts to both types of moves in the top-down PDA. Instead of replaci
avariable A on the stack by the right side o of a production A — « (which effectiv

(or “reduces it t0”) A, so that the tree is extended upward. In both approaches,
contents of the stack represents a portion of the current string in the derivation bei
simulated; instead of removing a terminal symbol from the beginning of this porti
(which appeared on the stack as a result of applying a production), the PDA “shiff
a terminal symbol from the input to the end of this portion, in order to prepare fo
reduction.

Note that because shifting input symbols onto the stack reverses their order,
string o that is to be reduced to A will appear on the stack in reverse; thus the P
begins the reduction with the last symbol of « on top of the stack.

Table 7.6 | Processing of a + a  a by the bottom-up PDA
corresponding to G

e

. . : ' Move  Production  Stack  Unread input

Note also that while the top-down approach requires only one move to appl — ~ i
production A — «, the corresponding reduction in the bottom-up approach requir shift a %0 a TFZ : Z
a sequence of moves, one for each symbol in the string «v. We are interested primari reduce T > a TZ, taxa
in the sequence as a whole, and with the natural correspondence between a producti reduce S > T SZ, +tasxa
in the grammar and the sequence of moves that accomplishes the reduction. shift +5Zy axa
The process terminates when the start symbol S, left on the stack by the I _Sglft a+S8Z ‘ *a
reduction, is popped off the stack and Z is the only thing left. The entire proc I:hlilfcte I'—>a :T++S§% *a
simulates a derivation, in reverse order, of the input string. At each step, the curt shift axT + SO Zo f

string in the derivation is formed by the contents of the stack (in reverse), followed
the string of unread input; because after each reduction the variable on top of the stai
is the rightmost one in the current string, the derivation being simulated in reverse
a rightmost derivation.

reduce T - Txa T+ 87, —
reduce S = §+T SZg —
(pop 5) Zy -
(accept)
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5|ACONTEXT-FREE GRAMMAR
~ |CORRESPONDING TO AGIVEN PDA

will be useful in this section to keep in mind the nondeterministic top-down PDA
Onstructed in the previous section to simulate leftmost derivations in a given context-
e grammar. If at some point in a derivation the current string is xo, where x is a
fring of terminals, then at some point in the simulation, the input string read so far
and the stack contains the string or. The stack alphabet of the PDA is ¥ U V
moves are defined so that variables are removed from the stack and replaceci
the right sides of productions, and terminals on the stack are used to match input
ymbols. In this construction the states are almost incidental; after the initial move
¢ PDA stays in the same state until it is ready to accept. ‘ ,
Now we consider the opposite problem, constructing a context-free grammar
t generates the language accepted by a given PDA. The argument is reasonably
plicated, butit will be simplified somewhat if we can assume that the PDA accepts
he language by empty stack (see Section 7.2). Our first job, therefore, is to convince
selves that this assumption can be made without loss of generality. We state the
ult in Theorem 7.3 below and give a brief sketch of the proof, leaving the details
0 the exercises.

272 PART 3 Context-Free Languages and Pushdown Automata

Table 7.7 | The nondeterministic bottom-up
PDA for G

q A S (41 s A)

& A Zy (g2, A)
(all other combinations) none

on the stack. Once such a sequence is started, a set of states unique to this sequence is w
allows the PDA to remember how to complete the sequence. Suppose for example that
want to reduce the string 7' * a to T. If we begin in some state g, with a on top of the st
the first step will be to remove a and enter a state that we might call g3 ;. (Here is where
use the numbering of the productions: The notation is supposed to suggest that the PDA
completed one step of the reduction associated with production 3.) Starting in state gs i, t
machine expects to see * on the stack. If it does, it removes it and enters state g3 o, from w
the only possible move is to remove T from the stack, replace it by 7', and return fo g.
course, all the moves of this sequence are A-transitions, affecting only the stack.
Apart from the special states used for reductions, the PDA stays in the state ¢ du
almost all the processing. When S is on top of the stack, it pops S and moves to g1,
which it enters the accepting state g, if at that point the stack is empty except for Zo. The inp
alphabet is {a, +, *} and the stack alphabet is {a, +, %, S, T, Zo}.
Note that in the shift moves, a number of combinations of input and stack symbol cou
be omitted. For example, when a string in the language is processed, the symbol + will n
occur simultaneously as both the input symbol and stack symbol. It does no harm to inc
these, however, since no string giving rise to these combinations will be reduced to S.
Tt can be shown without difficulty that this nondeterministic PDA accepts the langua
generated by G. Moreover, for any CFG, a nondeterministic PDA can be constructed a

the same lines that accepts the corresponding language.
popping symbols off the stack until it is empty.
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* rather than by empty stack, but we can fix this, and eliminate the state g as wel
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Now we may return to the problem we are trying to solve. We have a Pp,
M that accepts a language L by empty stack (let us represent this fact by writin
L = L.(M)), and we would like to construct a CFG generating L. It will be helpfy
to try to preserve as much as possible the correspondence in Theorem 7.2 betw,
the operation of the PDA and the leftmost derivation being simulated. The curre;
string in the derivation will consist of two parts, the string of input symbols tea
the PDA so far and a remaining portion corresponding to the current stack conteng
In fact, we will define our CFG so that this remaining portion consists entire]
variables, so as to highlight the correspondence between it and the stack contents
order to produce a string of terminals, we must eventually eliminate all the variab]
from the current string, and in order for the input string to be accepted by the PD
(by empty stack), all the symbols on the stack must eventually be popped off.

We consider first a very simple approach, which is too simple to work i in gen
Take the variables in the grammar to be all possible stack symbols in the PD;
renamed if necessary so that no input symbols are included; take the start symb
be Z; ignore the states of the PDA completely; and for each PDA move that reads
(either A or an element of ) and replaces A on the stack by B1 Bz - -+ By, intro
the production

The string aca has the leftmost derivation

Zy = aAZy = acAZy = acaZy = aca

corresponding to the sequence of moves:

(qo, aca, Zo) = (qo.ca, AZo) = (q1,a,AZo) F (q1, A, Zo) + (g1, A, A)
1f we run the PDA on the input string aa instead, the 1n1t1a1 move is

(qo0, aa, Zo) F (qo,a, AZO)

and at this point the machine crashes, because it is only in state q1 that it is allowed
to read a and replace A on the stack by A. However, our grammar also allows the
derivation ,

Zy = aAZy; = aaZy = aa

In order to eliminate this problem we must modify our grammar so as to in-
corporate the states of the PDA. Rather than usmg the stack symbols themselves as
jables, we try things of the form

[p, A, 4q]

ere p and g are states. For the variable [p, A, ¢g] to be replaced by a (e1ther A
a terminal symbol), it must be the case that there is a PDA move that reads a,
ps A from the stack, and takes the machine from state p to state g. More general
oductions involving the variable [p, A, ¢] are to be thought of as representing any
quence of moves that takes the PDA from state p to state ¢ and has the ultirhate
ect of removing A from the stack.

If the variable [p, A, g] appears in the current string of a derivation, our goal is
replaceit by A or a terminal symbol. This will be possible if there is a move that
es the PDA from p to g and pops A from the stack. Suppose instead, however,
t there is a move from p to some state pq, that reads a and replaces A on the
ck by B1By -+ By,. It is appropriate to introduce a into our current string at this
int, since we want the initial string of terminals to correspond to the input read so
. But it is now also appropriate to think of our original goal as being modified,

aresult of all the new symbols that have been introduced on the stack. The most
ect way to eliminate these new symbols Bi, ..., By is as follows: to start in 1
d make a sequence of moves—ending up in some state p,, say—that result in B,
ing removed from the stack; then to make some more moves that remove B, and
the process move from p; to some other state ps; . .. ; to move from p,,_; to some
, and remove B,,, 1;.and finally, to move from p,, to g and remove B,,. The actual
oves of the PDA may not accomplish these steps directly, but this is what we want
lr ultimate effect to be. Because it does not matter what the states D2y P35 +vvs Pm

, we will allow any string of the form '

A — aB1B2 e Bm

This approach will give us the correspondence outlined above between the curre
stack contents and the string of variables remaining in the current string being derive
Moreover, it will allow the grammar to generate all strings accepted by the PDA,
reason it is too simple is that by ignoring the states of the PDA we may beallo
other strings to be derived as well. To see an example, we consider Example
This PDA accepts the language {xcx” | x € {a, b}*}. The acceptance is by final §

changing move 12 to
8(q1, A, Zo) = {(q1, M)}

instead of {(g2, Zo)}. We use A and B as stack symbols instead of ¢ and b. T
moves of the PDA include these:

8(qo, a, Zo) = {(g0, AZo)}
8(go, ¢, A) = {(q1, A)}
8(q1,a, A) = {(q1, M)}

8(q1, A, Zo) = {(q1, M)}

Using the rule we have tentatively adopted, we obtain the corresponding productic

Zo — aAZy alp1, B, p21lp2. B2, p3l -+ [Pms B, 4]

A —cA freplace [p, A, q] in the current string. In other words, we will introduce the
A—a ‘

Zy — A [p, A, q] = alp1, B, p21lp2, B2, p3l:+ [Pms Bm» 4]
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for all possible sequences of states pa, ..., Pm- Some such sequences will be dead
ends, in the sense that there will be no sequence of moves following this sequence
of states and having this ultimate effect. But no harm is done by introducing thege
productions, because for any derivation in which one of these dead-end sequences
appears, there will be at least one variable that cannot be eliminated from the string,
and so the derivation will not produce a string of terminals. If we denote by S the
start symbol of the grammar, the productions that we need to begin are those of the
form

S — [q0, Zo, 9]

where ¢ is the initial state. When we accept strings by empty stack the final state i
irrelevant, and thus we include a production of this type for every possible state g,

We now present the proof that the CFG we have described generates the language
accepted by M.

_0sTaZA |
uag Lby empty stack that IS,L ; L (M) Then there i

result, the theorem w111 fo}lowe On the one hand,
q0, %, Zo) Fy ] 0 then (1) nnphfk
g0, Zo. g1 =% %3 the fore, x € L(G), because i ‘
roduction of type 1. On the other hand, if x € (G) th
inany derwation of x must be S = [qo, Zo,,~ ], for ‘
h t [qg, Z(), q] :>* x. It then foﬂows fro

ﬂl ) or 1 and 8 (q, X, A) must contam (q A) In this case, We m y‘
from [q, A, q’] usmg a production of type 2.
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For the induction step, we suppose thatk > 1 and thatforany n < * an
_combination ofg, g € Q,x e B*,and A ¢ Tif(g.x,A) ' (g
then Iq. A, ¢l =" x. Next we suppose that (¢, x, A) L (g, AA
 we wish to show that [¢, A, ¢'] =* x. We know that for somea € 2|
and some y € 2*, X =ay and the first of the & + 1 moves is

(g, x, A= (q,ay, A (ql,y,

“‘Here mo 1 since k > 1, and the By’ s are elements ‘of I‘
Words, 8 (q, a, A) contains (q1, By -+ B,,,) The k subsequent mo
‘in the conﬁguranon (¢, A, A); therefore, for each i withl <7 <
must be 1nte1:med1ate points dt which the stack contams precnsely thi
BiBiyy -+ By, For each such 7, let ¢; be the state M is in the first

; stack contains B; - -+ By, and let x; be the portlon of the mput\nstrm
‘ consumed in going from g t0 gppy (on, if =m,in gomg fr m g
‘ conﬁguratlon (gl A A)). Then it must be the ca -

(qr?xl’ B ) k— (qH-l» A A)

foreachzwnhl <i <m~—1 and
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(q0, AZp)

1 qo a Zy
g o b Zy (90, BZy)
) qo0 a A (g0, AA)
. qo0 b A (g0, BA)
> do a B (g0, AB)
90 b B (90, BB)
7 9o ¢ Zy (g1, Zo)
8 9o C A (ql, A)
9 do c B (g1, B)
10 Q1 a A (g1, A)
1 aQ b B (g1, A)
12 Q A Zy (q1, N)
(all other combinations) none

o S

In the grammar G = (V, I, S, P) obtained from the construction in Theorem 7.4, V
ontains S as well as every object of the form [p, X, ¢], where X is a stack symbol and p and
can each be either go or ¢;. Productions of the following types are contained in P:

~> [q0, Zo, g1

(Qm,lntx m) }“* (q ) ;

where each of the 1ndlcated sequences of moves has k or fewer.f

kthe mducuon hypothe51s, . -
- i B qz+1] =4+ .
for eachz w1th 1 = z =m -1, and

o | [Qrm Bin s Q ] => xm .
k;‘sii‘nce ) (q a. A) c‘onteﬁns (q1, B1 . ,n), We know that

g, 4,4 =>a[q1,B1,qz][qz,Bz, czs]é: [qm,Bm,q} :

:~ (thlS isa productmn of type 3), and we may conclude that

lg.A,q1=" ax1x2 xm--x

l‘  This cempletes the induction and the proof of the theorem

Obtaining a CFG from a PDA Accepting Simple Palindromes

EXAMPLE 7.7

We return once more to the language L = {xcx” | x € {a, b}*} of Example 7.1, which
used to introduce the construction in Theorem 7.4. In that discussion we used the PDA W
transition table is shown below. (It is modified from the one in Example 7.1, both in

uppercase letters for stack symbols and in accepting by empty stack.) k

(1) [q0, Zo,q] ~> alqu, A, pllp, Zo, q]
(2 90, Zo,q]1 — blgo, B, pllp, Zo, q]
(3) g0, A, q1  — alqo, A, plip, A, ql
@ lg0,A,q] — blgo, B, pllp, A, q]
(5) [90,B,q] — alqo, A, plip, B, ql
6) [q0,B.q] — blqo, B, pllp, B, ql
(N lgo, Zo,q1 — clagi, Zo, q]

®) [90,4,9] — clq1, A, q]

9 g0, B,q] — clq1, B,q]

19) fg, A, q1] —a

an [q.B,q1] — b

12) [q1, Zo,qi]1 = A

A\llowing all combinations of p and g gives 35 productions in all.

Consider the string bacab. The PDA accepts it by the sequence of moves

(qo, bacab, Zo) & (qo, acab, BZ)
 (go, cab, ABZy)
(g1, ab, ABZy)
(g1, b, BZp)
(g1, A, Zo)
g1, A, A)

The corresponding leftmost derivation in the grammar is

S = [QO, ZO: 41]
= blqo, B, ¢:1lg1, Zo, q1]
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= balqo, A, 1llq1, B, q1llq1, Zo, q1]
= baclqy, A, q1llq1, B, @1llgs, Zo, q1]
= bacalq, B, q11lg1, Zo, 411

= bacablq,, Zy, q1]

=> bacab

mainder of this section, we concentrate on two simple classes of grammars, for
ich the next input symbol and the top stack symbol in the corresponding PDA
ovide enough information at each step to determine the next move in the simulated
rivation. In more general grammars, the approach at least provides a starting point
the development of an efficient parser.

From the sequence of PDA moves, it may look as though there are several choie 6.1 Top-down parsing

leftmost derivations. For example, we might start with the production § — [gq, 7,

Remember, however, that [go, Zo, g] represents a sequence of moves from g, to ¢ that hy A Top-down Parser for Balanced Strings of Parentheses
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ultimate effect of removing Zy from the stack. Since the PDA ends up in state gy, it is

consider the language of balanced strings of parentheses. For convenience, we modify it
that ¢ should be g;. Similarly, it may seem as if the second step could be i v "

hily by adding a special endmarker $ to the end of each string. The new language will be

[90, Zo, 11 = blgo, B, qollqo, Zo, q1] oted L. If we use [ ] as our parentheses, the context-free grammar with productions

S—T$
T — [T]T | A

However, the sequence of PDA moves that starts in ¢y and eliminates B from the stack
with the PDA in state gy, not go. In fact, because every move to state gy adds to the stack

variable [go, B, go] in this grammar is useless: No string of terminals can be derived fror n unambiguous CEFG generating L. In the top-down PDA obtained from this grammar,

-is essentially what allows us to evaluate the expression. The problem of fin

only nondeterminism arises when the variable T is on the top of the stack, and we have a
ice of two moves using input A. If the next input symbol is [, then the correct move (or,
ceivably, sequence of moves) must produce a [ on top of the stack to match it. Replacing T
[T]T will obviously do this; replacing 7 by A would have a chance of being correct only
the symbol below T were either [ or T, and it is not hard to see that this never occurs. It
ears, therefore, that if T is on top of the stack, T' should be replaced by [T]T if the next
utsymbol is | and by A if the next input is ] or $. The nondeterminism can be eliminated by
kahead—using the next input symbol as well as the stack symbol to determine the move.
In the case when 7' is on the stack and the next input symbol is either ] or $, popping 7'
m the stack will lead to acceptance only if the symb01 beneath it matches the input; thus the
A needs to remember the input symbol long enough to match it with the new stack symbol.
can accomplish this by introducing the two states ¢; and g5 to which the PDA can move on
respective input symbol when 7" is on top of the stack. In either of these states, the only
ect move is to pop the corresponding symbol from the stack and return to ¢;. For the sake
onsistency, we also use a state g; for the case when T is on top of the stack and the next
utis [. Although in this case T is replaced on the stack by the longer string [T]7', the move
m g is also to pop the [ from the stack and return to g;. The alternative, which would be
hily more efficient, would be to replace these two moves by a single one that leaves the
\ in ¢; and replaces T on the stack by T'7.

The transition table for the original nondeterministic PDA is shown in Table 7.8, and
le 7.9 describes the deterministic PDA obtained by incorporating lookahead.

The sequence of moves by which the PDA accepts the string [ }$, and the corresponding
teps in the leftmost derivation of this string, are shown below. .

7.6 | PARSING

Suppose that G is a context-free grammar over an alphabet X. To parse a st
X € X* (to find a derivation of x in the grammar G, or to determine that there is n
is often useful. Parsing a statement in a programming language, for exampl
necessary in order to classify it according to syntax; parsing an algebraic expres

efficient parsing algorithms has led to a great deal of research, and there are m
specialized techniques that depend on specific properties of the grammar.

In this section we return to the two natural ways presented in Section 7,
obtaining a PDA to accept the language L(G). In both cases, the PDA not
accepts a string in L(G) but does it by simulating a derivation of x (in one ca
leftmost derivation, in the other case rightmost). Although the official output
PDA is just a yes-or-no answer, it is easy enough to enhance the machine slightl
allowing it to record its moves, so that any sequence of moves leading to accept
causes a derivation to be displayed. However, neither construction by itself can be
to produce a parsing algorithm, because both PDAs are inherently nondetermini
In each case, the simulation proceeds by guessing the next step in the derivatio
the guess is correct, its correctness will be confirmed eventually by the PDA.

One approach to obtaining a parsing algorithm would be to consider all possit
sequences of guesses the PDA might make, in order to see whether one of the
leads to acceptance. Exercise 7.47 asks you to use a backtracking strategy for doil

this with a simple CFG. However, it is possible with both types of nondeterminis| (40, L1$, Zo)
. . . . L - (‘]h []$7 SZO) N
PDAs to confront the nondeterminism more directly: rather than making an arbifra
F (g1, 1%, TSZo) =T$

choice and then trying to confirm that it was the right one, trying instead to us

the information available in order to select the choice that will be correct. In t F (q, 18, [T1T$Z,) = [T1T$

F (g1, 1%, T1T$Zy)
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Table 7.8 | A nondeterministic top-down PDA for balanced strings of El,iminating Left Recursion in a CFG
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parentheses v ‘
. - 7 nother unambiguous CFG for the language of Example 7.8 is the one with productions
‘ S—>T
1 2 A Zo @, 5Zo) ~T$
2 a A S (g, T$) T - T[T]| A
3 a A T (g1, [T1T), (g1, A) ,
4 a [ [ (g1, N) ¢ standard top-down PDA produced from this grammar is exactly the same as the one in
5 aQ ) ] (q1, A) xample 7.8, except for the string replacing 7' on the stack in the first move of line 3. We
g a1 i ; ((;1 1, é\)) an see the potential problem by considering the input string [ 1[1[]$, which has the leftmost
Q 0 2: Lo i
(all other combinations) none ivation

§ = T$ = T[TI$ = TITNTIS = TITITNTIS = --- = [I[I[]$

Table 7-9 | Using lookahead to eliminate

: he correct sequence of moves for this input string therefore begins
the nondeterminism from -

Table 7.8 (40, [ILI[18, Zo) = (g1, [I[1[1$, SZo)
1 qo A Zy (g1, SZo) F (g1, [1L1[18, T$Zo)
2 ‘91 A S (QI 3 T$)
3 q [ T (g, [T1T) (g1, [IL1018, TIT1$Zo)
4 A [ (Qh A)
s &9 7 @A) - (g1, L0038, TITITISZ0)
A
R R S SRy - (qu, LIS, TITITNTIS Z0)
8 qs A $ (g1, A) each of the last four configurations shown, the next inpﬁt is [ and the top stack symbol is T,
9 q L [ (g1, 4) the correct sequences of moves beginning at these four points are all different. Since the
10 a 1 ] (q1, ) . . . . . .
1 @ $ $ (g1, A) aining input is exactly the same in all these configurations, looking ahead to the next input,
12 0@ A Zo (g2, Zo) even farther ahead, will not help; there is no way to choose the next move on the basis of
(all other combinations) none input. ‘

The problem arises because of the productibn T — TI[T], which illustrates the phe-
menon of left recursion. Because the right side begins with T', the PDA must make a certain
mber of identical moves before it does anything else, and looking ahead in the input provides
help in deciding how many. In this case we can eliminate the left recursion by modifying
grammar. Suppose in general that a grammar has the T'-productions

- (,$,1T$Zy) =1[1T%
F (q1,$, T$Zy)

F (g5, A, $Zo)  =[1$
F (g1, A, Zo)

F (g2, A, Zo)

You can prbbably see that moves 9, 10, and 11 in the deterministic PDA, which
retained from the nondeterministic machine, will never actually be used. We include th
because in a more general example moves of this type may still be necessary. Although
not give a proof that the deterministic PDA accepts the language, you can convince yo
by tracing the moves for a few longer input strings.

T —> Tal|B

ere the string 8 does not begin with 7. These allow all the strings Sa”, for n > 0, to be
ained from 7. If these two productions are replaced by

T > U U — aU|A

language is unchanged and the left recursion has been eliminated. In our example, with
= [TTand B = A, we replace

T — TIT1A

In the top-down PDA obtained from a context-free grammar as in Definitio
looking ahead to the next input may not be enough to determine the next mo
Sometimes, however, straightforward modifications of the grammar are enough
establish this property, as the next two examples indicate.

T - U U - [TIU|A

d the resulting grammar allows us to construct a deterministic PDA much as in Exaniple 7.8.
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Factoring in a CFG

meaning that the nondeterministic top-down PDA produced from the grammar can be

turned into a deterministic top-down parser by looking ahead to the next symbol. A
grammar is LL(k) if looking ahead k symbols in the input is always enough to choose
the next move of the PDA. Such a grammar allows the construction of a deterministic
_top-down parser, and there are systematic methods for determining whether a CFG
is LL(k) and for carrying out this construction (see the references).

For an LL(1) context-free grammar, a deterministic PDA is one way of formu-
lating the algorithm that decides the next step in the derivation of a string by looking
_at the next input symbol. The method of recursive descent is another way. The name
refers to a collection of mutually recursive procedures corresponding to the variables
in the grammar.

Consider the context-free grammar with productions

S—T$
T = [T]1[1T|[T]T | 1]

This is the unambiguous grammar obtained from the one in Example 7.8 by removirg
productions from the CFG with productions T — [T]T | A; the language is unchanged excep;
that it no longer contains the string $.

Although there is no left recursion in the CFG, we can tell immediately that knowing th:
next input symbol will not be enough to choose the nondeterministic PDA’s hext move when 7
is on top of the stack. The problem here is that the right sides of all four T -productions hegin
with the same symbol. An appropriate remedy is to “factor” the right sides, as follows:

T >[U U-=TI|1T|TIT |1  ARecursive-descent Parser forthe LL(1) Grammar in Example 7.10
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More factoring is necessary because of the U-productions; in the ones whose right side begin

The context-free grammar is the one with productions
with T, we can factor out T]. We obtain the productions ‘

S — [U$
S —>T$ T — [U U — W |[UIW
U—>TIWI|IW W —>T|A
W — [U]A

We can simplify the gramimar slightly by eliminating the variable T', and we obtain . . . .
_ We give a C++ version of a recursive-descent parser. The term recognizer is really more

S—> U U->UIWIIW W—=>I[UIA ccurate than parser, though it would not be difficult to add output statements to the program
hat would allow one to reconstruct a derivation of the string being recognized.

The program involves functions s, u, and w, corresponding to the three variables. Calls
_ on these three functions correspond to substitutions for the respective variables during a
_ derivation—or to replacement of those variables on the stack in a PDA implementation. There
s a global variable curr_ch, whose value is assigned before any of the three functions is

called. If the current character is one of those that the function expects, it is matched, and

The DPDA we obtain by incorporating lookahead is shown in Table 7.10.

Table 7.10| A deterministic top-down PDA for Example 7.10

Moveriumber  State  Input  Stacksymbol  Move

i

! qo A Zo (1, 5Zo) _ the input function is called to read and echo the next character. Otherwise, an error-handling

2 a A N (01, [U$) o ) o

3 a [ U (qr, [UTW  function is called and told what the character should have been; in this case, the program

4 qr A [ (q1, A) _ terminates with an appropriate error message.

5 q1 1 U (g1, 1W) Note that the program’s correctness depends on the grammar’s being LL(1), since each

6 il A ] (g1, M) of the functions can select the correct action on the basis of the current input symbol.

7 q [ w (g1, [U)

8 Q1 1 w (g1, &)

9 q $ w (gs. A) #include <iostream.h>

10 gs A $ (g1, A)  #include <stdlib.hs

11 q [ [ (g1, A)

12 q 1 1 (91, N)

13 @ $ $ (a1, A char curr_ch; // the current symbol

14 q A Zy - g2, Zo)

(all other combinations) none s(), u(), w(); // recognize S, U, W, respectively
match (char) ; // compares curr ch to the argument; aborts with
// error megsage 1f no match, otherwise returns.

In E 1 | ) L. . d get_ch(); // reads the mext symbol into curr ch, with echo.
n Examples 7.9 and 7.10, we were able by a combination of factoring anc error (char*) ; /] reports an error and aborts. String argument.

eliminating left recursion to transform the CFG into what is called an LL(1) grammar

error (char) ; // Character argument.
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void main ()
{ get_ch(); s();
cout << endl << "Parsing complete.
<< "The above string is in the language." << endl;

void s{()
{ match('['); u();

// recognizes [U$
match(’$7); }

void uf)
{ switch (curr_ch)

// recognizes W | [UIW

{ case "1’: match(’17); w(); Dbreak; // production 1W
case '[’: // production [U]W
match(/[*); u(); match(’']’); w(); break;
default error ("[ or 1");
}
}
void w() // recognizes [U | <Lambda>
{ 4if (curr _ch == ’[’) { match("[’); uQ; } }

void get ch{() // read and echo next nonblank symbol
{ 4if (cin »> curr ch) cout << curr ch;
if (cin.eof() && curr ch != '§')

{ cout << " (End of Data)"; error("[ or 1"); }

void match(char this_ch)

{ 4if (curr_ch == this ch) get ch(); else error(this ch); }
void error(char* some_chars)
{ cout << "\n ERROR

exit (0);

Expecting one of " << some_chars << "oA\n";

void error(char a_char)
{ cout << "\n ERROR : Expecting " << a char << ".\n";
exit (0);

Here is a sample of the output produced, for the strings {1 [[1[[]1118%, &, [1], and :

[ [, respectively.

[I00001118

Parsing complete. The above string is in the language.

CHAPTER 7 Pushdown Automata

ERROR Expecting |[.

1]

. FRROR Expecting $.
([} (End of Data)
ERROR Expecting one of [ or .

The program is less complete than it might be, in several respects. In the case of a string
ot in the language, it reads and prints out only the symbols up to the first illegal one—that
is, up to the point where the DPDA would crash. In addition, it does not read past the &; if
the input string were [1 5], for example, the program would merely report that [1$ is in the
language. Finally, the error messages may seem slightly questionable. The second error, for
example, is detected in the function s, after the return from the call on u. The production is
§ > [US$; the function “expects” to see $ at this point, although not every symbol other than
3$ would have triggered the error message. The symbol [ would be valid here and would have
resulted in a different sequence of function calls, so that the program would not have performed
:Ehe same test at this point in s.
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7.6.2 Botltom-up parsing

Example 7.12 illustrates one of the simplest ways of obtaining a deterministic bottom-
up parser from a nondeterministic bottom-up PDA.

A Deterministic Bottom-up Parser for a CFG

_EXAMPLE7.12

We consider the context-free grammar G with productions

@ S — 5%
DO S = S+T
2 S —-T

3 T — Txa
4 T - a

The last four are essentially those in Example 7.6; the endmarker $ introduced in production
(0) will be useful here, as it was in the discussion of top-down parsing.

Table 7.11 shows the nondeterministic PDA in Example 7.6 with the additional reduction
corresponding to grammar rule (0),

The other slight difference from the PDA in Example 7.6 is that because the start symbol
3 occurs only in production (0) in the grammar, the PDA can. move to the accepting state as
soon as it sees S on the stack.

Nondeterminism is present in two ways. First, there may be a choice as to whether to shift
an input symbol onto the stack or to try to reduce a string on top of the stack. For example, if
1 is the top stack symbol, the first choice is correct if it is the 7 in the right side of 7' a, and
the second is correct if it is the T in one of the S 1-productions. Second, there may be some
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Table 7.11 | A nondeterministic bottom-up
parser for G

State Tnput  Stack symbol ;MOV;‘e(‘s)f%
1 ’ X (q, 55

P .~ Moves to reduce 5% s .

q A $ (QO 1 A)
QO 1 A Sy (g, S)
~ Moves to reduce S 1+ 7 to S ,

. A T @)
q1,1 A + (ql,Z! A)
qd1,2 A Sl (q s Sl )

b Movestoreduce T t0S; .

q A T (q , 51)
_ Moves to reduce T *atoT '
q A a (413 1 A)
@31 A * (q32: )
d32 A T g, 1)
:  Movesto reduceq to T ‘
q A a q, 1)
~ Move ktko:akccept ‘ o
q A s (q1. 1)
(all other combinations) none

doubt as to which reduction is the correct one; for example, there are two productions wh
right sides end with a. Answering the second question is easy. ‘When we pop a off the stack
we find # below it, we should attempt to reduce 7 * a to T, and otherwise, we should red
a to T. Either way, the correct reduction is the one that reduces the longest possible string
Returning to the first question, suppose the top stack symbol is T, and consider
possibilities for the next input. If it is +, we should soon have the string S; + T, inreve
order, on top of the stack, and so the cotrect move at this point is a reduction of either 7
S| + T (depending on what is below T on the stack) to Si. If the next input is *, the reduc
will be that of T % a to a, and since we have T already, we should shift. Finally, if it i
we should reduce either T or §; + T to S; to allow the reduction of $1$. In any case, we
make the decision on the basis of the next input symbol. What is true for this example is
there are certain combinations of top stack symbol and input symbol for which a reductio
always appropriate, and a shift is correct for all the other combinations. The set of paits
which a reduction is correct is an example of a precedence relation. (It is a relation from
3, in the sense of Section 1.4.) There a number of types of precedence grammars, for whic
precedence relations can be used to obtain a deterministic shift-reduce parser. Our exam

CHAPTER 7 Pushdown Automata

Table 7.12| A deterministic bottom-up parser for G

_in which the decision to reduce can be made by examining the top stack symbol and the next
input, and in which a reduction always reduces the longest possible string, is an example of a
weak precedence grammar.
; A deterministic PDA that acts as a shift-reduce parser for our grammar is shown in Ta-

ple 7.12. In order to compare it to the nondeterministic PDA, we make a few observations.
_ 7he stack symbols can be divided into three groups: (1) those whose appearance on top of the
 stack requires a shift regardless of the next input (these are Zy, Sy, +, and =); (2) those that
require a reduction or lead to acceptance (a, $, and S); and (3) one, T, for which the correct
_ choice can be made only by consulting the next input. In the DPDA, shifts in which the top
tack symbol is of the second type have been omitted, since they do not lead to acceptance of
ny string and their presence would introduce nondeterminism. Shifts in which the top stack
ymbol is of the first or third type are shown, labeled “shift moves.”
s of the second type, the moves in the reduction are all A-transitions. If the PDA reads a
ymbol and decides to reduce, the input symbol will eventually be shifted onto the stack, once
the reduction has been completed (the machine must remember the input symbol during the
eduction); the eventual shift is shown, not under “shift moves,” but farther down in the table,
s part of the sequence of reducing moves.

If the top stack symbol

Movenumber State  Input  Stacksymbol  Move

. _ Shiftmoves : -

1 q o X (g,0X)
(o is arbitrary; X is either Zy, Sy, +, or *.)

2 q o T (g,0T)
(U is any input symbol other than + or$.)

L - ~ Moves to reduce $;$ to$ ; :
4 qs A S (g, %)
 Movestoreduce eitheraor T katoT
5 q A a a1, A)
6 Qa1 A * (a2, A)
7 Qa2 A T (g, 7)

8 a1 A X (¢, TX)

(X is any stack symbol other than .)

~ Moves toreduce Sy + T or T to S, and shift an input symbol

9 q o T (qT,G ) A)
10 qr.s A + @16 A)
11 97 A Sy (g, 081)
12 410 A X (g,05X)
(ois elthe1 + or §; X is any stack symbol other than +.)
e ‘ Move to accept ; ;
13 q A S (g1, )
(all other combinations) none
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We trace the moves of this PDA on the input string a + a * a$. 7.6. Inboth cases below, a transition table is given for a PDA with initial state g,
(q.a+axa$, Zo) - (g, +a * a$, aZo) (move 1) ' * and accepting state g,. Describe in each case the language that is accepted.
F (ga.1, +a * a$, Zo) (move 5) v
(g, +a * a$§; Tzzg) Emove 2; Movenumber  State  Input  Stacksymbol  Move(s) |
F (gr.+,a*a$, Zy move E o | s a0 ay |
b (g, a *a$, +51Zo) (move 12) ; P “ ;" (q1, Z?)
F (g, %a$,a +$1Zo) (move 1) - 3 Z‘l’ i aO (ql(qc; (qz)a)
b (ga,15 ¥a$, +51Z0) (move 35) 4 @ b . ’(ql” 5%
F (g, *a$, T‘+ S$1Zy) (move 8) - 5 @ a b @ b
F (g, a$, *T + 81, Zo) (move 2) 6 @ b b (@1, b), (g2, b)
F(g,8,a*T + 81Zo) (move 1) (all other combinations) none

F(gar, $, T + $1Zg) {move 5)

F (ge2, 8, T + S1Z0) (move 6)- - _
(.3, T+ 81Zo) * (move 7) ‘Movenumber  State  Input  Stacksymbol  Move(s)
|t (QT,$’ A, +S1 ZO) (move 9) ' 1 qo a ZO (QOs XZo)
= @50 A $120) (move 10) 2 %o b Zy (g0, X Zo)
F (g, A, $51Z) (move 11) 3 9 a X (g0, XX)
(g3, A, $1Z0) (move 3) 4 do b X (g0, XX)
F (g, A SZo) (move 4) ' 5 9o c X (41, X)
F (g1, A, Zo) (move 13) 6 do c Zy (g1, Zy)
(accept). ' 7 Q a X (g1, A)
8 q b X (q1, A)
9 a1 A Zy (a2, Zo)
. L (all other combinations) none
"EXERCISES
7.1. For the PDA in Example 7.1, trace the sequence of moves made for each Of Give a transition table for a PDA accepting the language in Example 7.1 and
 the 1nput strings bbcbb and baca. having only two states, the nonaccepting state ¢o and the accepting state ¢,.
7.2. For the PDA in Example 7.2, draw the computation tree showmg all possxb (Use additional stack symbols.)
sequences of moves for the two input strings aba and a abab. Show that every regular language can be accepted by a deterministic PDA M
7.3. For astring x € {a, b}* with |x| = n, how many possible complete with only two states in which there are no A-transitions and no symbols are
sequences of moves can the PDA in Example 7.2 make, starting with inp ever removed from the stack.
string x? (By a “complete” sequence of moves, we mean a sequence of Show that if L is accepted by a PDA in which no symbols are ever removed
moves starting in the initial configuration (qo, X, Zo) and terminating in from the stack, then L is regular.
configuration from which no move is possible.) Suppose L C X* is accepted by a PDA M, and for some fixed k, and every
7.4. Modify the PDA described in Example 7.2 to accept each of the followin x € X*, no sequence of moves made by M on input x causes the stack to
subsets of {a, b}*. have more than k elements, Show that L is regular.
a. The language of even—length palindromes, . Show that if L is accepted by a PDA, then L is accepted by a PDA that never
b. The language of odd-length palindromes. crashes (i.e., for which the stack never empties and no configuration is
7.5. Give transition tables for PDAs recognizing each of the following langua reached from which there is no move defined).

Show that if L is accepted by a PDA, then L is accepted by a PDA in which
every move either pops something from the stack (i.e., removes a stack
symbol without putting anything else on the stack); or pushes a single
symbol onto the stack on top of the symbol that was previously on top; or
leaves the stack unchanged.

a. The language of all nonpalindromes over {a, b}.

b. {a"x|n >0, x € {a,b}* and |x| < n}.

c. {@bick|i,j,k>0andj=iorj=k} ‘
d. {x e{a,b,cl" | ns(x) < np(x) or ng(x) < nc(x)}.
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7.13.

7:14,

7.15.

7.16.

7.117.

7.18.

7.19.

Give transition tables for deterministic PDAs recognizing each of the
following languages. ‘

{x € {a, b} | na(x) = np(x)}

b, {x €{a,b}* | na(x) # np(x)} 1

c. {xeia,bY | n,(x) < 2np(x)} - 120
d. {a"b"™a™ | n,m > 0} ‘ ‘ o
Suppose M; and M, are PDAs accepting L; and Ly, respectlvely Descnbe a
procedure for constructing a PDA accepting each of the following languages,
Note that in each case, nondeterminism will be necessary. Be sure to say
precisely how the stack of the new machine works; no relationship is
assumed between the stack alphabets of M; and M>.

£

7.21.

Q. L1 U L2
b. Lil,
c. Lj

Show that if there are strings x and y in the language L so that x is a prefix
of y and x # y, then no DPDA can accept L by empty stack.
Show that if there is a DPDA accepting L, and $ is not one of the symbols in
the input alphabet, then there is a DPDA accepting the language L{$} by
empty stack.
Show that none of the following languages can be accepted by a DPDA. 7.22.
(Determine exactly what property of the language pal is used in the proof of
Theorem 7.1, and show that these languages also have that property.)
a. The set of even-length palindromes over {a, b}
b. The set of odd-length palindromes over {a, b}
c. {xx~|x e {0, 1}*} (where x~ means the string obtained from x by 7.23.
changing 0’s to 1’s and 1’s to 0’s)
d. {xy|x € {0, 1}* and y is either x or x™}
A counter automaton is a PDA with just two stack symbols, A and Zy, for 7.24.
which the string on the stack is always of the form A" Z for some n > 0. (In
other words, the only possible change in the stack contents is a change in the
number of A’s on the stack.) For some context-free languages, such as
{0717 | i > 0}, the obvious PDA to accept the language is in fact a counter |
automaton. Construct a counter automaton to accept the given language in
each case below. .
a. {x €{0, 1} | no(x) = mx)} \
b, {x € {0, 1} | no(x) < 2n1(x)} 7.25.
Suppose that M = (@, Z, T, qo, Zo, A, 8) is a deterministic PDA acceptmg
a language L. If x is a string in L, then by definition there is a sequence of
moves of M with input x in which all the symbols of x are read. It is ‘7.26.
conceivable, however, that for some strings y ¢ L, no sequence of moves 727,
causes M to read all of y. This could happen in two ways: M could either
crash by not being able to move, or it could enter a loop in which there wer

CHAPTER 7 Pushdown Automata

infinitely many repeated A-transitions. Find an example of a DCFL

L C{a, b}, astring y ¢ L, and a DPDA M accepting L for which M
crashes on y by not being able to move. (Say what L is and what y is, and
give a transition table for 34.) Note that once you have such an M, it can
easily be modified so that y causes it to enter an infinite loop of A-transitions.
Give a definition of “balanced string” involving two types of brackets (such
as in Example 7.3) corresponding to Definition 6.5.

In each case below, you are given a CFG and a string x that it generates. For
the top-down PDA that is constructed from the grammar as in Definition 7.4,
trace a sequence of moves by which x is accepted, showing at each step the
state, the unread input, and the stack contents. Show at the same time the
corresponding leftmost derivation of x in the grammar. See Example 7.5 for
a guide.

a. The grammar has productions

S —> S+T|T T > T+F|F F — (5)|a

andx = (a+ax*a)*xa.

b. The grammar has productions S — S+ S| S % 5| (S) | a, and
x=(axa+a).

c. The grammar has productions § — (S)S | A, and x = O(0()).

Let M be the PDA in Example 7.2, except that move number 12 is changed
to (g2, A), so that M does in fact accept by empty stack. Let x = ababa.
Find a sequence of moves of M by which x is accepted, and give the
corresponding leftmost derivation in the CFG obtained from M as in
Theorem 7.4.

Under what circumstances is the “nondeterministic” top-down PDA
described in Definition 7.4 actually deterministic? (For what kind of
language could this happen?)

In each case below, you are given a CFG and a string x that it generates. For
the nondeterministic bottom-up PDA that is constructed from the grammar
as in Example 7.6, trace a sequence of moves by which x is accepted,
showing at each step the state, the stack contents, and the unread input.
Show at the same time the corresponding rightmost derivation of x (in
reverse order) in the grammar. See Example 7.6 for a guide.

a. The grammar has productions S — S[S] | A, and x = [][[]].

b. The grammar has productions § — [S]S | A, and x = [1[[]].

If the PDA in Theorem 7.4 is deterministic, what does this tell you about the
grammar that is obtained? Can the resulting grammar have this property
without the original PDA being deterministic?

Find the other useless variables in the CFG obtained in Example 7.7.

In each case, the grammar with the given productions satisfies the LL(1)
property. For each one, give a transition table for the deterministic PDA
obtained as in Example 7.8.
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7.28.

7.29.

7.30.

7.31.

7.32.

7.33.

" Example 7.12.

CHAPTER 7 Pushdown Automata

a S — §% S — AS;|A A — aAlb
b. S = 5% S — a4 A — aA|DA|A
c. § > 5% S — aAB|bBA A — bSila B — aSi|b

In each case, the grammar with the given productions does ngt satisfy the
LL(1) property. Find an equivalent L.L(1) grammar by factoring and
eliminating left recursion.
a S = 5% S, — aaSiblab|bb
b. S > $$ S — SIA|A A — Aalb
c. §$ = 5% S — SiT|lab T — aTbblab
d S — $$ S — aAb|aAA|aB|bbA

A — aAb|ab B — bBa|ba -
Show that for the CFG in part (¢) of the previous exercise, if the ¥ast
production were T — a instead of T — ab, the grammar obt_amed bY
factoring and eliminating left recursion would not be LL(1). (Find a string
that doesn’t work, and identify the point at which looking ahead one symbo
in the input isn’t enough to decide what move the PDA should make.)

Consider the CFG with productions
S = 5% S - S +T|T T —-TxF|F F — (S)la

7.34. In the nondeterministic bottom-up parser given for the grammar in

Example 7.12, the implicit assumption in the transition table was that the
start symbol S did not appear on the right side of any production. Why is
there no loss of generality in making this assumption in general?

In the standard nondeterministic bottom-up parsing PDA for a grammar,
obtained as in Example 7.12, consider a configuration in which the right side
of a production is currently on top of the stack in reverse, and this string does
not appear in the right side of any other production. Why is it always correct
to reduce at this point?

7.36. a. Say exactly what the precedence relation is for the grammar in

Example 7.12. In other words, for which pairs (X, o), where X is a
stack symbol and ¢ an input symbol, is it correct to reduce when X is on
top of the stack and o is the next input?

b. Answer the same question for the larger grammar (also a weak
precedence grammar) with productions

S —> 5% St - Si+T|S-T|T
T - T+«F|T/F|F F — (5)]|a

ORECHALLENGING PROBLEMS

Give transition tables for PDAs recognizing each of the following languages.
a. {a'bl |i < j<2i)

b. {x €{a, b} | na(x) < np(x) < 2n,(x)}

Suppose L € X* is accepted by a PDA M, and for some fixed k, and every
x € X*, at least one choice of moves allows M to process x completely so
that the stack never contains more than k elements. Does it follow that L is
regular? Prove your answer.

Suppose L C X* is accepted by a PDA M, and for some fixed k, and every
x € L, at least one choice of moves allows M to accept x in such a way that
the stack never contains more than k elements. Does it follow that L is
regular? Prove your answer.

Show that if L is accepted by a DPDA, then there is a DPDA accepting the
language {x#y | x € L and xy € L}. (The symbol # is assumed not to occur
in any of the strings of L.)

Complete the proof of Theorem 7.3. Give a precise definition of the PDA
M;, and a proof that it accepts the same language as the original PDA M.
Prove the converse of Theorem 7.3: If there is aPDA M = (Q, =, T, 90,
Zy, A, ) accepting L by empty stack (that is, x € L if and only if

(90, x, Zo) F3; (g, A, A) for some state g), then there is a PDA M;
accepting L by final state (i.c., the ordinary way).

Show that in the previous exercise, if M is a deterministic PDA, then M; can
also be taken to be deterministic.

Show that if L is accepted by a PDA, then L is accepted by a PDA having at
most two states and no A-transitions.

a. Write the CEG obtained from this one by eliminating left recursion.

b. Give a transition table for a DPDA that acts as a top-down parser for thi
language.

Suppose that in a grammar having a variable T, the T -productions are

T — Ta; (1<i<m) T — B (1<i=n)

where none of the strings f; begins with T'. Find a set of proQuctions With
which these can be replaced, so that the resulting grammar will be equivale
to the original and will have no left recursion involving T.

Let G be the CFG with productions
S — $1% S = (Si+S)|Six8)[a

so that L(G) is the language of all fully parenthesized algebraic e'x.pression
involving the operators + and * and the identifier a. Give a transﬂlqn tabl
for a deterministic bottom-up parser obtained from this grammar as in

Let G have productions
S — 5% S — SiSAISOISI0
and let G| have productions

S — $% S = SUSSusii
a. Give a transition table for a deterministic bottom-up parser obtained
from G.

b. Show that G is not a weak precedence grammar.
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7.45. Show that if L is accepted by a PDA, then L is accepted by a PDA in which
there are at most two stack symbols in addition to Zo.

746. Show that if M is a DPDA accepting a language L € X%, then there is a
DPDA M; accepting L for which neither of the phenomena in Exercise 7.19
occurs—that is, for every x € £*, (go, x, Zo) '_#1;41 (g, A, y) for some state
and some string y of stack symbols. T

7.47. Starting with the top-down nondeterministic PDA constructed as in
Definition 7.4, one might try to produce a deterministic parsing algorithm b
using a backtracking approach: specifying an order in which to try all the
moves possible in a given configuration, and trying sequences of moves in
order, backtracking whenever the machine crashes.
a. Describe such a backtracking algorithm in more detail for the grammar

in Example 7.8, and trace the algorithm on several strings, including
strings derivable from the grammar and strings that are not.

b. What possible problems may arise with such an approach for a general
grammar?

Context-Free and
Non-Context-Free Languages

8.1 | THE PUMPING LEMMA FOR
CONTEXT-FREELANGUAGES

Neither the definition of context-free languages in terms of grammars nor: the
ushdown-automaton characterization in Chapter 7 makes it immediately obvious
hat there are formal languages that are not context-free. However, our brief look at
atural languages (Example 6.6) has suggested some of the limitations of CFGs. In
he first section of this chapter we formulate a principle, similar to the pumping lemma
or regular languages (Theorem 5.2a), which will allow us to identify a number of
on-context-free languages.

The earlier pumping lemma used the fact that a sufficiently long input string
auses a finite automaton to visit some state more than once. Any such string can
e written x = uvw, where v is 4 substring that causes the FA to start in a state and
eturn to that state; the result is that all the strings of the form uv’w are also accepted
y the FA. Although we will get the comparable result for CFLs by using grammars
nstead of automata, the way it arises is similar. Suppose a derivation in a context-free
rammar G involves a variable A more than once, in this way:

S =" vAz =% vwAyz = vwxyz

vhere v, w, x, y, z € ©* Within this derivation, both the strings x and wAy are
ctived from A. We may write ‘

S =*vAz =* vwAyz =* Ay’ =% vyl =* ..

nd since x can be derived from each of these A’s, we may conclude that all the
trings vxz, vwxyz, vw?xy’z, ... are in L(G).
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