Chapter 1
Basic Mathematical Objects
1.1. () {(=1)™ | n € N}

(b) The denominator of an element can be any positive power of 2, and the numerator
can be any positive integer less than the denominator. One formula is therefore

{$|j>0and0<m<2i}

(c) {1"0" | n > 0}

(d) {{n} | n e N}
(@) {{jeN|0<j<n}|neN}
O {{HeN|0<j<2"} | neN}

1.4. {(a)

A—(A-B) = An(AnBY

= AN(A’UB)

= (AnA)YU(ANB)
U (AN B)
= ANB

(b)
A-—(AnB) = An(AnB)
= An(A’UB’)
= (AnA)Yu(AnB')
= fuU(AnB)
= ANB
= A-B

(c)
(AUB)—A = (AUB)NA’
= (AnA)u(BNnA)
pu(BNA)
= BNA" = B-A

(d)

(A-B)U(B—A)U(ANB) = (A-B)U(ANB)U(B - A)
= (ANnBYU(ANB)U(B - A)



= (AN(B'UB)U(B - A)
(ANU)U (BN A"

= AuU(BnA’)
(AUBYN (AU A"
(AUB)NnU

AUB

(e) (A'N B'Y =
(f) (A’uB) =
(g)

(A'YU(BY=AUB
(AYn(BY=ANB

AU(BN(A— (B~ A4)) AU(BN(ANn(BNAY))
AU(Bn{ANn(B'UA)))
AU(BN{(AnBHYU (AN A)))
AU(BN{(ANB)UA))

= Au(BNn(Au(4AnBY))
AU(BNA)

AU{(ANB)

A

(h)

AU(B-(AUu(B'-A4))) = AUB-(Au(B'nAY)))
AU(B-({AUB)N(4ALAY))
A'U(B-(AUB")
A'U(Bn(Au BY)
A'u(Bn(A'n(BY)
A'U(BN(A' NB))
A'u(A’'nB)

A.\'

1.6. In a 2-set Venn diagram, the four disjoint regions are A — B, AN B, B — A, and
A’ B'. Let us denote these Ry, Ry, Rz, and Ry, respectively. Then in each part of the
exercise, the given equation can be rewritten so that each side is the union of one or more
of the R;'s. One way to simplify the equation is just to observe that because any two of
the R;’s are disjoint, any R; that appears on one side of the equation and not the other
must be empty, because any z € R; would be an element of one side of the equation but
not the other. Furthermore, the statement that certain R;’s are empty is the same as the
statement that their union is empty (again using the fact that they are all disjoint). In
several of the parts, the statement that the union is empty can be simplified.
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(a) This equation says Ry U R3 = Ry U Ry. It is therefore equivalent to Ry U B3 = @, or
B =0

(b) Ry U R3 = Ry, or B3 = 0. This means B — A =@, which is the same as B C A.

(¢) RiUR3=RiUR3UR3,0or Ro=ANB = 0.

(d) R1UR3=R2,0I'R1UR2UR3=0,0I'AUB=@,01‘A=B=@.

(e) RyUR3 = R3U Ry, or RiURy=®,0or B' =0, or B=U.

1.7. (a) Two correct formulas are
(AUB)N(ANB) and (AN B)U (AN B)

(b) Two correct formulas are

(AnB'nCHYu(A'nBNCYu(A'NB'NC) and (AUBUC)N({ANBYU(ANC)U(BNC))
(¢) Two correct formulas are

(ANB'NCYUA' NBNC)U(A'NB'NCYU(A'NB'NC) and (A'0BYU(A'NC")U(B'NC')
(d) Two correct formulas are

(ANBYU(ANC)U(BNCYN(ANBNCY and (ANBNCYU(ANB'NCYU(A'NBNC)
(e) (AUBUC)N(ANBNC)

1.8. (a) Cm
(b) D1 (or Cy)
(c) C1 (or Dy)
(d) Do
(e) R
(f) Dy (or C1)
(g) C1 (or Dy)
(b) z < 1/n for every n > 1 if and only if = < 0. Therefore, the answer is {z | # < 0}.
i) R
(j) @ (because no real number is less than n for every integer n)

1.10. The elements of 22'*", or 2(%{0(11{%1}} are (one per line)
@,

{0}’

{{0}},

{{1}},

{{0,1}},

{0,{0}},

{0,{1}},

{8,{0,1}},

{{0}, {1}},




{{0},{0,1}},

{{1},{0,1}},

{9,{0},{1}},

{9,{0},{0,1}},

{0, {1}, {0, 1}},

{{0}, {1}, {0, 1}},

and {0, {0}, {1}, {0,1}} (16 elements in all)

1.12. All are true.

1.13. In each case, a simpler statement is given.
(8) -p
(b) true (i.e., the statement is & tautology)
OFY
(d) ¢
(e) ¢
(f) q

1.14. In the case where p is false and q is true, (p A (p — ¢)) is false, so the conditional
r — 8 must be true when r is false and s is true. In the case where p is true and q is false,
(p A (p — gq)) is false, so the conditional r — s must be true when r and s are false.

1.15. (a) (m1 < mg) A ((ml = mg) A (d]_ < dz))
(b) (m1 € ma) A ((m1 < ma) V (d1 < dg)). The second clause in this statement could
also be written ((m; = m3) — (d1 < d2)).

1.17. (a) neither
(b) contradiction
(c) neither
(d) tautology
(e) contradiction

1.18. Vz(Iy(3t(L(z,y,t)))) This is the most likely interpretation. However, if we interpret
the statement to mean that there is a single time at which everybody loves somebody, the
correct statement is 3t(Vz(Iy(L(z,y,1)))).

1.19. “You can fool all the people some of the time” might be translated either 3t(Vz(F(z,t)))
or Vz(3t(F(z,t))), and similarly, there are two nonequivalent translations of “you can fool
some of the people all the time.” Therefore, there are at least four interpretations of the
statement.

1.20. {a) True for (0, 1), false for [0, 1].
(b) True for any domain that is a subset of R.




(c) False for any domain that is a subset of R.
(d) False for (0,1), true for [0, 1].

1.21. (a) B has at least n elements.
(b} B has at most n elements.

1.22. (8) fa is one-to-one. The range of f, is {z € R* | z > a}.

(b) d is one-to-one and onto.

(c) t is one-to-one. The range of t is {n € A | n is even}.

(d) ¢ is not one-to-one, but it is onto.

(¢) p is one-to-one. The range of p is the set of all numbers z such that for some
nonnegative integer n, 2n < z < 2n + 1. In other words, the range is

G[2n|2n+1)=[0,1)U[2,3)u[4,5)u...

n=0

where [a,b) = {z | a £ z < b}.

() i is not one-to-one. The range of i is 21%1], the set of subsets of [0, 1].

(g) u is not one-to-one. The range of u is {S C R | [0,1] C S}, the set of supersets of
[0, 1].

(h) m is not one-to-one. The range of m is the interval [0, 2].

(i) M is not one-to-one. The range of M is the set {z | > 2}.

(j) s is one-to-one. The range of s is {z | = > 2}. (Note that s{z) = z -+ 2 for every z.)

1.23. f is onto and g is one-to-one.

1.24(a) For y € B, if there are several z's in A with f(z) = y, the formula f(g(y)) = y
will hold as long as g(y) is defined to be any of these z's. So, for example, the formulas
g(7) = 2, g(8) = 4, g(9) = 3, and g{10) = 6 define a function g that works, but g(7) could
also be 18, g(9) could be 12, etc. In general, if f is onto, f will have at least one such
“right inverse” g; if f is onto and not one-to-one, there will be more than one.

(b) The given information determines the values f must have on the elements 2, 6, 7,
and 18. (f(2) must be 9, since f(g(9)) is supposed to be 9; etc.) The values of f at the
other three elements of A are arbitrary, and so there are many functions that would work.

1.25. (a) g o d(z) = |2z]
(b) to g(z) = 2[z|
(c)tot(z) =4z
(d) do fu(z) = 2z +a)
(€) faod(z) =2z +a
(£) 30 fulz) = L5+ 0]
(g) uoi(A)=(AN[0, 1))V [0,1]
(h) iou(d) = (AU [0,1)) N [0,1]

[0,1]
=0,1]




1.26. (a) fYz) ==

(b) Since every y in the codomain is positive, the equation 1/{1+4-x) = y can be rewritten
1+2 = 1/y, and this is the same as z = 1/y — 1. Clearly, for each y in the codomain, there
is at most one z in the domain for which this equation holds, and thus f is one-to-one.
Moreover, any y in the codomain is < 1, s0 1/y > 1, s0 1/y — 1 > 0; therefore, the solution
z is in fact in the domain of #, so that f is onto. The solution x to this equation is f~(y),
so we obtain f~l(y) = 1/y — 1.

(c) For any two real numbers a and b, the equations z +y = a, £ — y = b have the
unique solution z = (a + b}/2, ¥ = (a — )/2. Therefore, f is one-to-one and onto, and

f7(a,b) = ((a +b)/2,(a — )/2).

1.28. (a) not reflexive, symmetric, not transitive.
(b) reflexive, not symmetric, transitive.
(¢) not refiexive, but both symmetric and transitive.

1.29. In each case, a relation with as few pairs as possible is given.

reflexive symmetric transitive

true true true {(1,1),(2,2),(3,3)}

true true false {(1,1),(2,2),(3,3),(1,2),(2,1),(2,3),(3,2)}
true false true {(1,1),(2,2),(3,3),(1,2)}

true false false {(1,1),(2,2),(3,3),(1,2),(2,3)}

false true true '/

false true false {(1,2),(2,1)}

false false true {(1,2)}

false false false {(1,2),(2,3)}

1.30. (a) reflexive, not symmetric, transitive.

(b) reflexive (since we are considering a relation on the set of nonempty subsets of N),
symmetric, not transitive.

(c) not reflexive, symmetric, transitive.

1.31. The relation in (b) would no longer be reflexive.

1.32. not reflexive: 3z(—zRz)
not symmetric: 3z(3y(zRy A ~yRz))
not transitive: 3z(3y(Iz(zRy A yRz A ~zRz2)))

1.33(e) It’s easy to see that R is refiexive and symmetric. If xRy and yRz, then there are
numbers 7 and k so that x; = y; for every i > j and y; = 2; for every ¢ > k. Therefore, if
m is the larger of the two numbers j and k, z; = 2; for every i 2 m.

1.34. We observe first that two elements of A (i.e., two subsets of S) are related if and only
if they are the same size. (Any two-element set is related to any other two-element set, and




it is not related to any three-element set.) An equivalence class must contain precisely all
k-element subsets of §, for some k with 0 < k < 10. There are eleven equivalence classes,
one for each value of k. The equivalence class containing {a, b} is the set of all two-element
subsets of S, of which there are 45.

1.35. {0} is an equivalence class, and for each nonzero real number z, {z,—z} is an
equivalence class.

136. (a)n (b)m

1.37. T'wo statements involving the propositional variables p, ¢, and r are equivalent if and
only if they have the same truth table—in other words, they have the same truth values for
each of the eight possible ways of assigning truth values to p, g, and r. Since a truth table
has eight rows, there are 2% distinct truth tables, and since distinct truth tables correspond
to distinct equivalence classes, there are 2% = 256 equivalence classes.

1.38. L* = L*ifand only if A € L.

1.39. (a) {a}* and {z € {a,b}" | || is even} are two examples.
(b) {a}* and {z € {a,b}* | |z| is odd} are two examples..

1.40. (a) Ly = {a}, Ly = {aa}.
(b) L1 = {a}, Lz = {A,a}.

1.41. (a) L} U L} is always a subset of (L, U Lg)*. This is true because L; € Ly U Lg, so
that L} C (L1 U Lg)*, and similarly L} C (L U L2)*. L, = {a}, Lz = {b} is an example
where the opposite inclusion does not hold. For example, ab € (L1 U L3)* and ab ¢ LU L3.

(b) Ly = {aa, aaaaa}, Ly = {aaa,aaaaa}. Then L} contains a* for every i except i =1
and i = 3, and L} contains ¢; for every ¢ except 1 = 1,4 =2, i = 4, and i = 7. Therefore,
LIULy=(LUL)y ={A}u{a’|i>2}.

1.43. For any language L, we have L C L* C L*. From Exercise 1.42, we obtain L* C
(L*)* € (L*)*. We also have L* C (L*)* C (L*)*. Therefore, in order to show that all four
languages are equal, it is sufficient to show that (L*)* C L*. But an element of (L*)* is
formed by concatenating zero or more elements of L*, each of which is the concatenation
of zero or more elements of L. The result is a concatenation of zero or more elements of L.

1.44. Clearly, |[AB| < |A||B|, since an element of AB is specified by first choosing an
element of A and then choosing an element of B, and there are {A||B| ways to do this.
However, several of these choices might produce the same result. Let A = B = {a, aa}, for
example. |A||B| = 4, but |AB| = |{ae, aca,aaaal}| = 3.

1.45. One description of {a,ab}* is {z € {a,b}* | z does not start with b and does not
contain the substring bb}.




1.46. (a) L = {a,ba}*

(b) If there were such an S, then b would be an element of §* (since it does not contain
the substring bb), and therefore bb would be (since the concatenation of two elements of S*
is an element of S*). But this is impossible.

1.47. (a) The two languages are equal.

(b) (L1 N Lg)* € L} N L3, and they are not always equal. For example, let L, = {a}
and Ly = {aa}. Then L} N L} contains the string aa, and (L1 N La)* = .

(c) Neither is necessarily a subset of the other. For example, if L, = {a} and Ly = {b},
aabb € LIL; — (LyL,)* and abab € (LyLy)* — LiL3.

(d) The two languages are equal.

1.48. One approach is to use the logic underlying Venn diagrams, without actually relying
on the diagrams, by considering the eight cases separately. For example, in the case z €
ANB'NC,thenze€ Aandzec B&C,s0z ¢ A® (B & C); in addition, z € A® B and
reC,soz¢ (A®B)®C. Inthecasez € A'NB'NC’',thenz ¢ Aandxr ¢ B&®C, s0
r¢ A@(B®C);also,z ¢ (AdB)and z ¢ C,s0 z ¢ (A& B)®C. The remainder of
the proof is to show that in each of the other six cases also, z € A® (B @ C) if and only if
ze(A®B)®C.

1.49, {c)

[JAVBUCUD| = |A|+|B|+I|Cl+|D|
—|ANB|-|ANC|—-|AND|-|BNC|-|BnD|—-|CnD|
+|ANBNC|+|ANBND|+|ANCND|+|BNnCnD|
—ANBNCND|

1.50. (a) 4 (b) One algorithm is described by the following pseudocode, which processes
the symbols left-to-right, starting with the leftmost bracket.

read ch, the next ncnblank character;
e = 0; (element count)
u = 1; (current number of unmatched left brackets)
while there are nonblank characters remaining
{ read ch, the next nonblank character;
if ch is a left bracket
u=1u+1;
else if ch is a right bracket
u=u-1,;
if u = 1 and ch is either O or a right bracket
e =@+ 1;




1.51. (a) {a} (b) {z ||z -a| <1}

1.52. No. If A and B are distinct and both are nonempty, then either thereisana € A—B
or there is a b € B — A. In the first case, for any z € B, the pair (e, z) is in A x B but not
in B x A; in the second case, for any z € A, the pair (z,b) is in A x B but not in B x A,

1.53(a) If either A or B is a subset of the other, then the two sets are equal. If not, then
2428 C 24YB; however, if e € A— B and b € B — A, then the subset {a,b} is an element
of 24YB but is not in 24 U 25.

(b} 24N 28 = 2478 because a set is a subset of A N B if and only if it is both a subset
of A and a subset of B.

(c) 24®E can never be a subset of 24 @ 22, because @ is an element of the first but not
the second. In the case where AN B = @, we have 24 @ 28 C 2495 If AN B # ¢, however,
and A $# B, then a set containing an element of A N B as well as an element of A @ B is
an element of 24 @ 27 that is not in 2498,

(d) Again, the first set can never be a subset of the second, because § € 24" and
0 ¢ (24). Every element of 24’ that is not empty is an element of (24). (24Y C 24" if and
only if either A or A’ is empty.

1.54. (pAq)V (=pA ~g)

1.55. (a) 3z(P(z)) AVz(Vy((P(z) A P(y) — z = y) (The first part of the statement says
that there is at least one such z; the second says that there is at most one.) Another
possibility is Jz(P(z} A Yy(P(y) — y = z}).

(b} 3z(Fw(P(z) A P(y) Az # y))

1.56. (a) The second logically implies the first, but not vice-versa. For example, let p(x)
be the statement “z is even” and g(z)} the statement “z is odd”. Then the first statement
is true and the second is false.

(b) Each logically implies the other.

(¢) Each logically implies the other.

(d) The first logically implies the second, but not vice-versa, as illustrated by the state-
ments p(z) and ¢(z) in part (a).

1.57. (a) Yes. If y € f(SUT), then y = f(z) for some z € SUT, and in either case (z € §
orz €T),y€ f(S)U f(T).

(b) Yes. Clearly f(S) C f(SUT) and f(T') C f(SUT); therefore, the union f(S)U f(T)
is also a subset of F(SUT).

(c) Yes. If y € f(SNT), then y = f(z) for some z € SNT. Therefore, y € f(5),
because z € §, and y € f(T'), because z € T.

(d) No. If y € f(S) N f(T), then y = f(x,) for some z; € S, and y = f(x2) for some
zy € T. However, z; and zs may be different, and there is no reason to assume that there
is a single z € S N T with y = f(z). For an example, let A = {a,b}, B = {c}, S = {a},
and T = {b}, and let f : A — B be the only possible function from A to B, the one with
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fla) = f(b) = c. Thenc € f(S)N f(T), but c ¢ fF(SNT) because SNT = 4.
(e) In part (d), if f is one-to-one, the answer is yes.

1.58. (a) We can define f by saying, for each § € 2%, that f(S) is the function Fg: X —
{0,1} such that Fs(z) = 1if z € S and Fg(z) = 0if z ¢ 5. f is one-to-one because if
f(8) = Fs = f(T) = Fr, then the set {z € X | Fg(z) = 1}, which is just S, is the same
as {z € X | Fr(z) = 1}, which is 7. f is onto, because for any function ¥ : X — {0,1}, if
S ={xe X | F(x)=1}, F is just the function Fg = f(S5).

(b) We can define g by saying, for each function ¢ : X — {0, 1}, that g(t) is the n-tuple
(¢(1),¢(2),...,t(n)). It’s easy to see that g is a bijection.

(c) We can define h by saying, for each n-tuple N = (iy,4z,...,4n) € {0,1}", that A(N)
is the subset {z € X | i, = 1}. It is easy to see that h is a bijection.

1.59. (a) No, because the two subsets A and A" — A are the same as the two subsets A" - 4
and A. (That is, a partition of this type is an unordered pair of subsets, and if we start
with one unordered pair, switching the two subsets produces the same unordered pair.)
This means that f is not one-to-one.

(b) Yes. g is one-to-one, because if g(A) = g(B), then the set {A, N — A} is the same
as the set {B, N — B}. Because A and B are both subsets of E, and A — A must therefore
contain odd integers, A cannot be A’ — B, and so A and B must be equal.

1.60. (a) Foreach z € Iy, z € S for every S € S, and 50 z € NgesS. K z,y € T, then
z,y € S for every S € S; therefore, since each S € & is closed under o, z oy € § for each
S € §; therefore, zoy € T

(b) Suppose Iy € Ty and T3 is closed under o. Then T} € S, by definition of §. For any
z €T,z €S forevery S €8, and sox € T.

1.61. The error is in the statement “choose some b € A so that aRb” —there may be no
such b. The argument does prove that if R is symmetric and transitive, and for any  there
is a y with =Ry, then R is reflexive.

1.62(a) The same as the number of subsets of A x A, or 2(nh),

(b) Of the n? elements in A X A, n are of the form (i,1). Specifying a reflexive relation
on A the same as specifying the subset of the remaining n? — n pairs that are in the relation
in addition to these n. The answer is therefore 2%,

(c) To make the solution easier to describe, take the set A to be {1,2,...,n}. If R is
symmetric, specifying R is accomplished by specifying the pairs (4, 7} in R for which i < j.
Therefore, the number of symmetric relations on A is the number of subsets of the set
{(3,5) | 1 €i < j < n}. Since this set has n(n + 1)/2 elements, the number of symmetric
relations is 2"("+1/2,

(d) The number of subsets of {(i,5) | L <=4 < j <= n}, which is 27*~1)/2,

1.63. (a) Another way to describe R? is {(z,y) | Ry or yRz}; now it is easy to see that
R® is symmetric. If R; is a symmetric relation with R C R, then for every z,y € A, if
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zRy, then (z,y) € R; (because R C Ry) and (y,z) € Ry (because R; is symmetric);
therefore, R* C R;.

(b) Suppose zR'y and yR'z, and let Ry be any transitive relation containing R. Then
(z,y) and {y, z) are in Ry, since they are in R, and so (z, z) € Ry because R, is transitive.
Since this is true for any transitive R, containing R, (z,2) € R'. Furthermore, if R, is
any transitive relation containing R, then R; is one of the relations of which R* is the
intersection, so that R* C R;.

(¢) R* and R! are not always the same. For an example, let R = {(n,n + 1} | n € N}
Then R* = {(n,m) | n € N and (m = n + 1 or m = n + 2)}, whereas R® contains every
pair (n,n + k) for which k > 0.

1.64. The function f : 25 — N defined by f(A) = |A| (the number of elements of A) is
such a function.

1.65. The function f defined by f(i) = ¢ mod n is such a function. (Two integers are
congruent mod n if and only if they have the same remainder mod n.)

1.66. We may take B to be the set of equivalence classes with respect to the relation R,
and f to be the function defined by f(z) = [z] (the equivalence class containing x).

1.67. Suppose first that S is a maximal pairwise inequivalent set. Let C be any equivalence
class. Since S is pairwise inequivalent, S cannot contain more than one element of C,
and since S is maximal § must contain at least one (if it didn’t, we could add one without
destroying the pairwise inequivalent property). On the other hand, if S is any set containing
exactly one element from each equivalence class, then S is pairwise inequivalent, because an
element of one equivalence class cannot be related to an element from any other equivalence
class; and S is maximal, because for any z € A, S contains an element of the equivalence
class [z].

1.68. Suppose that B, C Ry. Consider a subset S in the partition P; and any element
z € §. Let [z]; be the equivalence class containing = with respect to R;. ([z]; is the subset
in the partition P; containing z.) Then for any y € [z];, since sR1y and R; C Ry, y € 5.
In other words, {z]; C S. It follows that S is the union of all the sets [x];, for the elements
z € §. On the other hand, if every subset § in the partition Py is the union of subsets in
the partition Py, then for any z and y with Ry, = and y are in the same equivalence class
relative to Ry, so they are in the same subset in the partition Py, so xRay.

1.69. Obviously, zy = yz if for some string , = o and y = o¥. In fact, this is the only
way zy and yz can be equal, although the proof is a little complicated.

Suppose that zy = yz. If we can find a string « so that z = o/ and y = o for some
k and some j, then obviously |a| is a divisor of both |z]| and |y|. With this in mind, let
d be the greatest common divisor of |z| and |y|. Then we can write x = zyz2...2, and
¥ = y1¥2...Yq where all the z;’s and y;'s are of length d and p and ¢ have no common
factors. (What we'd like to show is that these strings are all identical.)
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Since zy = yz, it must be true that z%y® = yPz?, because starting with one of these
strings, we can obtain the other by repeated transpositions of z and y. %" and yPz?
are both strings of length 2pgd, and the prefixes of length pgd are x9 and y”, respectively;
therefore, these two strings are equal. Now z7 = (z122...2p)?. This means that in the
string z9, the substring z, occurs starting at positions 1, pd+ 1, 2pd + 1, ... (¢ — 1)pd 4 1.
In the string y®, the substring of length d starting at position ipd + 1 is yr,, where r; =
ip(mod ¢q) + 1. Since p and ¢ have no common factors, it is easy to check that all the
numbers rg, 71, - .., Tq—1 are distinct. This means, however, that all the strings y;, 2, ...,
y, are the same, say o, and this makes it clear that all the z;'s are equal to o as well.

1.70. If there were such an L, L* would have to contain both the strings ab and aa, since
these are both elements of {aa,bb}*{ab,ba}*. However, L* would then contain abaa, which
is not an element of {aa,bb}*{ab, ba}*.

1.71. No. Suppose L = L,L, and neither L; nor Lj is {A}. Since any even-length string of
0's is in L, there are arbitrarily long strings of 0’s that must be in either L; or L. Similarly,
there are arbitrarily long strings of 1’s that are in L; or Lz. It is not possible for L; to have
a nonnull string of 0’s and Ly to have a nonnull string of 1's, since the concatenation could
not be in L; similarly, there can’t be a string of 1’s in L; and a string of 0’s in L;. The
only possibilities, therefore, are for all the strings of 0’s and all the strings of 1's to be in
Ly or for all these strings to be in Ly. Suppose, however, that they are all in L;. Let y be
a nonnull string in 3. Then y contains both 0’s and 1’s. L; contains a string z of 0’s with
jz| > |y|. But then zy, which is in LyLz, has 1’s in the second half and not in the first, so
that it can’t be in L. A similar argument shows that Ly can’t contain all the strings of 0's
and the strings of 1’s. This argument shows that our original assumption, that L = L,L
and neither L; nor Lg is {A}, must not be true.
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