CHAPTEHR

Turing Machines

1  DEFINITIONS AND EXAMPLES

he two models of computation we have studied so far involve severe restrictions on
ther the amount of memory (an FA can remember only its current state) or the way
e memory is accessed (a PDA can access only the top stack symbol). Machines
plementing these models turn out to be significantly less powerful, at least in
inciple, than the real computers we are familiar with.

In this chapter we study an abstract machine introduced by the English mathe-
atician Alan Turing (Proceedings of the London Mathematical Society 2:230-265,
36) and for that reason now called a Turing machine. Although it may still seem
bstantially different from a modern electronic computer (which did not exist when
uring formulated the model), the differences have more to do with efficiency, and
w the computations are carried out, than with the types of computations possi-
e. The work of Tuaring and his contemporaries provided much of the theoretical
undation for the modern computer.

Turing began by considering a human computer (that is, a human who is solving
me problem algorithmically using a pencil and paper). He decided that without any
ss of generality, the computer could be assumed to operate under these three rules:
irst, the only things written on the paper are symbols from some fixed finite set;
cond, each step taken by the computer depends only on the symbol he is currently
amining and on his “state of mind” at the time; and third, althou gh his state of mind
ight change as a result of symbols he has seen or computations he has made, only
finite number of distinct states of mind are possible.

Turing then set out to build an abstract machine that obeys these rules and can
plicate what he took to be the primitive steps carried out by a human computer
ring a computation:

Examining an individual symbol on the paper;
_ Erasing a symbol or replacing it by another;
_ Transferring attention from one part of the paper to another.
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Some of these elements should seem familiar. A Turing machine will have a fin Definition 9.1 Turing Machines
alphabet of symbols (actually two alphabets, an input alphabet and a possibly lar ‘ ‘
alphabet for use during the computation) and a finite set of states, corresponding
the possible “states of mind” of the human computer. Instead of a sheet of pap
Turing specified a linear “tape,” which has a left end and is potentially infinite
the right. The tape is marked off into squares, each of which can hold one sympg
from the alphabet; if a square has no symbol on it, we say that it contains the big
symbol. For convenience, we may think of the squares as being numbered, left-
right, starting with 0, although this numbering is not part of the official model an
is not necessary to refer to the numbers in describing the operation of the machi
We think of the reading and writing as being done by a tape head, which at any t
is centered on one square of the tape. In our version of a Turing machine—wh
is similar although not identical to the one proposed by Turing—a single move j;
determined by the current state and the current tape symbol, and consists of thr
parts:

on (that is, poss1b1y undeﬁned at certain pomts)

For elements g € Q,r € Q U{hy, h,}, X,Y € T U{A}, and D € {R,L,S}, we
interpret the formula

8(g, X) =Y, D)

to mean that when T is in state ¢ and the symbol on the current tape square is X,
the machine replaces X by Y on that square, changes to state r, and either moves the
tape head one square right, moves it one square left (if the tape head is not already
on the leftmost square), or leaves it stationary, depending on whether D isR,L, or S,
respectively. When r is either h, or &, in the formula, we say that T halts. Once it has
halted, it cannot move further, since § is not defined at any pair (h,, X) or (hy, X).
Finally, we permit the machine to crash by entering the rej ect state in case it tries
to move the tape head off the left end of the tape. This is a way for the machine to
halt that is not reflected by the transition function 8. If the tape head is currently on
the leftmost square, the current state and tape symbol are g and a, respectively, and
8(q,a) = (r,b,L), we will say that the machine leaves the tape head where it is,
replaces the a by b, and enters the state A, instead of 7.

This terminology and these definitions are not completely standard. In our ap-
proach, a TM accepts a string by eventually entering the state A, after it starts with
that input. Sometimes acceptance is defined to mean halting (in any halt state), and
the only other way the computation is allowed to terminate is by crashing because
there is no move possible. In either approach, what is significant is that an observer
can see that the TM has stopped its processing and why it has stopped.

Normally a TM begins with an input string x € X* near the beginning of its
_tape and all other tape squares blank. We do not always insist on this, for reasons to
; be explained in Section 9.3; however, we do always assume that when a TM begins
its operation, there are at most a finite number of nonblank symbols on the tape. It
follows that at any stage of a TM’s computation, this will still be true. To describe the
status of a TM at some point, we must specify the current state, the complete contents
of the tape (through the rightmost nonblank symbol), and the current position of the
ape head. With this in mind, we represent a configuration of the TM by a pair

1. Replacing the symbol in the current square by another, possibly different
symbol;

2. Moving the tape head one square to the right or left (except that if it is alread
centered on the leftmost square, it cannot be moved to the left), or leaving it
where it is;

3. Moving from the current state to another, possibly different state.

i The tape serves as the input device (the input is simply the string, assumed
+ be finite, of nonblank symbols on the tape originally), the memory available for:
" during the computation, and the output device (the output is the string of symb
left on the tape at the end of the computation). The most significant differe
between the Turing machine and the simpler machines we have studied is that i
Turing machine, processing a string is no longer restricted to a single left-to-right p
through the input. The tape head can move in both directions and erase or mod
any symbol it encounters. The machine can examine part of the input, modify
take time out to execute some computations in a different area of the tape, retur
re-examine the input, repeat any of these actions, and perhaps stop the process
before it has looked at all the input.
For similar reasons, we can dispense with one duty previously performed
certain states—that of indicating provisional acceptance of the string read so
In particular, we can get by with two final, or halting, states, beyond which
computation need not continue: a state 4, that indicates acceptance and anothe
that indicates rejection. If the machine is intended simply to accept or reject the in
string, then it can move to the appropriate halt state once it has enough informatio:
make a decision. If it is supposed to carry out some other computation, the accep
state indicates that the computation has terminated normally; the state &, can beu
to indicate a “crash,” arising from some abnormal situation in which the mac
cannot carry out its mission as expected. In any case, the computation stops if
Turing maching reaches either of the two halt states. However—and this will
out to be very important—it is also possible for the computation not to stop; and
the Turine machine to continue making moves forever.

(g, xay)

here ¢ € Q, x and y are strings over I' U {A} (either or both possibly null); a is
symbol in I" U {A}, and the underlined symbol represents the tape head position.
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_configuration corresponding to input x is therefore the configuration
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The notation is interpreted to mean that the string xay appears on the tape, beginnjng ~
in square 0, that the tape head is on the square containing a, and that all squares to
the right of y are blank: For a nonnull string w, writing (g, xw) or (¢, xwy) will
mean that the tape head is positioned at the first symbol of w. If (¢, xay) represents
a configuration, then y may conceivably end in one or more blanks, and we Would
also say that (g, xayA) represents the same configuration; usually, however, when
we write (g, xay) the string y will either be null or have a nonblank1ast symbol,

Just as in the case of PDAs, we can trace a sequence of moves by showing thé :
configuration at each step. We write

no outcome, and he is left in suspense. As undesirable as this may seem, we will find
{hat it is sometimes inevitable. In the examples in this chapter, we can construct the
machine so that this problem does not arise, and every input string is either accepted
or explicitly rejected.

Inmost simple examples, it will be helpful once again to draw transition diagrams,
similar to but more complicated than those for FAs. The move

8(q, X) = (Y, D)

(where Dis R, L, or S) will be represented as in Figure 9.1,
| (¢, xay) Fr (r, zbw) Our first example shoulq make it clear, if it is not already, that Turing machines

; are at least as powerful as finite automata.
to mean that T passes from the configuration on the left to that on the right in one

move, and

A TM Accepting {a, b}*{aba} {a, b}*
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X/Y.D

Figure 9.1 |
A single Turing
machine move.

EXAMPLES9.1

(g, xay) F& (r, zbw)

to mean that T passes from the first conﬁgu’ration to the second in zéro' Or more
moves. Forexample, if T is currently in the configuration (g, aabaAa) and 8(q, a) =
(r, A, L), we would write

(g, aabalAa) Fr (r,aabAAa)

, Considér the language
L = {a, b}Y*{aba}{a, b}* = {x € {a, b}* | x contains the substring aba}

_ L is a regular language, and we can draw an FA fecognizing L as in Figure 9.2a. It is not
_surprising that constructing a Turing machine to accept L is also easy, and that in fact we can
, ‘ . _ doit so that the transition diagrams look much alike. The TM is illustrated in Figure 9.2b. Its
The notations b7 and -7, are usually shortened to - and -+, respectively, as long as nput and tape alphabets are both {a, b}. The initial state does not really correspond to a state

there is no ambiguity. _ . o n the FA, because the TM does not see any input until it moves the tape head past the initial
Inputis provided to a TM by having the input string on the tape initially, beginning Iank.

in square 1, and positioning the tape head on square 0, which is blank. The initia Figure 9.2b shows explicitly the transitions to the reject state 4, at each point where a

lank (the one to the right of the input) is encountered before an occurrence of aba has been
ound. Figure 9.2¢ shows a simplified diagram, even more similar to the transition diagram
or the FA, in which these transitions are omitted. It is often convenient to simplify a diagram

(G0, Ax)

Now we can say how a TM accepts a string.

Definition 9.2 Acceptance by a TM

. When a Turing machine processes an input string x, there are three possibilities.
The machine can accept the string, by entering the state A,; it can explicitly rejec
x, by entering the state /,; or it can enter an infinite loop, so that it never halt
but continues moving forever. In either of the first two cases, an observer sees the
outcome and can tell whether or not the string is accepted. In the third case, however
although the string will not be accepted, the observer will never find this out—there i

Figure 9.2
1 FA and a TM to accept {a, b}*{aba}{a, b}*.
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b/b,R a/a,R

Figure 9.3 1
An FA and a TM to accept {a, b}*{aba}.

this way; whenever we do, the diagram is to be interpreted as moving to the state A, for
combination of state and tape symbol for which no move is shown explicitly. What a TM d
with the tape head on a final move of this type is essentially arbitrary, since the comput
is now over; we may as well assume in general that the tape head moves to the right, as
~ Figure 9.2b. (We will talk later about combining two or more TMs, so that a second one k
i up where the first one stops. In this case, what the first machine does on its last move i
' “arbitrary; however, we will allow such a composite TM to carry out a two-phase computat

only if the first phase halts normally in the accept state 4,.)

Because this language is regular, the TM in Figure 9.2a or Figure 9.2 is able fo proc
input strings the way a finite automaton is forced to, moving the tape head to the right at
step and never changing any tape symbols. Any regular language can be accepted by
that mimics an FA this way. As we would expect, this type of processing will not be suffici

to recognize a nonregular language.

Note also that as soon as the TM discovers aba on the tape, it enters the state 4, a
thereby accepts the entire input string, even though it may not have read all of it. Of cout
some TMs must read all the input, even if the languages they accept are regular, For

L, = {x € {a, b}* | x ends with aba}

for example, an FA and a TM are shown in Figure 9.3. Since the TM moves the tape head
the right on each move, it cannot accept without reading the blank to the right of the last in]
symbol. As in Figure 9.2c, the transitions to the reject state are not show explicitly.

MA TM Accepting pal

CHAPTER 9 Turing Machines

_in Example 7.2 directly. However, the flexibility of TMs allows us to select any algorithm,
_ withoutrestricting ourselves to a specific data structure such as a stack. We can easily formulate
_ adeterministic approach by thinking of how a long string might be checked by hand. You might
_ position your two forefingers at the the two ends. As your eyes jump repeatedly back and forth
_ comparing the two end symbols, your fingers, which are the markers that tell your eyes how
_ far to go, gradually move toward the center. In order to translate this into a TM algorithm,
. we can use blank squares for the markers at each end. Moving the markers toward the center
__corresponds to erasing (i.e., changing to blanks) the symbols that have just been tested. The
_ tape head moves repeatedly back and forth, comparing the symbol at one end of the remaining
nonblank string to the symbol at the other end. The transition diagram is shown in Figure 9.4.
_ Again the tape alphabet is {a, b}, the same as the input alphabet. The machine takes the top
 path each time it finds an a at the beginning and attempts to find a matching a at the end.

If it encounters a b in state g3, so that it is unable to match the ¢ at the beginning, it enters
the reject state h,. (As in Figure 9.2c, this transition is not shown.) Similarly, it rejects from
_ state gs if it is unable to match a b at the beginning.

, We trace the moves made by the machine for three differentinput strings: a nonpalindrome,
an even-length palindrome, and an odd-length palindrome.

(qo, Aabaa) |+ (g1, Aabaa) + (g2, AAbaa) F* (g3, AAbaaA)
b (g3, AAbag) F (g4, AAba) F* (qa, AAba)
F (g1, AAba) + (g5, AAAa F (g5, AAAaA)
F (g6, AAAa)  F (b, AAAaA) (reject)

A/A R
(odd palindrome)

To see a little more of the power of Turing machines, let us construct a TM to accep!

A/AR
(even palindrome)
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language pal of palindromes over {a, b}. Later in this chapter we will introduce the possib‘ik
of nondeterminism in a TM, which would allow us to build a machine simulating the P

Figure 9.4 |
ATM to accept palindromes over {a, b}.
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(9o, Aaa) + (q, Aaa) F (g2, AAa) F (g2, AAaA)
F (g3, AAa) F (g, AA)  F (g1, AAA)
= (he, AAAA)  (accept)

A/AR
B/B,R

(g0, Aaba) F (q1, Aaba) E (g2, AAba) F* (g2, AAbaA)
F (g3, AAba) + (qu, AAD) F (g4, AAD)

F (g1, AAD)
F (hes AAAA)

F (g5, AAAA) = (g6, AAA)
(accept)

A TM Accepting {ss | s € {a, b}*}

For our third example of a Turing machine as a language acceptor, we con31der alanguage th
we know from Example 8.2 not to be context-free. Let

L = {ss|s €{a,b}}

The idea behind the TM will be to separate the processing into two parts: first, finding th
middle of the string, and making it easier for the TM to distinguish the symbols in the secon
half from those in the first half; second, comparing the two halves. We accomplish the first tag
by working our way in from both ends simultaneously, changing symbols to their upperca
versions as we go. This means that our tape alphabet will include A and B in addition {o th
input symbols a and b. Once we arrive at the middle—which will happen only if the string‘
of even length-—we may change the symbols in the first half back to their original form. Th
second part of the processing is to start at the beginning again and, for each lowercase symb
ih.the first half, compare it to the corresponding uppercase symbol in the second. We kee
track of our progress by changing lowercase symbols to uppercase and erasing the matchin
uppercase symbols. '

There are two ways that an input string can be rejected. If its length is odd, the TM wi
discover this in the first phase. If the string has even length but a symbol in the first half fail
to match the corresponding symbol in the second half, the TM will reject the string during th
second phase.

The TM suggested by this discussion is shown in Figure 9.5. Again we trace it for thre
strings: two that illustrate both ways the TM can reject the input, and one that is in the languag

(g0, Aaba) = (q1, Aaba) F (g2, AAba) H* (g2, AAbaA)
F (g3, AAbg) F (g4, AADA) F (g4, AADA)
F (g1, AAba) F (g2, AABA F (g3, AABA)

F (h,, AABA) (reject)

(90, Aabaa) F (g1, Aabaa) F (g2, AAbaa) F* (g2, AAbaaA)

(g3, AAbaa) & (qs, AAbaA) +* (qi, AAbaA)

(g1, AApad)  F (g, AABaA) + (g2, AABaA)

(¢35, AABaA) + (qu, AABAA) + (q1, AABAA)

(g5, AABAA) + (g5, AADAA) + (g5, AabAA)
(first phase completed)

TT T T

A/AL
a/a, L,
b/b, L

Figure 9.5 |
A Turing machine to accept {ss | s € {a, b}*}.

F (g6, AabAA)  + (g5, AADAA)  F (g3, AAbAA)
F (g9, AABAA) 1+ (g0, AADAA)  F (g5, AADAA)
F (g7, AABAA) I (g7, AABAA) + (h,, AABAAA) (reject)

(9o, Aabab) F*

(same as previous case, up to 3rd-from-last move)
F (g6, AADAB) + (g7, AABAB) | (g7, AABAB)
F (g, AABA)  F (g9, AAB) F (g5, AABA)
F (ha, AABA) (accept)
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" points not in the domain of f); if it happens that f is defined everywhere on £*, w
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9.2| COMPUTING A PARTIAL FUNCTION
WITH A TURING MACHINE

Any computer program whose purpose is to produce a specified output string fop
every legal input string can be thought of as computing a function from one set of
strings to another. Similarly, a Turing machine T with input alphabet % can computeﬁ
a function f whose domain is a subset of £*. The idea is that for any string x in the
domain of f, whenever T starts in the initial configuration corresponding to input x,
T will eventually halt with the output string f (x) on the tape.

TMs in Section 9.1, which were used as language acceptors, did their jobs simplyf
by halting in the accepting state or failing to do so, depending on whether the i Input
string was in the language being accepted. The contents of the tape at the end of
the computation were not important. In the case of a TM computing a function f.
the emphasis is on the output produced for an input string in the domain of £. We
might say that for an input string not in the domain, the result of the computation
is irrelevant. However, we would like the TM to compute precisely the function £ .
not some other function with a larger domain. Therefore, we will also specify th
for an input string x not in the domain of f, the TM should not accept the input
It follows that in the process of computing the function, the TM also incidentally
accepts a language: the domain of the function. '

It will be helpful in subsequent chapters to shift emphasis just slightly, and
talk about partial functions on X*, rather than functions on subsets of ©*, This
largely a matter of convenience, and there is no real difference except in some
the terminology. A partial function f on ¥* may be undefined at certain points (th

It is still not quite correct to say that a TM computes only one function. One rea-
son is that two functions can look exactly alike except for having officially different
codomains (see Section 1.3). Another reason is that a TM might be viewed as comput-
ing either a function of one variable or a function of more than one. For example, if T
computes the function f : (£*)? — I'*, then T also computes f; : ©* — I'* defined
by fi(x) = f(x, A). We can say, however, that for any specified k, and any C < T'*,
a given TM computes at most one function of k variables having codomain C.

Numerical functions of numetical arguments can also be computed by Turing ma-
chines, once we choose a way of representing the numbers by strings. We will restrict
ourselves to natural numbers (nonnegative integers), and we generally use the “unary”
representation, in which the integer  is represented by the string 1" = 11... 1.

Definition 9.4 Computing a Numerical Function

often emphasize the fact by referring to f as a total function. In order for a Turin
machine to compute f, itis appropriate for the values of f to be strings over the tap
alphabet of the machine.

ATM can handle a function of several variables as well. If the input is to represe
the k-tuple (x1, xa, ..., x;) € (T*)%, the only change required is to relax slightly th ; ; ‘
rule for the input to a TM, and to allow the initial tape to contain all k strings, separate and faﬂs to ccept it the mput is any k—tuple at whlch f 1s not deﬁned
by blanks. . ‘

Reversing a String SO LD

We consider the reverse function
v : {a, b} — {a, b}*

The TM we construct in Figure 9.6 to compute the function will reverse the input string “in
place” by moving from the ends toward the middle, at each step swapping a symbol in the first
half with the matching one in the second half. In order to keep track of the progress made so far,
symbols will also be changed to uppercase. A pass that starts in state ¢, with a lowercase symbol
onthe left changes it to the corresponding uppercase symbol and remembers it (by going to state
¢ in the case of an a and g, in the case of a b) as it moves the tape head to the right. When the
~ TM arrives at qs or gs, if there is a lowercase symbol on the right corresponding to the one ont
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Figure 9.6 |
Reversing a string.

the left, the TM sees it, remembers it (by going to either gg or g7), and changes it to the symbo
it remembers from the left. The tape head is moved back to the left, and the first uppercas
symbol that is encountered is changed to the (uppercase) symbol that had been on the right
For even-length strings, the last swap will return the TM to ¢;, and at that point the absence o
_any more lowercase symbols sends the machine to gg and the final phase of processing. In th
" case of an odd-length string, the last pass will not be completed normally, because the machin
will discover at either g5 or g5 that there is no lowercase symbol to swap with the one on th
left (which therefore turns out to have been the middle symbol of the string). When the swap
have been completed, all that remains is to move the tape head to the end of the string an
make one final pass back to the left, changing all the uppercase symbols back to lowercase.
We trace the TM in Figure 9.6 for the odd-length string abb and the even-length strin

baba.
(90, Aabb)

(g0, Ababa)

= (g1, Aabb)
= (g2, AAPDA)
F (g7, AAbA)
- (g5, ABBA)
- (g0, ABBA)
- (g9, Abba)
F (g1, Ababa)
F (g4, ABaba)
F (45, ABabB)
F (g1, AAabB)
(g3, AAAbB)
(g3, AABAB)
+* (g9, Aabab)

!_
'_.
l_
I,_
}_
l_
}_
l_
l_
l_.
|_
l_
l__

(g2, AADD)
(g3, AADD)
(41, ABbA)
(g8, ABBA)
(g0, ABBa)
(ha» Abba)

(g4, ABaba)
(q4» ABabaA)
(46, ABabB)
(g2, AAADbB)
(47, AAAAB)
(gs, AABABA)
(ha, Aabab)

b (g2, AADD)
b (g7, AAbA)
b (g4, ABBA)
F (g5, ABBAA)
t (g9, ABba)

+ (g4, ABaba)
F (g5, ABaba)
F {(g¢, ABabB)
(g2, AAADB)
F (g1, AABAB)
F (g9, AABAB)
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Figure 9.7 |
A Turing machine to compute # mod 2.

GQUGER cxoueico.s

The numerical function that assigns to each natural number n the remainder when 7 is divided
by 2 can be computed by moving to the end of the input string, making a pass from right to
left in which the 1°s are counted and simultaneously erased, and either leaving a single 1 (if
the original number was odd) or leaving nothing. The TM that performs this computation.is
shown in Figure 9.7.

The Characteristic Function of a Set

For any language L C ¥, the characteristic function of L is the function x; : $* — {0, 1}
defined by the formula

1 ifxelL

0 otherwise

xe(x) = {

Computing the function y, is therefore similar in one respect to accepting the language L (see
Section 9.1); instead of distinguishing between strings in L and strings not in Z by accepting or
not accepting, the TM accepts every input, and distinguishes between the two types of strings
by ending up in the configuration (%1, A1) in one case and the configuration (%,, AQ) in the
other.

If we have a TM T computing x;,, we can easily obtain one that accepts L. All we have to
do is modify T so that when it leaves output 0, it enters the state /2, instead of /,. Sometimes it
15 possible to go the other way; a simple example is the language L of palindromes over {a, b}
(Example 9.2). A TM accepting L is shown in Figure 9.4, and a TM computing x; is shown
in Figure 9.8.

It is obtained from the previous one by identifying the places in the transition diagram
where the TM might reject, and modifying the TM so that instead of entering the state &, in
those situations, it continues in a way that ends up in state /2, with output 0. For any language
L accepted by a TM T that halts on every input string, another TM can be constructed from T
that computes xz, although the construction may be more cbmplicated than in this example.
ATM of either type effectively allows an observer to decide whether a given input string is in
Lia*no” answer is produced in one case by the input being rejected and in the other case by
output 0.

As we saw in Section 9.1, however, a TM can accept a language L and still leave the

question of whether x € L unanswered for some strings x, by looping forever on those inputs.
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state of 71 and executes the moves of T; (using the function &;) up to the point where
P 7; would halt; for any move that would cause 77 to halt in the accepting state, T, 75
b/b, R

executes the same move except that it moves instead to the initial state of 7. At this
point the tape head is positioned at the square on which 7; halted. From this point
on, the moves of T; T, are the moves of 7; (using the function &,). If either 7} or T: 5
would reject during this process, T1 T, does also, and 71T accepts precisely if and
when T, accepts.

In order to use this composite machine in a larger context, in a manner similar to
4 transition diagram but without showing the states explicitly, we might also write

a/A, L
b/A, L A/A L

T1—>T2

We can also make the composition conditional, depending on the current tape
symbol when 77 halts. We might write

ST

to stand for the composite machine T77'T,, where T’ is described by the diagram
in Figure 9.9. This composite machine can be described informally as follows: It
executes the TM 77 (rejecting if T; rejects, and looping if 77 loops); if and when T}
_aceepts, it executes T if the current tape symbol is a and rejects otherwise.

It is easier to understand at this point why we said in Section 9.1 that a TM is not
always assumed to start with the tape head on the leftmost square of the tape. When
~aTM built to carry out some specific task is used as a component of a larger TM, it is
likely to be called in the middle of a computation, when the tape head is at the spot on
e tape where that task needs to be performed. It may be that the TM’s only purpose
to change in some other specific way the tape contents and/or head position so as
create a beginning configuration appropriate for the component that follows.
Some TMs that would only halt in the rejecting state when viewed as self-
ontained machines (e.g., the TM that executes the algorithm “move the tape head
rie square to the left”) can be used successfully in combination with others. On the
her hand, if a TM halts normally when run independently, then it will halt normally
hen it is used as a component of a larger machine, provided that the tape has been
epared properly before its use. For example, a TM T expecting to find an input
tring z needs to begin in a configuration of the form (g, yAz). As long as T halts
ormally when processing input z in the ordinary way, the processing of z in this way
does not depend on y. (The reason is that if 7 halts normally when started in the
nfiguration (g, Az), then in particular 7 will never attempt to move its tape head
the left of the blank; therefore, starting in the configuration (g, yAz), T will never
tually see any of the symbols of y.) The correct execution of 7' does, however,
cpend on the tape being blank to the right of z, unless more is known about the space
quired for the computation involving z.

In order to be able to describe composite TMs without having to describe every
Imitive operation as a separate TM, it is sometimes useful to use a mixed notation in
hich some but not all of the states of a TM are shown. For example, the diagram in
gure 9.10a, which is an abbreviated version of the one in Figure 9.10b, has a fairly
bvious meaning. If the current tape symbol is a, execute the TM T'; if it is b, halt in

. Figure 9.8}
Computing x;, for the set of palindromes.

+ (If we could somehow see that the TM was in an infinite loop, we would have the answe
W ‘but if we were depending on the TM to tell us, we would wait forever.) In this case, a Tl
computing the function y; would be better, because it would guarantee an answer for eve

input. Unfortunately, it is no longer clear that such a machine can be obtained from 7.

will return to this question in Chapter 10.

9.3 | COMBINING TURING MACHINES

One of the purposes of this chapter is to suggest the power and generality of Turing
machines. As you can tell from the examples 80 ffcll:, much of the work tpat g;)e: on
during a TM computation consists of routine, repetitive tasl.<s such as moving the ta
head fromone side of a string to the other or erasing a portion of the tape. If wew
required to describe every TM monolithically, showing all the low-level details,
would quickly reach a practical limit on the complexity of the problems wel'cote
solve. The natural way to construct a complicated TM (or any other complicate
algorithm or piece of software) is to build it from sirppler, ?eusable (.:0111ponents.t

In the simplest case, we can construct a composite "FurlrvlgI rpachme by exem;
first one TM and then another. If 7y and T, are TMs, with disj plnt sets of nonhalt
states and transition functions §; and &, respectively, we write T T2. to‘denot‘e 'tt;a
composite TM. The set of states is the union of the two sets. 71T begins in the initie
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- T does also—even though o tape symbols are specified explicitly. We could avoi
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a/a, R a/a,R
b/b, R b/b, R

Figure 9.101

the accepting state; and if it is anything else, reject. In the first case, assuming T halt;
normally, repeat the execution of T until 7 halts normally scanning somg SYH}bO
other than a; if at that point the tape symbol is b, halt. normally, othgrw1§e reject
(The machine might also reject during one of the iterations of T; and it might 100\’
forever, either because one of the iterations of T does or because T halts normalb
i symbol a every time.) N
Wlthz:ﬁ;rsstgltlag?vizg a completgly precise deﬁnition .of an arbitrary con?bl.natlon 0
TMs would be complicated, it is usually clear in specflﬁc exampl.es what is 1nv01Ye:
There is one possible source of confusion, however, in the notation we are adoptm

Consider a TM T of the form T} % T,. If T} halts normally scanning some symbx

b/b,R b/b,R

A/AR

Ala, L B/B,R

B/b, L

Figure 9.121
A Turing machine to copy strings.

Copying a String

not specified explicitly (i.e., other than a), T rejects. However, if T halts normall

Let us construct a TM that creates a copy of its input string, to the right of the input but with
 a blank separating the copy from the original. We must be careful to specify the final position
of the tape head as well; let us say that if the initial configuration is (g0, Ax), where x is a
. String of nonblank symbols, then the final configuration should be (hg, AxAx). The TM will
_examine the first symbol, copy it in the right place, examine the second, copy it, and so on. It
_ will keep track of its progress by changing the symbols it has copied to uppercase. We assume
_ for simplicity that the input alphabet is {a, b}; all that is needed in a more general situation is
modified (“uppercase”) version of each symbol in the input alphabet. When the copying is

'kl complete, the uppercase symbols will be changed back to the original. The TM is shown in
igure 9.12.

thi ing inconsistency by saying that if 77 halts normally scann?ng a symb
:)lglsersi;r;llnag, T halts norri,laliry, ej;ccept that T would then .not be equivalent Fo th
composition Ty 7’7, described above, and this seems updesma.ble. In our nota‘uo’n,‘{
at the end of one sub-TM’s operation at least one way 18 spec1ﬁeq for the compost
TM to continue, then any option that allows accepting at that' point must befshow
explicitly, as in Figures 9.11a and 9.11b. (The second figure is a shortened form
e ﬁgztr'r)xe basic TM building blocks, such as moving the head a specified number
positions in one direction or the other, writing a spec'iﬁc symbol in the cur.rentfsquar
and searching to one direction or the other for a spemﬁed symbol3 are straight orx'var
and donot need to be spelled out. We consider afew slightly more involved operation

18 often useful to delete a symbol from a string. ATuring machine does this by changing the

— T pe contents from yaz to yz, where y € (T U{AD*, 0 € T U {A}, and z € Z*, (Remember
! 2 k‘that Yz means that the tape head is positioned on the first symbol of z, or on a blank if 7 is null.)
b Again we assume that the input alphabet is {a, b}. The TM starts by replacing the symbol to be

deleted by a blank, so that it can be located easily later. It moves to the right end of the string
2 and makes a single pass from right to left, moving symbols one square to the left as it goes,
ntil it hits the blank. The transition diagram is shown in Figure 9.13. The states labeled qa
nd g, are what allow the machine to remember a symbol between the time it erases it and the
me it writes it in the next square to the left. Of course, before it writes each symbol, it reads
e symbol being written over, which determines the state it should g0 to next,

®)

Figure 9.11 |
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a/a, L

,——>O—-> Copy —b~

Figure 9.14 |
Another way of accepting pal.

Reverse

4| VARIATIONS OF TURING MACHINES:
MULTITAPE TMs

he version of Turing machines introduced in Section 9.1 is not the only possible one.
here are a number of variations in which slightly different conventions are followed
ith regard to starting configuration, permissible moves, protocols followed to accept
_strings, and so forth. In addition, the basic TM model can be enhanced in several
atural ways. In this section we mention a few of the variations and investigate one
nhanced version, the multitape TM, in some detail.

A more user-friendly TM, such as one with additional tapes, can make it easier
o describe the implementation of an algorithm: The discussion can highlight the

Figure 9.131
A Turing machine to delete a symbol.

Inserting asymbol a, or changing the tape contents from yz to yaz, would be done virtually
the same way, except that the single pass would go from left to right, and the move that starts
it off would write a instead of A. You are asked to complete this machine in Exercise 9:13.

Another Way of Accepting pal

ndividual data items stored on the various tapes, without getting bogged down in
he bookkeeping techniques that would be necessary if all the data were stored on
nd retrieved from a single tape. Thus it will often be useful to have these enhanced
ersions available in subsequent discussions. However, it will turn out that in spite
f the extra convenience, there is no change in the ultimate computing power. Seeing
e details needed to show this may help you to appreciate the power of a Turing
achine. Finally, the discussion in this section will provide a useful example of how
ne type of computing machine can simulate another.

In order to compare two classes of abstract machines with regard to computing
ower, we must start by saying what we mean by this term. At this point, we are not
onsidering speed, efficiency, or convenience; we are concerned only with whether
e two types of machines can solve the same problems and get the same answers. A
uring machine of any type gives an “answer,” first by accepting or failing to accept,
d second by producing a particular output when it halts in the accepting state. This
eans that if we want to show that machines of type B are at least as powerful as
ose of type A, we need to show that for any machine T of type A, there is a machine
B of type B that accepts exactly the same input strings as T4 and produces exactly
¢ same output as 74 whenever it halts in the accepting state.

First we mention briefly a few minor variations on the basic model, each of

The Delete machine transforms yaz to yz. What if it is calle'd when the tape
contents are not yaz, but yazAw, where w is some arbitrary strlr}g of .symbolsf,?
" At first it might seem that the TM ought to be designefi so as to finish with yzAw
on the tape. A closer look, however, shows that this is unreasonable. Unless wg
know something about the computations that have gone on before, or unles:.s t}}g
rightmost nonblank symbol has been marked somehow so that we can recognize 1;
we have no way of finding it. The instructions “move. the' tape head to the square
containing the rightmost nonblank symbol” cannot ordinarily bfa executeq by aTM
(Exercise 9.12). In general, a Turing machine is designed according to spec1ﬁ.c:at10n$
which say that if it starts in a certain configuration it should halF normally in somg
other specified configuration. The specifications may say n.othmg about v'vhat the
result should be if the TM starts in some different configuration. Th‘e machine Ir}ay
satisfy its specifications and yet behave unpredictably, perhaps halting in &, or looping
forever, in these abnormal situations.

em slightly more restrictive. One possibility is to require that in each move the
pe head move either to the right or to the left. In this version, the values of the
nsition function § are elements of (Q U {ha, B }) x (T U{A}) x {L,R} instead of
Ulha, b)) x (TU{A)) x {L,R,S}. A second possibility is to say that a move can
clude writing a tape symbol or moving the tape head but not both. In this case &
ould take values in (Q U {h,, h,}) x (I"'U{A}U{L,R}), where L and R are assumed

Suppose that Copy is the TM in Figure 9.12 and Reverse is the one in Figure 9.6. Let Equal be :
TM that works as follows: When started with tape AxAy, where x, y € {a, b}*, Equal accept"
if and only if x = y. Then the composite TM shown in Figure 9.14 accepts tl'le lz'mguage ?
palindromes over {a, b} by comparing the input string to its reverse and accepting if and onkh
if the two are equal.
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not to be elements of I'. In both cases it is easy to see that the restrictions do nd
reduce the power of the machine. You are referred to the exercises for the details

One identifiable difference between a Turing machine and a typical human com
puter is that a TM has a one-dimensional tape with a left end, rather than sheets ¢
paper that might be laid out in both directions. One way to try to increase the powe
the machine, therefore, might be to remove one or both of these restrictions: to mak;
the “tape” two-dimensional, or to remove the left end and make the tape potenti
infinite in both directions. In either case we would start by specifying the rules unde
which the machine would operate, and the conventions that would be followed w
regard to input and output. Again the conclusion is that the power of the mac
is not significantly changed by either addition, and again we leave the details to th
exercises.

Rather than modifying the tape, we might instead add extra tapes. We coul
decide in that case whether to have a single tape head, which would be positione
the same square on all the tapes, or ahead on each tape that could move independent]:
of the others. We choose the second option. An n-tape Turing machine wil
specifiable as before by a 5-tuple T = (0, %,T, g0, 8). It will make a move on 1l
basis of its current state and the n-tuple of tape symbols currently being exami
since the tape heads move independently, we describe the transition function
partial function

8: 0 x (TU{AY" — (QU {ha, i} x (TU{AD" x {R.L,S}"

The notion of configuration generalizes in a straightforward way: A conﬁgurauo
~ ann-tape TM is specified by an (n -+ 1)-tuple of the form

|
|
|
y
i

cal 'roblyem Wlﬂl the smmlauon“ how to ke p tra ‘o
idual pe heads ‘

(> X141Y1, ¥282Y2, « - + » Xnln Yn)

with the same restrictions as before on the strings x; and y;.
We take the initial configuration corresponding to input string x to be:

(qo, Ax, A, ..., A)

| In other words, the first tape is the one used for the input. We will also say that
output of an n-tape TM is the final contents of tape 1. Tapes 2 through 7 are
for auxiliary working space, and when the TM halts their contents are ignored
particular, such a TM computes a function f if, whenever it begins with aninput s
x in (or representing an element in) the domain of f, it halts in some configura
(ha, Af(x), ...), where the contents of tapes 2 through n are arbitrary, and other
it fails to accept.

1t is obvious that for any n > 2, n-tape TMs are at least as powerful as:ordi
1-tape TMs. To simulate an ordinary TM, a TM with n tapes simply acts as if fa
were its only one and leaves the others blank. We now show the converse.

 Theorem9.4 ‘ ‘
Letn >2andlet T = (Ql,Z I‘l,q1,6 ‘beann-tape T nng

 there is a one-tape TM T 42, 0
sa 1sfy1ng the fo]lowmg two condltmns. . . m he oId smgle Symbo .to ! new doﬁble symbol ‘
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At this pomt the actual s1mu1at1on starts kT T makes moves of the ;0

Corollary 9.1. Any language that is accepted by an n-tape TM can be accepted by

n ordinary TM, and any function that is computed by an n-tape TM can be computed
y an ordinary TM.

: e e e oroof  The proof is immediate from Theorem 9.1,
square does contam a paxr, say » cony tto (a, . e
- b ckto ‘ebe innin ‘

- . g NONDETERMINISTIC
TURING MACHINES

ondeterminism plays different roles in the two simpler models of computation we
tudied earlier. It is convenient but not essential in the case of FAs, whereas the
anguage pal is an example of a context-free language that cannot be accepted by
ny deterministic PDA. Turing machines have enough computing power that once
gain nondeterminism fails to add any more. Any language that can be accepted by a
ondeterministic TM can be accepted by an ordinary one. The argument we present
0 show this involves a simulation more complex than that in the previous section.

evertheless, the idea of the proof is straightforward, and the fact that the details get
omplicated can be taken as evidence that TMs capable of implementing complex
Igorithms can be constructed from the same kinds of routine operations we have
sed previously.

A nondeterministic Turing machine (NTM) T = (Q 2, T, qp, 8) is defined ex-
ctly the same way as an ordinary TM, except that values of the transition function §
¢ subsets, rather than single elements, of the set (QU{h,, ki, HDxTU{A}) x{R,L,S}.

e do not need to say that 8 is a partial function, because now & (g, a) is allowed to
ake the value .

341
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The notation for a TM configuration is also unchanged. To say that

(p,xay) Fr (g, whz)

now means that beginning in the first configuration, there is at least one movye |
will produce the second. Similarly,

(p,xay) b7 (g, wbz)
means that there is at least one sequence of zero or more moves that takes 7' from

first configuration to the second. With this definition, we may still say that a si
X € L*is accepted by T if for some a € T' U {A} and some y, z € (I' U {A})?

(g0, Ax) By (ha, yaz)

The idea of output will not be as useful in the nondeterministic case, because f
given NTM there could conceivably be an infinite set of possible outputs. NTMg
produce output, such as those in Exercise 9.29, will be used primarily as compon
of larger machines. When we compare NTMs to ordinary TMs, we will rest
ourselves to machines used as language acceptors.

Because every TM can be interpreted as a nondeterministic TM, it is ob
that a language accepted by a TM can be accepted by an NTM. The converse is w
we need to show.

nnmsuc) ™ Tz = (Qz, s, Fg, o, 82) w1th L(Tg) = L(TI)

~ Proof . ‘ ‘

TheTM T, we are Iookmg for will have the property that for any xe
accepts input x if and only if there is some sequence of moves of T o
x that would cause it to accept, The strategy for constructlng T, iss

_ let it try every sequence of moves of T, one: sequence at a tlme,
if and only if 1t ﬁnds a sequence that Would cause T 1 to halt in the acc

_state. ~ ~

- Although there may be many conﬁ guratlons in Wthh T1 has a ch

moves, there is some fixed upper bound on the number of choices it
_ ever have. We assume for the sake of simplicity that this maximum
is 2. The proof we present in this case will generahze casily. “Ther
- harm in assuming Furt her that whenever there are any moves at al
are exactly two, which we label 0 and 1. (The order is arbltraly
poss1b1e that both are actually the same move)

; For any input string x, we can use a computation tree such ast
_ Figure 9.15 to represent the sequ ences of moves 77 might make On |
- Nodes in the tree represent configurations of 1. The rootis the initial co

~ uration corresponding to input x, and the children of any node N

_to the configurations 7; might reach in one step from the conﬁgurk ;

The convention we have adopted 1mphes that every interior node has
_ two children, and a leaf node represents a halting conﬁgutanon. ‘

CHAPTER 9 Turing Machines

Figure 9.15 |
The computation tree for a nondeterministic TM

:nﬁmte,

1§ searchir

ng the tree for accepting
breadth ﬁrst approach is

eﬁds up repeatmg the same sequences
over. However, ifxel (T 1) then for

'he chn*d is the “Workmg tape,”
ctuaHy arries out the steps specxﬁed
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InitializeTapes2&3 Copylnput

NextSequenﬁ'<———[ EraseTape3 |

Figure 8.16|
Simulating a nondeterministic TM by a three-tape TM.

‘0 and 1 may be the same there may be several strings of digits that descn

3.7 tecover - from, ¢
ve its head off the tape. CopyInput copies the original i

x from tape 1 onto tape 3, so that tape 3 has contents #Ax. Execute (whi
we will discuss in more detail shortly) is the TM that actually simulates
. action of Ty on this input, by executing the sequence of moves current

specified on tape 2. Its crucial feature is that it finishes with a symbol

- rrent square of tape 3, and s = # if and only if the sequence of m
- causes T to accept. In this case T, accepts, and otherwise it continues wi
the Er aseTape3 component. EraseTupe3 restores tape 3 to the configurati
A. It is able to complete this operatlon because the length of the string

 tape 2 limits how far to the right the rightmost nonblank symbol on tape

_can be. Finally, NextSequence is the component already mentioned, wh

r

 the string of digits on tape 2 using the operation similar to adding
Flg 1re 9.17 shows a one-tape TM thatexecutes this transformation

m input string of 0’sand 1's; NextSequence isthet
this transformation on the second tape only, ig

hree-tape TM that carr

noring tapes 1 and 3.

CHAPTER 9 Turing Machines

1/0,L 0/0,R 0/0, L.

Figure 9.17 |
The one-tape version of NextSequence.

Th pk k blem of constru ing Ty has now been reduced tok that of col

ing the component Execute, WhICh must. SImulate the equence o
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(0, 2)/(0, %), R, S)

(0, )0, A), (R, )
(L, AY(1, A), (R, 8)
(& a)(A, a), (5, 8)
(A AAA A, (B, S)

¥

1, a)/(1,a),R,L)

Figure 9.19 |
An NTM to accept strings of length 2/.

(= a) (S, S)
(= A= D), (5,9
! Now look at the nondeterministic TM 7T in Figure 9.19. T moves past the inplit‘string,
places a single 1 on the tape, separated from the input by a blank, and after positioning the tape
head on the blank, executes Double zero or more times before returning the tape head to square
0. Finally, it executes the TM Egqual, which works as follows: Starting with tape contents
AxAy, where x and y are strings of 1’s, Equal accepts if and.onlyifx = y (see Example 9.9).
The nondeterminism in T lies in the indeterminate number of times Dbub‘lc is executed.
When Equal is finally executed, the string following the input on the tapé represents some
arbitrary power of 2. If the original input string happens to represent a power of 2, say 2/, then
there is a sequence of choices T can make that will cause the input to be accepted—namely,
the sequence in which Double is executed exactly i times. On the other hand, if the input string
is not a power of 2, it will fail to be accepted, because in the last step it is compared to a string
that must be a power of 2. Our conclusion is that T accepts the language { 1? |i >0}
We do not need nondeterminism in order to accept this language. (Nondeterminism is
never necessary, by Theorem 9,2.) It merely simplifies the description. One deterministic
way to test whether an integer is a power of 2 is to test the integer first to see if it is 1 and, if
not, perform a sequence of divisions by 2. If at any step before reaching 1 we get a nonzero
remainder, we answer no. If we finally obtain the quotient 1 without any of the divisions
producing a remainder, we answer yes. We would normally say, however, that multiplying
by 2 is easier than dividing by 2. An easier approach, therefore, might be to start with 1 and
perform a sequence of multiplications by 2. We could compare the result of each of these to the
original input, accepting if we eventually obtained a number equal to it, and either rejecting if
we eventually obtained a number larger than the input, or simply letting the iterations continue
forever.
The nondeterministic solution 7' in Figure 9.19 is closer to the second approach, except
that instead of comparing the input to each of the numbers 2!, it guesses a value of { and tests
that value only. Removing the nondeterminism means replacing the guess by an iteration in
which all the values are tested; a deterministic TM that did this would simply be a more efficient
Version of the TM constructed in the proof of Theorem 9.2, which tests all possible sequences
of moves of T

(@) ®

Figure 9.181
A typical small portion of Execute.
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ISTUONTRDE A Simple Example of Nondeterminism ;

Consider the TM Double that works as follows. Using the Copy TM from Example 9
modified for a one-symbol input alphabet, it makes a copy of the numerical input. It !
deletes the blank separating the original input from the copy and returns the tape head to squd
0. Just as the name suggests, it doubles the value of the input. ‘

9.6 | UNIVERSAL TURING MACHINES

In our discussions so far, a Turing machine is created to execute a specific algorithm.,
If we have a Turing machine for computing one function, then computing a different
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function or doing some other calculation requires a different machine. Origi.nally, _ Definition 9.5 The Encoding Function e

electronic computers were limited in a similar way, and changing the calculation to =

be performed meant rewiring the machine.  First we associate to each tape symbol (including A), toeach state (mcludmg .
A 1936 paper by Turing, however, anticipated the stored-program computers you  he and hy),and to each of the three dir ectlons, a stung of 0’s. | Let ~

are familiar with. Although a modern computer is still “hard-wired,” it.is completely ~ S(A) = ; .
flexible in that the task it performs i§ to execute .the instructions stor'ed in It‘S‘ memory, ; ok O’+ Lo S) -
and these can represent any conceivable algorithm. Turing describes a “universa ; : L \ .
computing machine” that works as follows. It is a TM T, whose input consists L ; 5( a‘) =

essentially of a program and a data set for the program to process. The program takes ; ‘ ; sthy) =00

the form of a string specifying some other (special-purposc?) TM Ty, and the d.ata . . s(qn) = 02 Grenh O
set is a second string z interpreted as input to T7. 7, then simulates thf: processing ~ ; s(S) E)‘ ~ : ; ~
of z by 7. In this section we will describe one such universal Turing machine . ;
T, - sy = 00
i . V ‘

The first step is to formulate a notational system in which we can encode both . s(R) 000
an atbitrary TM 7T} and an input string z over an arbitrary alphabet as strings e(Ty) ‘
and e(z) over some fixed alphabet. The crucial aspect of the encoding is that it must _‘ ‘
not destroy any information; given the strings e(7) and e(z), we must be able to ; - - . : é(p,a) = (g, b, D)
reconstruct the Turing machine 7} and the string z. We will use the alphabet {0, 1} is encoded by the string
although we must remember that the% TM we are encoding may have a much large S . ) i @15 1sBYLs(D)L
alphabet. We start by assigning positive integers to each state, each tape symbol, an ; ~
each of the three “directions” S, L, and R in the TM T; we want to encode. . ‘and for any ™ T, with initial state g, T 1s encoded by the stnng

At this point, a slight technical problem arises. We want the encoding functipn; , . ) — s 21 6(1111)1 e(mx)1 - - e(my)1
e to be one-to-one, so that a string of 0’s and 1’s encodes at most one TM. Consider . '
two TMs Ty and T, that are identical except that the tape symbols of 77 are a an
b and those of T, are a and c. If we really want to call these two TMs different, =
then in order to guarantee that their encodings are different, we must make sure tha - - ; e(z) = 1sGz) szl szl
the integers assigned to b and c¢ are different. To accommodate any TM and sti . ‘
ensure that the encoding is one-to-one, we must somehow fix it so that no symbol 1
any TM’s alphabet receives the same number as any other symbol in any other TM”
alphabet. The easiest way to handle this problem is to fix once and for all the sgt 0
symbols that can be used by TMs, and to number these symbols at the outset. This i
the reason for the following

Each move m of a TM, descnbed by the formula

Where mi, 7122, -, my are the distinctinoves of T, arranged in some arbitrary
order. Fmally, any string © = 2120 - zy; where each 7; € 8, is encoded by

The 1 at the beginning of the string e(z) is included so that in a composite string
of the form e(T")e(z), there will be no doubt as to where e(T") stops. Notice that one
consequence is that the encoding s(«) of a single symbol a € S is different from the
encoding e(a) of the one-character string a.

Because the moves of a TM T can appear in the string e(T) in any order, there
will in general be many correct encodings of 7. However, any string of 0’s and 1°s
can be the encoding of at most one TM.

Convention. We assume from this point on that there are two fixed infinite set
Q = {q1,¢2,...} and S = {ay,a, ...} so that for any Turing machipe T
(0,%,1,q0,8),wehave 0 C QandI"C S. B

The Encoding of a Simple TM
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EXAMPLE9.11

It should be clear that this assumption about states is not a restriction at all, f
because the names assigned to the states of a TM are irrelevant. Furthermore, as
long as S contains all the letters, digits, and other symbols we might want in our:;
input alphabets, the other assumption is equally harmless (no more restrictive, fOIf"
example, than limiting the character set on a computer to 256 characters). Once we
have a subscript attached to every possible state and tape symbol, we can represent
state or a symbol by a string of 0’s of the appropriate length; 1’s are used as separator,

Consider the TM illustrated in Figure 9.20, which transforms an input string of a’s and »’s by
changing the leftmost a, if there is one, to b. Let us assume for simplicity that the tape symbols
a and b are assigned the numbers 1 and 2, so that s(a) = 00 and s(b) = 000, and that the states
9, p, and r are given the numbers 1, 2, and 3, respectively. If we take the six moves in the
order they appear, left-to-right, the first move (g, A) = ( P, A, R) is encoded by the string

0°10'10*10'10%1 = 00010100001010001
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b/b, R b/b, L

0,--), R, 8,9

(~1,9),(5,R,S)
(=A,-), (SR S)

(==, A), (S, S,R)

Figure 9.20 | ©,--) R, S,S)

(1--),®R,S,S) (--,0)(S,8,L)

and the entire TM by the string

0001 000101000010100011 00001000100001000100011 0000100100000100010011
0000101000001010011 000001000100000100010011 000001010101011

©0,- D, RS, L)

(1, i} —)’ (R7 Sa S) (1, - 0), (R, S, L)

Remember that the first part of the string, in this case 0001, is to identify the initial state of
TM. The individual moves in the remainder of the string are separated by spaces for readabi

0,0, R, S,R) 1-,4),R,8L) -7, 8,R)

The input to the universal TM T;, will consist of a string of the form e(7)e
where T is a TM and z is a string over T’s input alphabet. In Example 9.11; if th
input string to T wete baa, the corresponding input string to T, would consist of th
string e(T") given in the example, followed by 10001001001, On any input string
the form e(T)e(z), we want T}, to accept if and only if T' accepts input z, and in thi

0,-0,R,S,R) (= —0,6,5L)

-0,9,(5,L,9)

case we want the output from 7}, to be the encoded form of the output produced b (1),

on input z. 4,6
.+ Now we are ready to construct T,,. It will be convenient to give it three ta ¢ Figure 9.21 |

According to our convention for multitape TMs, the first tape will be both the inpy Finding the right move on tape 1.

and output tape. It will initially contain the input string e(7")e(z). The second tap
will be the working tape during the simulation of 7', and the third tape will contai
the encoded form of the state T is currently in.

The first step of T}, is to move the string e(z) (except for the initial 1) from th
end of tape 1 to tape 2, beginning in square 3. Since T begins with its leftmost squar
blank, 7, will write 01 (because 0 = s(A)) in squares 1 and 2 of tape 2; square
is left blank, and the tape head is positioned on square 1. The next step for T, s
copy the encoded form of 7’s initial state from the beginning of tape 1 onto tape
beginning in square 1, and to delete it from tape 1.

After these initial steps, T}, is ready to begin simulating the action of T (encode
on tape 1) on the input string (encoded on tape 2). As the simulation starts, the thr
tape heads are all in square 1. The next move of T' at any point is determined by 7
state (encoded on tape 3) and the current symbol on T”’s tape, whose encoding start
in the current position on tape 2. In order to simulate this move, T, must search ta
1 for the 5-tuple whose first two parts match this state-input combination, Abstract
this is a straightforward pattern-matching operation, and a TM that carries it out
shown in Figure 9.21. Since the search operation never changes any tape symbol
we have simplified the labeling slightly, by writing as

what would normally be written as

(a,b,c)/(a,b,c), (D1, Dy, D3)

Once the appropriate 5-tuple is found, the last three parts tell 7, how to simulate
he move. To illustrate, suppose that before the search, T,,’s three tapes look like this:
A00010100001010001100001001000001000100110001...

A010010010001A....
AQ000A...

he corresponding tape of T would be
AaabA . ..

_ assuming that the symbols numbered 1 and 2 are a and b, respectively, and T would
 be in state 2 (the one with encoding 0000). After the search of tape 1, the tapes look
like this:

A00010100001010001100001001000001000100110001...
A010010010001A...

(a,b,c), (D1, D2, D3) AQ000A...

»

B

=
&z

=
%]

fer

s

2]

(_7 0’ _)a (S’ La S)

©,1,9,R,L,S)
(1,0,-), R,L,S)

©,0,-), R, R, 5)

1,1,9, R, L, S)
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Still, a Turing machine seems like a more natural approach to a general-purpose
computer, perhaps because of Turing’s attempt to incorporate into TM moves the
primitive steps carried out by a human computer. Even a few examples, such as the TM
accepting {ss | s € {a, b}*} in Example 9.3 or the one computing the reverse function
in Example 9.4, are enough to suggest that TMs have the basic features required
to carry out algorithms of arbitrary complexity. The point is not that recognizing
strings of the form ss is a particularly complex calculation, but that even algorithms
of much greater logical complexity depend ultimately on the same sorts of routine
manipulations that appear in these two examples. Designing algorithms to solve
problems can of course be difficult; implementing an algorithm on a TM is primarily
amatter of organizing the data storage areas, and choosing bookkeeping mechanisms
for keeping track of the progress of the algorithm. A simple model of computation
such as an FA puts severe restrictions on the fype of al gorithm that can’be executed. A
TM allows one to design an algorithm without reference to the machine and to have
confidence that the result can be implemented.

To say that the Turing machine is a general model of computation is simply
to say that any algorithmic procedure that can be carried out at all (by a human, a
team of humans, or a computer) can be carried out by a TM. This statement was
first formulated by Alonzo Church, a logician, in the 1930s (American Journal of
Mathematics 58:345-363, 1936), and it is usually referred to as Church’s thesis, or
the Church-Turing thesis. Itis not a mathematically precise statement because we do
not have a precise definition of the term algorithmic procedure, and therefore it is not
something we can prove. Since the invention of the TM, however, enough evidence
has accumulated to cause the Church-Turing thesis to be generally accepted. Here is
an informal summary of some of the evidence.

The 5-tuple on tape 1 specifies that T’s current symbol should be changed to b,
the head should be moved left, and the state should be changed to state 3. These
operations can be catried out by 7}, in a fairly straightforward way, and we omit the
details. The final result is

A00010100001010001100001001000001000100110001...
A0100100010001A....
AQ0000A...

and 7}, is now ready to simulate the next move.

There are several ways this process might stop. T’ might halt abnormally, either
because there is no move specified or because the move calls for it to move its tape
head off the tape. In the first case, the search operation pictured in Figure 9.21 also
halts abnormally (although the move to /, is not shown explicitly), because after the
last 5-tuple on tape 1 has been tried unsuccessfully, the second of the 1°s at the end
takes the machine back to the initial state, and there is no move from that state with |
on tape 1. We can easily arrange for T, to reject in the second case as well, Finally,
T may accept. T, detects this when it processes a 5-tuple on tape 1 whose third part
is a single 0. In this case, after 7, has changed tape 2 appropriately, it erases tape 1,
copies tape 2 onto tape 1, and accepts. f

9.7 | MODELS OF COMPUTATION AND
THE CHURCH-TURING THESIS

A Turing machine is a model of computation more general than either a finite ay-
tomaton or a pushdown automaton, and in this chapter we have seen examples of
computations that are feasible on a TM but not on the simpler machines. A TM is
not the only possible way of extending a PDA, and we might examine some other
approaches briefly.

Our first example of a non-CFL (Example 8.1) was the language L
{a"b"c" | n > 1}. The pumping lemma for CFLs tells us that a finite automaton
with a single stack is not sufficient to recognize strings of this form. One stack is
sufficient to accept {a"b" | n > 1}; it is not hard to see that fwo stacks are suf :
cient for L. Of course, if {a"b"c"d" | n > 1} turned out to require three stacks, and
{a"b"c"d"e" | n > 1} four, then this observation would not be useful. The interesting
thing is that two are enough to handle all these languages (Exercise 9.49).

In Example 8.2, we considered L = {s5 | s € {a, b}*}. If we ignore; the apparent
need for nondeterminism by changing the language to {scs | s € {a, b}*}, then we
might consider trying to accept this language using a finite automaton with a quene
instead of a stack. We could load the first half of the string on the queue, and the “first
in, first out” operation of the queue would allow us to compare the first and second
halves from left to right. ;

Although it is not at all obvious from these two simple examples, both approaches
lead to families of abstract machines with the same computing power as Turing ma-
chines. With appropriate conventions regarding input and output, both these models
can be considered as general models of computation and have been studied from this
point of view. They are investigated in more detail in Exercises 9.49-9.53,

1. The nature of the model makes it seem likely that all the steps that are crucial to
human computation can be carried out by a TM. Of course, there are
differences in the details of how they are carried out. A human normally works
with a two-dimensional sheet of paper, not a one-dimensional tape, and a
human is perhaps not restricted to transferring his or her attention to the
location immediately adjacent to the current one. However, although working
within the constraints imposed by a TM might make certain steps in a
computation awkward, it does not appear to limit the types of computation that
are possible. For example, if the two-dimensional aspect of the paper really
plays a significant role in a computation, the TM tape can be organized so as to
simulate two dimensions. This may mean that two locations contiguous on a
sheet of paper are not contiguous on the tape; the only consequence is that the
TM may require more moves to do what a human could do in one.

Various enhancements of the TM model have been suggested in order to make
the operation more like that of a human computer, or more convenient, or more
efficient. These include the enhancements mentioned in this chapter, such as
doubly infinite tapes, multiple tapes, and nondeterminism. In each case, it is
possible to show that the computing power of the machine is unchanged.

Other theoretical models of computation have been proposed. These include
machines such as those mentioned earlier in thic cection manhinac fhaf o
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closer to modern computers in their operation, and various notational systems
(simple programming-type languages, grammars, and others) that can be used:
to describe computations. Again, in every case, the model has been shown tob 9.5.
equivalent to the Turing machine.

4. Since the introduction of the TM, no one has suggested any type of V
computation that ought to be included in the category of “algorithmic . 9.6.
procedure” and cannot be implemented on a TM. “

As we observed earlier, the Church-Turing thesis is not a statement for which
precise proof is possible, because of the imprecision in the term “algorithmic prc
cedure.” Once we adopt the thesis, however, we are effectively giving a precig
meaning to the term: An algorithm is a procedure that can be executed on a T™
The advantage of having such a definition is that it provides a starting point for
discussion of problems that can be solved algorithmically and problems (if any) th;
cannot. This discussion begins in Chapter 10 and continues in Chapter 11.

Another way in which the Church-Turing thesis will be used in the rest of th
book is that when we want to describe a solution to a problem, we will often b
satisfied with a verbal description of the algorithm; translating it into a detailed T
implementation may be tedious but is generally straightforward. ; 0.9,

EXERCISES

" 9.1. Trace the TM in Figufe 9.5 (the one accepting the language
{ss | s € {a, b}*}) on the string aaba. Show the conﬁguratlon at each step.

9.2. Below is a transition table for a TM.

e e
g0 A @ AR | ¢ A (AR | g a (g5a.R)
@ a (@aBR ¢ A @saR) % b (3,bR)
¢ b {(@bR |q@ a (@aR | g A (g,0D
qQ1 A (92, Ay L) qa b (q41 b’ R) q7 a ((Z% a, L)
@ a (@ AR g A (g,al) | ¢ b (g6 1)
@ b A @ebR) | ¢z A (AL

(g5, A,R) | g5

a. ‘What is the final configuration if the input is ab?
b. ‘What is the final configuration if the input is baa?
c. Describe what the TM does for an arbitrary input string in {a, b}*.
93. LetT = (Q, %, T, qo, 8) be aTM, and let s and ¢ be the sizes of the sets 0
and T, respectively. How many distinct configurations of T could there
possibly be in which all tape squares past square n are blank and 7"’s tape
head is on or to the left of square n? (The tape squares are numbered
beginning with 0.)
9.4, The TM shown in Figure 9.2b (obtained from the FA in Figure 9.2a) aceep
a string as soon as it finds the substring aba. Draw another TM accepting {

o Ao T
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same language that is more similar to the FA in that it accepts a string only
after it has read all the symbols of the string.

Figures 9.2 and 9.3 show two examples of converting an FA to a TM
accepting the same language. Describe precisely how this can be done for an
arbitrary FA.

Draw a transition diagram for a Turing machine accepting each of the
following languages.

{a'b/ i < j}

{a"b"c" | n > 0}

{x €{a, b, c}* | na(x) = np(x) = ne(x)}

The language of balanced strings of parentheses

The language of all nonpalindromes over {a, b}

{www | w € {a, b}*}

Descnbe the language (a subset of {1}*) accepted by the TM in Figure 9.22.
We do not define A-transitions for a TM. Why not? What features of a TM
make it unnecessary or inappropriate to talk about A-transitions?

Suppose 17 and T, are TMs accepting languages L, and L, (both subsets of
%), respectively. If we were following as closely as possible the method
used in the case of finite automata to accept the language L L., we might
form the composite TM 71 T;. (See the construction of M, in the proof of
Theorem 4.4.) Explain why this approach, or any obvious modification of it,
will not work.

1/1,L

1/A, L

A/A, L

Figure 9.221
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9.10.

9.11.

9.12.

9.13.

9.14.
9.15.

9.16.

" the string 17.

4 Turing Machines and Their Languages

Given TMs Ty = (Q1, %1, 1, q1, 81) and T = (Q2, X2, T2, 42, 8), with
I'; € &y, give a precise definition of the TM T1 T, = (Q, X, T, g9, 8). S
precisely what Q, X, T, go, and & are.
Suppose T is a TM accepting a language L. Describe how you would modi
T to obtain another TM accepting L that never halts in the reject state i,
Suppose T is a TM that accepts every input. We would like tq construct'
TM Ry so that for every input string x, Ry halts in the acceptmg‘state with
exactly the same tape contents as when T halts on input x, but with the tap
head positioned at the rightmost nonblank symbol on the tape. .(One reaﬁson
this is useful is that we might want to use 7" in a larger composite machine
but to erase the tape after T has halted.) »
a. Show that there is no fixed TM Ty so that Ry = T'Ty for every T. (In
other words, there is no TM capable of executing the instruction “move
the tape head to the rightmost nonblank tape symbol” in every possiblg
situation.)
b. Describe a general method for constructing Ry, given T'.
Draw the Insert(c) TM, which changes the tape contents from yz to yoz.
Here y € (X U{AD*, 0 € ZU{A}, and z € ¥*. You may assume that
Y = {a, b}.
Does every TM compute a partial function? Explain. ;
In cach case, draw a TM that computes the indicated function. In the first
five parts, the function is from A to AV. In each of these parts, assume that

) b 9.17.
the TM uses unary notation—that is, the natural number » is represented b

a fx)y=x+2

b. fx)=2x

c. f(x)=x?

d. f(x) = x/2 (“/” means integer division.) _ s
e. f(x) = the smallest integer greater than or equal to log, (x + 1) (i.e

fO=0,f=1,7f2Q=f3=2f@ == f(7)=3,and:
on.)
f. f:{a, b)* x {a,b}* — {0, 1} defined by f(x,y) =1ifx =y,
f(x,y) = 0 otherwise:
g. f:fa, b} x{a,b}* — {0, 1} defined by f(x,y) = 1‘i‘fx.< z ‘
f(x,y) = 0 otherwise. Here < means with respect to lexicographic,
or alphabetical, order. For example, a < aa, abab < abb, etc.
h. f is the same as in the previous part, except that this time < refers to_
canonical order. That is, a shorter string precedes a longer one, and th
order of two strings of the same length is alphabetical. ~
i. f:{a, b} — {a, b}* defined by f(x) = a”“("')b”"("‘? (i.e., f(x) has th
same symbols as x but with all the a’s at the beginning).
The TM shown in Figure 9.23 computes a function from {a, b}* to {a, b}*‘;
For any string x € {a, b}*, describe the string f (x).

CHAPTER 9 Turing Machines

A/A, S @

a/a, R
b/b, R

@ A/AR . a/a, S _» Delete ‘ b/b,R ‘ Ala, L

gure 9.23 |

Suppose TMs 7} and T, compute the functions fiand £, from NV to NV,

respectively. Describe how to construct a TM to compute each of these
functions.

a fi+f
b. the minimum of f; and £,
c. fioh

Draw a TM that takes as input a string of 0’s and 1’s, interprets it as the
binary representation of a nonnegative integer, and leaves as output the
unary representation of that integer (i.e., a string of that many 1°s).

Draw a TM that does the reverse of the previous problem: accepts a string of
n 1’s as input and leaves as output the binary representation of 7.

In Figure 9.24 is a TM accepting the language {scs | s € {a, b}*}. Modify it
$0 as to obtain a TM that computes the characteristic function of the same
language.

In Example 9.3, a TM is given that accepts the language {ss | s € {a, b}*}.
Draw a TM with tape alphabet {a, b} that accepts this language.

In Section 9.5 we mentioned a variation of TMs in which the transition
function § takes values in (Q U {hg, h,}) x (I" U {A}D x {L,R}, so that the
tape head must move either to the left or to the right on each move. It is not
difficult to show that any ordinary TM can be simulated by one of these.

Explain how the move §(p, a) = (g, b, S) could be simulated by such a
restricted TM.,

a/a,L
b/b, 1.
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In defining a multitape TM, another option is to specify a single tape head
that scans the same position on all tapes simultaneously. Show that a
machine of this type is equivalent to the multitape TM defined in Section 9.5.
Draw the portion of the transition diagram for the one-tape TM M,
embodying the six steps shown in the proof of Theorem 9.1 corresponding to
the move Sl(p, aj, (12) = (q, bl, bz, R,L) OfMl.

Draw a transition diagram for a three-tape TM that works as follows:
starting in the configuration (90, Ax, Ay, A), where x and y are strings of
0’s and 1’s of the same length, it halts in the configuration (h,, Ax, A ¥, Az)
where z is the string obtained by interpreting x and y as binary— 7
representations and adding them.

What is the effect of the nondeterministic TM with input alphabet {0, 1}
whose transition table is shown below, assuming it starts with a blank tape?
(Assuming that it halts, where is the tape head when it halts, and what strings
might be on the tape?)

a/a, R
b/b, R A/AR

a/a, R a/a, L

b/b, R b/b, L
c/c, R c/e, L c/c, R A/A L

a/AR a/A, L
A/#, L A/A R c/c, L.

b/A, R WA, L

/¢, R
“ /e, R

#4S w/a, R A/AR
b/b, R

A/AR 4« @ Ygo
% A (g1, A R)
@ A {(q1,0,R), (g1, 1,R), (g2, A, L)}
2 0 {(g2,0, 1)}
@ 1 {(q2, 1, 1)}
2 A A(h, A,S)}

9.23. An ordinary TM can also be simulated by one in which 8 takes vahies i
(QU {hy, b} x (T U{A}U {L,R}), so that writing a symbol and mov

”;hc tape head are not both allowed on the same move. Explain how the
8(p,a) = (g, b, R) of an ordinary TM could be simulated by one of th

restricted TMs.

Call the NTM in the previous exercise G, Let Copy be the TM in

Example 9.4, which transforms Ax to AxAx for an arbitrary string

x € {0, 1}*. Finally, let Equal be a TM that works as follows: starting with
the tape Ax Ay, it accepts if and only if x = y. Consider the NTM shown in
Figure 9.25. (It is nondeterministic because G is.) What language does it

Exercises 9.24-9.25 involve a Turing machine with a doubly infinite tape
accept?

tape squares on such a machine can be thought of as numbered left to right, as
ordinary TM, but now the numbers include all negative integers as well as non
tive. A configuration can still be described by a pair (g, xay). There is no assum
about which square the string x begins in; in other words, two configuration
are identical except for the square in which x begins are considered the same
this reason, we may adopt the same convention about the string x as about y:
we specify a configuration as (g, xay), we may assume that x does not begin
blank.

9.24. Construct a TM with a doubly-infinite tape that does the following: If i
begins with the tape blank except for a single & somewhere on it, it hal
the accepting state with the head scanning the square with the a.

9.25. LetT =(Q, %, T, qo, 8) be a TM. Show that there is a TM ‘
Ty = (Q1, %, T, g1, 8;) with a doubly-infinite tape, with " C I'y, satis
these two conditions: '
a. PForany x € X*, T accepts input x if and only if T' does.
b. Forany x € %%, if (g0, Ax) 5 (ha, yaz), then (g1, Ax) F5, (ha: ¥ gure 9,25 |

0/0,R
’ 0/0,R
/1,R 1R

A/A R A A/AR A

0/0, L A/AL A
1/1,L Equal

0/0, L.
V1, L

¢ Copy Delete
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9.31. Using the idea in the previous exercise, draw a transition diagram for an |
NTM that accepts the language {1" | n = k* for some k > 0}.

9.32. Using the same general technique, draw a transition diagram for an NTM
that accepts the language {1” | n is a composite integer > 4}.

9.33. Suppose L is accepted by a TM T'. Describe how you could construct a
nondeterministic TM to accept each of the following languages.
a. The set of all prefixes of elements of L
b. The set of all suffixes of elements of L
c. The set of all substrings of elements of L

9.34. Figure 9.18b shows the portion of the Execute TM corre.sponding to the
portion of M; shown in Figure 9.18a. Consider the portion of M'l shown
Figure 9.26. Assume as before that the maximum number of choices at an
point in M; is 2, and that the moves shown are the only ones from state r
Draw the corresponding portion of Execute.

9.35. Assuming the same encoding method discussed in Section 9.7, and assumi
that s(0) = 00 and s(1) = 000, draw the TM that is encoded by the string

0001 000101000010100011 000010010000100100011 00001000100001
0000101000001010011 000001001000000100300011 0000010600100000
0000001010000000010010011 000000010100000000100010011
0000000010010000000010010011 000000001000100000000100010011
000000001010101011

9.36. * "Draw the portion of the universal TM T, that is responsible f(?r changing
tape symbol and moving the tape head after the search operation ha§
identified the correct 5-tuple on tape 1. For example, the configuration

A00010100001010001100001001000001000100110001...
A010010010001A...
AQO00A...

would be transformed to

A00010100001010001100001001000001000100110001...
A0100100010001A...
AQO000A....

9.37. Table 7.2 describes a PDA accepting the language pal. Draw a TM that
accepts this language by simulating the PDA. You can make the ™
nondeterministic, and you can use a second tape to represent the stack.

9.38. Suppose we define the canonical order of strings in {0, 1}* to be the ord -
which a string precedes any longer string and the order of two equal-lengt
strings is numerical. For example, the strings 1, 01, 10, 000, 011, 100 ar
listed here in canonical order. Describe informally how to construct a T
that enumerates the set of palindromes over {0, 1} in canonical order: In
other words, T loops forever, and for every positive integer 7, there 1s SO
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point at which the initial portion of T°s tape contains the string
AAOATAOOAT1IAQODA - - - Ax,

where x, is the nth palindrome in canonical order, and this portion of the
tape is never subsequently changed.

MORE CHALLENGING PROBLEMS

9.39. Suppose you are watching a TM processing an input string, and that at each

step you can see the configuration of the TM.

a. Suppose that for some 7, the tape head does not move past square n
while you are watching. If the pattern continues, will you be able to
conclude at some point that the TM is in an infinite loop? If so, what is
the longest you might need to watch in order to draw this conclusioii?

b.  Suppose that in each move you observe, the tape head moves right. If
the pattern continues, will you be able to conclude at some point that the

TM is in an infinite loop? If so, what is the longest you might need to
watch in order to draw this conclusion?

In each of the following cases, show that the language accepted by the TM T
is regular, . ‘

a. There is an integer n so that no matter what the input string is, 7' never
moves its tape head to the right of square 7.

b. Forany n > 0 and any input of length n, T begins by making n + 1
moves in which the tape head is moved right each time, and thereafter 7
does not move the tape head to the left of square  + 1.

Suppose T is a TM. For each integer i > 0, denote by n;(T') the number of

the rightmost squiare to which 7' has moved its tape head within the first i

moves. (For example, if T moves its tape head right in the first five moves

and left in the next three, then n; (T) =i fori < 5 and n;(T) =5 for

6 <i < 10.) Suppose there is an integer k so that no matter what the input

string is, n;(T) > i — k for every i > 0. Does it follow that L(T) is regular?

Give reasons for your answer.

LetT = (Q, £, T, qo, §) be a TM with a doubly-infinite tape (see the

comments preceding Exercise 9.24). Show that there is an ordinary TM

i =(01,%,T1,q1,8),with" € Ty, satisfying these two conditions:

a. L(T)) = L(T).

b. Forany x € X*, if (go, Ax) F7 (ha, yaz), then (g1, Ax) F7, (ha, yaz).
The proof requires constructing an ordinary TM that can simulate the action
of a TM having a doubly-infinite tape. There are several ways you might do
this. One is to allow an ordinary tape to “look like” a folded doubly-infinite

tape, using a technique similar to that in the proof of Theorem 9.1. Another
would use even-numbered squares to represent squares indexed by
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PART 4 Turing Machines and Their Languages
9.43. In Figure 9.27 is a transition diagram for a TM M with a doubly-infinite

9.44. Suppose M; isa t‘wo—tap'e TM, and M, is the ordinary TM constructed in

9.45. Show that if there is a TM T computing the function f : N — N, then the

nonnegative numbers (i.e., the right half of the tape) and odd-numbered
squares to represent the remaining squares.

tape. First, trace the moves it makes on the input string abl?. Ther'l, for the
ordinary TM M that you constructed in the previous exercise to simulate
trace the moves that M, makes in simulating M on the same input.

Theorem 9.1 to simulate M;. If M| requires n moves to process. an i.nput
“string x, give an upper bound on the number of moves M, requires in orde
to simulate the processing of x. Note that the number of moves M7 has ma
places a limit on the position of its tape head. Try to make your upper bou
as sharp as possible. r

is another one, 7", whose tape alphabet is {1}. Suggestion: suppose T has
tape alphabet I' = {ay, da, . .., a,}. Encode A and each of the g;’s by a
string of 1’s and A’s of length n + 1 (for example, encodg Abyn+1
blanks, and a; by 1! A"*1~7), Have 7’ simulate T, but using blocks of n +
tape squares instead of single squares.

a/a,L
b/b, L
A/AL

Figure 9.271

CHAPTER 9 Turing Machines

Describe how you could construct a TM T}, that would accept input strings of
0’s and 1’s and would determine whether the input was a string of the form
e(T) for some TM T'. (“Determine” means compute the characteristic
function of the set of such encodings.)

Modify the construction in the proof of Theorem 9.2 so that if the NTM halts
on every possible sequence of moves, the TM constructed to simulate it halts
on every input.
Beginning with a nondeterministic Turing machine 11, the proof of Theorem
9.2 shows how to construct an ordinary TM 75 that accepts the same
language. Suppose |x| = n, T never has more than two choices of moves,
and there is a sequence of #,, moves by which T} accepts x. Estimate as
precisely as possible the number of moves that might be required for 75 to
accept x.
Formulate a precise definition of a two-stack automaton, which is like a
PDA, except that it is deterministic and a move takes into account the
symbols on top of both stacks and can replace either or both of them.
Describe informally how you might construct a machine of this type
accepting {a'b’c’ | i > 0}. Do it in a way that could be generalized to
{a'bic'd’ | i >0}, {a'bicidiel |i > 0}, etc.
Describe how a Turing machine can simulate a two-stack automaton;
specifically, show that any language that can be accepted by a two-stack
machine can be accepted by a TM.
A Post machine is similar to a PDA, but with the following differences. Tt is
deterministic; it has an auxiliary queue instead of a stack, and the input is
assumed to have been previously loaded onto the queue. For example, if the
input string is abb, then the symbol currently at the front of the queue is a.
Ttems can be added only to the rear of the queue, and deleted only from the
front. Assume that there is a marker Z; initially on the queue following the
input string (so that in the case of null input Z, is at the front). The machine
can be defined as a 7-tuple M = (Q, =, T, qo, Zo, A, 8), like a PDA. A
single move depends on the state and the symbol currently at the front of the
queue; and the move has three components: the resulting state, an indication
of whether or not to remove the current symbol from the front of the queue,
and what to add to the rear of the queue (a string, possibly null, of symbols
from the queue alphabet). o
Construct a Post machine to accept the language {a" " c" [ n >0}

We can specify a configuration of a Post machine (see the previous exercise)
by specifying the state and the contents of the queue. If the original marker
Zy is currently in the queue, so that the string in the queue is of the form
«Zop, then the queue can be thought of as répresenting the tape of a Turing
machine, as follows. The marker Z; is thought of, not as an actual tape
symbol, but as marking the right end of the string on the tape; the string 8 is
at the beginning of the tape, followed by the string or; and the tape head is
currently centered on the first symbol of a—or, if « = A, on the first blank
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