Chapter 4
Nondeterminism and Kleene’s Theorem

4.1. (a) 6*(1,b) = 6(1,b) = {1,2}. 6*(1,bb) = 6(1,b) U 6(2,b) = {1,2} Ud = {1,2}.

(b) 6*(ba) = 6(1,a)U8(2,a) = {4,6,7}U{3} = {3,4,6,7}. 6*(bab) = Upe(3 4,67)6(p,b) =
{1}uou {9} u {8} ={1,8,9}.

(c) {1,2,9} (d) {1,8,9} (e) 0

4.2. (a) 6*(1,a) = Upesr(1,0)8(p, a) = 6(1,a) = {1,2}. §*(1,ab) = 6(1,b) U §(2,b) = {1, 3}.
(b) 6*(1,aba) = 6(1,a) U 6(3,a) = {1,2,4}. 6*(1,abaa) = Upe(1,246(p,a) = {1,2,3,5}.
5*(1, abaab) = &(1,b) U 8(2,b) U 6(3,b) U 6(5,b) = {1,3,4,5}.

4.3. 5*((], a) = Upeg*(q,/\)(s(p, CL) = Upe{q}é(pa a) = 6((1, a)'

4.4. [log,n] (i.e., the smallest integer > log,n). Reason: if there is an NFA accepting L
with k states, then by the subset construction, there is an FA accepting L with no more
than 2% states. If there were an NFA with fewer than [log,n| states, there would be one
with fewer than log,n states, and so there would be an FA with fewer than g2 — p
states.

4.5. For every q € Q, 6*(q,A) = {q}; forevery ¢ € Q, y € £*, and a € X, §*(q,ay) =
UpE&(q,a)6*(qv y)'

4.6. An example is the language {A,0} C {0}*. Since A is in the language, the initial
state must be an accepting state. Since 0 is also in the language, the 0-transition from the
initial state must go to an accepting state. The only way for this to happen with just one
accepting state is for all the strings 0* to be accepted.

4.7. Yes. If M = (Q, X, q0, A, §) is any NFA for which A ¢ L(M ), we can construct another
NFA M' = (Q U {p},Z, q0, {p}, 8') accepting L(M), as follows. The state p is a new state
not in @, and it is the only accepting state of M’. All transitions in M are still present in
M'. In addition, for every transition of the form ¢ - r, where r € A, there is an additional
transition ¢ -> p in M’. There are no transitions from p. Then it is easy to see that M’
accepts L(M). On the one hand, if z = ajaz...a, € L(M), then there is a sequence of
transitions
ay as a3 an—1 Qp
go— q1 42— ... 7 (n-1 " (qn

for some g, € A. The string is accepted by M’ because of the sequence of transitions that
agrees with this except that the last one is replaced by gqn_1 2% p. On the other hand,
if £ € L(M'), then there is a sequence of transitions ending with ¢, 2% p by which z is
accepted, and the state p doesn’t appear earlier in the sequence. Therefore, there is a
corresponding sequence of transitions by which M accepts z.
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4.8. For both parts, we observe that for any sequence of transitions
03B BB

by which a string is accepted by"M , each state g; has the property that it is reachable from
go and some element of A is reachable from it. Therefore, neither the modification in (a)
nor the one in (b) has any effect on the set of strings accepted by the NFA.

4.9. (a) There can be no more than m" paths corresponding to z, since at each step there
are at most m choices for the next state.

(b) If £ = z172, 6*(g0, T) = Upes*(go,z1)0* (P, £2). In order to use this formula to compute
6*(qo, x), it is necessary to know only the states in 6§*(go,z1), not all the possible paths
by which those states are reached. The computation tree really contains more information
than we need; “pruning” it means ignoring everything except the set of states the NFA
might end up at at each level of the tree.




4.11. No, because there may be a string z so that in M, one sequence of transitions
corresponding to z ends at an accepting state and another sequence doesn’t. Then M’ has
this property also, which means that z € L(M) and z € L(M’). An example can easily be
constructed with just two states.

4.12. The conclusion of Theorem 3.4 does not hold in the case of unions. For example, if
M, has an a-transition from ¢; to an accepting state, and M, has no a-transitions from go,
then there are no a-transitions from (q, ¢2), and so a is not accepted by M even though it
is in L(M;) U L(M,).

The conclusion holds in the case of intersections. On the one hand, if z = ajag...a, is
accepted by both M; and M,, then there are sequences of transitions

T = B R S P

and

(1) a2

PR i N e P s PO

where the qgi)’s are elements of @1, with qﬁn) € A, and the qg)’s are elements of @@y, with
qé") € A,. In this case, the sequence of transitions

(01,32) 3 (g, ¢) B ... 28 (g™, ¢§)

is defined in M and causes = to be accepted by M. This argument can essentially be
reversed, so that if = is accepted by M, then it is accepted by both M; and Ms.

The conclusion does not hold in the case of differences. The example given for unions
is also a counterexample here.

4.13. (a) yes (b) no (c) yes
4.14. aa*b*(a + b)(a + ba*b*(a + b))*

4.15. (a) a(ab + baa)*(aba)*(aa + bab)a
(b) (ab*a + baaba)* (c) ((a*b + ab*)ab)*
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416. (a) {2,3,5} (b) {1,2,5} -(c){1,2,3,4,5} (d){3,5) (e){1,2,4,5)
(f) {1,2,3,4, 5}

4.17. {1,3,4,6} ;

4.18. (a)

4.19. The new NFA-A, M7, is constructed as follows. It has the same states as M, in
addition to one new one, pg, which will be the initial state of M". The only accepting state
of M" is gp. All the transitions of M are present in M" but in reverse; for example, if the
transition ¢ — r appears in M, then r 5 ¢ appears in M", and if ¢ K appears in M,
r3 q appears in M’. Finally, M also has A-transitions from pg to all the states in the set
A.

For any sequence of transitions in M from gg to g5 € A, there is a sequence in M" that
starts at go, goes to g5 by a A-transition, and then follows the original path in reverse,
ending up at go. On the other hand, for any sequence of transitions by which a string is
accepted in M", the reverse sequence (except for the transition involving po) appears in M,
so that the reverse of the string is accepted by M.

4.20. (a) Yes. (b) Yes. (c) No. The string ab is accepted by the first but not the second.
(d) Yes. (e) No. The null string is accepted by the second but not the first.

4.21. The proof is by structural induction. We first observe that since there are no
A-transitions in M1, 67(¢q, A) = {q} and 6}(q, za) = Upest (g,2)91(p, @), for every q € Q, every
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z € X*, and every a € ¥. .
For the basis step, we've already observed that é7(q,A) = {q}, and 6*(q,A) = ¢ by
definition of 6*. Suppose that for some y, 6;(q,y) = {6*(q,y)} for every q. Then for a € T,
6;((1’ ya’) = UpE&f(q,y)al(p, a)
= Upeerqub1(p; a)

61(8"(g,y), a)

{6(6°(q,v),0)}

{6*(q,ya)}

The second equality uses the induction hypothesis, the fourth the definition of é;, and the
last the definition of 6*.

4.22. Yes, because for any set S, the A-closure of S is the same, no matter which way
81(q, A) is defined.

4.23. Let M = (Q, %, qq, 4,6) be the NFA-A. Then the FA M; = (Q1, %, q1, A1, 61) can
be defined as follows. Q1 = 29; ¢; = {qo}; A1 is the set {g € Q1 | go € g or gN A # B}, if
A{go})NA#0,0r {g€ Q1| gnNA#0} if A({g})NA=0.

4.24. If x # A, and 67(qo, z) contains a state ¢ for which A({q})N A # 0, then q € 6](qo, z)
since 67(go, ) = 6*(qo, ) and the second set is A-closed. As we observed in the proof of
Theorem 4.2, however, 67(go, A) is {qo} by definition, and this is not §*(gp, A) if {0} is not
A-closed.

425. Lt

4.26. In both cases, a single state can be added. In (a), the new state is the initial state,
and there is a A-transition from it to the state that was the initial state of the original
machine. In (b), the new state is the only accepting state, and there are A-transitions from
each of the previous accepting states to the new one. Otherwise, the transitions are the
same as in the original.

4.27. (This works for both cases.)







4.32 and 4.33. If M, and M, are one-state NFAs accepting {a}* and {b}*, respectively,
then neither construction is correct.

a
4.34. If M, is the machine shown, accepting L = {a}{ba}*, this
construction would allow ab, which isn’t in L*, to be accepted.
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4.38. Here are the tables with the regular expressions r(p, ¢, k) for 0 < k < 2.
r(p,1,0) | r(p,2,0) | r(p,3,0)

’ P [o LD [feaD [T D)
1 A b a 1 A b a
2 a A b 2 a A+ ab b+aa
3 b a A 3 b a+bb A+ ba
P r(p,1,2) r(p,2,2) r(p,3,2)
1 (ba)* b(ab)* a + b(ab)*(b + aa)
2| aler (ab)’ @) (6 + aa)
3| b+ (a+bb)(ab)*a | (a + bb)(ab)* | A + ba + (a + bb)(ab)*(b + aa)

The language corresponds to the regular expression r(1, 3,3) = (1, 3, 2)+r(1, 3, 2)r(3, 3, 2)*r(3, 3, 2),
or r(1,3,2)r(3,3,2)* or

(a + b(ab)* (b + aa))(ba + (a + b)(ab)*(b + aa))*

(b) Here are simplified tables with the regular expressions r(p, g, k) for 0 < k < 2.

p|r(p,1,0) [r(p,2,0) | 7(p,3,0) | |p | r(p,L,) | r(p,2,1) |7(p,3,1)
1 A a+b 0 1 A a+b 0
2 0 A+a b 2 0 A+a b
3 b a A 3 b a + ba + bb A
p|r(p1,2) r(p,2,2) r(p,3,2)
1 A (a + b)a* (a + b)a*b
2 ] a* a*b
3 b (a + ba + bb)a* | A+ (a + ba + bb)a*b

The language corresponds to the regular expression r(1,2,2) + r(1,3,2)r(3, 3,2)*r(3,2, 2),
or

(a +b)a* + (a + b)a*b((a + ba + bb)a*b)*(a + ba + bb)a™
(c) Here is the table r(p, ¢,0).

p|r(®1,0) |r(®20)]|r30)|rr40)
1 A a+b 0 ]

2 0 A a+b 0

3 0 0 A a+b
4 a b 1] A

The table 7(p,q,1) is exactly the same except that r(4,2,1) = b + a(a + b). The table

r(p, q,2) is the same as 7(p, ¢, 1) except that r(1,3,2) = (a+b)? and r(4, 3,2) = a(a+b)>+
b(a + b).
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Here is the table r(p, q, 3).

plr(®1,0)]| r(p20) r(p,3,0) r(p,4,0)

1 A a+b (a + b)° (a +b)°

2 0 A a+b (a + b)*

3 0 0 A a+b

4 a b+ala+b) | ala+b)2+bla+bd)|[A+ala+b)®+b(a+b)’

The language corresponds to the expression r(1, 2,4)+r(1, 3,4), or 7(1,2,3)+r(1,4,3)r(4,4,3)*r(4,2,3
r(1,3,3) + r(1,4,3)r(4,4,3)*r(4,3,3), or (rearranging and simplifying slightly)

a+b+(a+b)+ (a+b)*ala +b)° +b(a+5)?))(b+ (A+a)(a+b)?)

(d) Here are the tables with the regular expressions r(p, g, k) for 0 < k < 2.

p|r(p,1,0) | r(p,2,0) | r(»3,0) |r(p,40)

1| A+b 0 a ]

2 a A b 0

3 1] a A b

4 ] b 1] A+a

P T(p,l,].) T(pazal) T(p)371) T(p’4’ 1)

1 b* 0 b*a 0

2 ab* A b+ ab*a ]

3 ] a A b

4 1] b 0 A+a
p|r(p1,2)|rp22) r(p,3,2) r(p,4,2)
1 b* ] b*a ]
2 ab* A b+ ab*a 0
3 aab* a A + ab+ aab*a b
4 bab* b bb + bab*a Ata

Here are the regular expressions r(p, q, 3):
r(1,1,3) = b* + b*a(ab + aab*a)*aab*
7(1,2,3) = b*a(ab + aab*a)*a

= b*a(ab + aab*a)*

= b*a(ab + aab*a)*b

= ab* + (b + ab*a)(ab + aab*a)*aad*
= A + (b + ab*a)(ab + aab*a)*a
= (b + ab*a)(ab + aab*a)*

= (b + ab*a)(ab + aab*a)*b

= (ab + aab*a)*aab*

= (ab+ aab*a)*a

= (ab + aab*a)*
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7(3,4,3) = (ab + aab*a)*b
r(4,1,3) = bab* + (bb + bab*a)(ab + aab*a)*aad*
r(4,2,3) = b+ (bb + bab*a)(ab + aab*a)*a
r(4,3,3) = (bb + bab*a)(ab + aab*a)*
r(4,4,3) = a + (bb + bab*a)(ab + aab*a)*b
Finally, the language corresponds to the regular expression r(1,1,4), which is
r(1,1,3) +r(1,4,3)r(4,4,3)*r(4,1,3) = b* + b*a(ab + aadb™a)*aab* +
b*a(ab + aab*a)*b(b* + b*a(ab + aab*a)*aab*)*(bab* + (bb + bab*a)(ab + aab*a)*aab™).

4.39. If 6(¢q,A) = {p}, 6(p,a) # 0, and 8(g,a) = 0, for example, each of these definitions
would say that 6*(¢q,a) = 0, and so none of them is correct.

4.40. (a) We must show two things: first, that for every s € S, s € A(T), and second,
that for any t € A(T), A({t}) € A(T). The first is true because S C T and T € A(T) by
definition. The second is part of the definition of A(T).

(b) We know from the definition of A-closure that A(S) C A(A(S)). To show the
opposite inclusion using structural induction, we must show that for every s € A(S),
s € A(S), and for every ¢t € A(S), A({t}) € A(S). The first is trivial, and the second is
part of the definition of A(S).

(c) The statement A(SUT) C A(S)UA(T) is easily shown by structural induction. The
opposite inclusion follows from the two statements A(S) C A(SUT) and A(T) € A(SUT),
both of which are true by part (a).

(d) From (c), we have the result when |S| = 2, and it is easy to extend the result to
arbitrary n by induction.

(e) A(SNT) is a subset both of A(S) and of A(T'), by part (a), and therefore A(SNT) C
A(S) N A(T).

(f) We always have S C A(S) and therefore A(S)' € S’ C A(S’). If the first and third of
these two sets are equal, then the equality of the first two implies that S = A(S), and the
equality of the second and third implies that S’ = A(S’). The converse is also clearly true:
if S = A(S) and S’ = A(S’), then A(S)" = A(S’). Thus, the condition is true precisely when
there is neither a A-transition from an element of S to an element of S’ nor a A-transition
from an element of S’ to an element of S. (A more concise way to say this is to say that
S and S’ are both A-closed—see the next exercise.)

4.41. (a) For any two sets S and T, we have SUT C A(SUT) € A(S)UA(T). (The second
inclusion is easily checked using structural induction.) Therefore, if S and T are A-closed,
SUT =A(SUT).

(b) For any two sets S and T, we have SNT C A(S)NA(T) € A(S)NA(T). If S and
T are A-closed, it follows that SNT = A(SNT).

(c) A(S) is a A-closed set containing S as a subset. If T' is any other such set, then since
S CT,A(S)C A(T) (by Exercise 4.40(a)), and therefore A(S) C T because T is A-closed.

4.42. We show the formula for an NFA-A, and the formula for NFAs will follow as a special
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case. The proof is by structural induction on y and will be very enjoyable for those who
like mathematical notation. The basis step is for y = A. For any q € Q and any z € ©*,

U &en= U A =A0 U ) =AE(2) = 8(q2) = 8(q,2A)

pES*(g,2) pes*(g,1) ! pES*(q,7)

In this formula, we are using parts of Exercise 4.40. The first equality uses the definition
of 6* for an NFA-A. The second uses part (d) of Exercise 4.40. The third is simply the
definition of union. The fourth uses part (b) of Exercise 4.40 (and the fact that according
to the definition, §*(g, z) is in fact A(S) for some set S).

Now assume that for the string y,

g,zy)= |J 6(py)

pES*(g,T)

for every state ¢ and every string x € £*. Then for any a € L,

6*(q,z(ya)) = 6%(q,(zy)a)
= A U é@a)

pes*(g,2y)
A({s | 3p(p € 6°(q,zy) A s € 6(p,a))})

A{s|3plpe U &(ry)Aseblpa)})

reé*(q,x)
A({s | 3r(r € 6*(q, %) A Ip(p € 6*(r,y) A s € 6(p,a)))})
A({s | Ir(r € 6" (q,z) As € U 8(p,a))})

pES* (1Y)
=AU (U éka)

reé*(g,z) peé*(ry)

= U AU k)

reé*(q,z)  peb*(ry)

= |J ¢&*(rya)

reé*(g,z)

The second equality uses the definition of §*. The third is just a restatement of the definition
of union. The fourth uses the induction hypothesis. The fifth, sixth, and seventh are also
just restatements involving the definitions of various unions. The eighth uses part (c) of
Exercise 4.40 (actually, the generalization of part (c) from the union of two sets to an
arbitrary union). The ninth is the definition of 6*.

4.43. The language accepted by each My is a subset of L(M). However, there may be
strings in L(M) not accepted by any M{. If M is the FA below, there are two .possible
M7{’s, each with an unreachable state, and neither accepts the string aaab.

a a

a b
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4.44. (a) The set of suffixes of elements of L. On the one hand, if z = yz € L, q € §*(q0,¥),
and g5 € 6*(q,2), then My contains a A-transition from go to ¢, which implies that z is
accepted by M;. On the other hand, if z = b1bs... by, € L{M), where each b; € LU {A},
and the states qo = po, P1, P2, - - -, Pm = g5 are such that p; € 6;(pi_1, b;) for each ¢ (where
8, is the transition function of M7), then the assumptions regarding q¢ and gy imply that
the only one of these transitions that may not be present in M is the first one, which may
be one of the A-transitions added to M;. It follows that there is some string y so that
p1 € 6*(g0,y) and that gf € 6*(qo,y2). In other words, z is a suffix of an element of L.

(b) An argument like the one in part (a) shows that Mj accepts the strings that are
prefixes of elements of L.

(c) M3 accepts the language of substrings of elements of L.

(d) M4 accepts the set of all strings that can be obtained from elements of L by deleting
zero or more substrings: that is, strings of the form yyys...yn for which there are strings
zg, T1, ..., T satisfying xoy121y229 ... Tp_1ynz™ € L.

4.45. (a) It is at least clear that the two one-state NFAs accepting 0* and 1* cannot be
joined so that the composite NFA accepts the union of the two languages. No matter which
state was chosen as the initial state, either 01 or 10 would have to be accepted. It is easy
to show by looking at cases that no two-state NFA can work.

(b) A simple condition that makes it possible to incorporate M1 and M3 into a composite
NFA is that there are no transitions to the initial state of M, and either A € L(M;) or
A ¢ L(M,). In this case, for each a € ¥, a-transitions can be drawn from the initial state of
M to every state q in My for which ¢ € 83(g2, a) (where g9 is the initial state of My). If M,
contains transitions to q;, the initial state, then it may still be possible to draw transitions
from ¢; to states of Mo, provided every string =z with q; € 67(q1, z) is a prefix of an element
of L(M 2).

4.46. (a) f(A) = f(AA) = f(A)f(A), and it follows that f(A) = A.

(b) We observe that for any Lq, Ly C X%, we have f(L1ULg) = f(L1)Uf(L2), f(L1L2) =
f(L1)f(Lsg), and f(L}) = f(L1)*. (The last two are because f is a homomorphism.) Now
we can show very easily, using structural induction, that if L is regular, so is f(L). First, if
L is any of the regular languages @, {A}, or {a} (where a € ,), then f(L) is regular, since
f(® =0, f({A}) = {A}, and f({a}) = {f(a)}. Second, if f(L;) and f(Ljy) are regular,
then so are f(L; U Lg), f(L1Ls), and f(L3).

(In fact, it is easy to check that if r is a regular expression representing L, then a regular
expression representing f(L) can be obtained by replacing every alphabet symbol a in r by
the string f(a).)

(c) Suppose M = (Q, L2,q0, 4, 6) is an FA accepting L C £j. We define an FA M; =
(@, X1, q0, F,61) accepting f~1(L) as follows: for ¢ € Q and a € X4, 61(q, a) = 6*(q, f(a)).
Then it follows easily from the fact that f is a homomorphism that for every ¢ € Q and
every z € X%, 61(q,z) = 6*(q, f(z)). Therefore, My accepts z if and only if M accepts f(z).
This means that for any z € £}, z € f~1(L) if and only if M; accepts z.
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4.47. The reduction step in which p is eliminated is to redefine e(g,r) for every pair (g,r)
where neither ¢ nor r is p. (This includes the pairs (g, ¢).) This is done using the formula

e(g,r) = eq,7) +e(g, p)e(p, p)"e(p,7)
We illustrate this process for the FA shown in part (b) of Figure 4-22. The first picture
shows the NFA-A with the states gp and gy; the subsequent pictures describe the machines
obtained by eliminating the states 1, 2, and 3, in that order. The regular expression e(qo, q5)
in the last picture describes the language. (Note that it looks the same as the regular
expression obtained in the solution to Exercise 4.38(b), although the two algorithms do not
always produce regular expressions that look the same.)
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