Chapter 5 -
Regular and Nonregular Languages

5.1. If there is only one equivalence class, then there cannot be two strings for which one
is in L and the other isn’t. Therefore, either L =@ or L = {0,1}*.

5.2. There are |z| 4+ 2 equivalence classes, one for each prefix of z and one containing all
the nonprefixes.

5.3. According to the proof of Theorem 3.3, the language pal C {0,1}* is an example.

5.4. It is enough to show that any two elements of S are equivalent, and no element of S
is equivalent to any element of S’. If z,y € S, then neither is a prefix of any element of L,
and therefore zI y. If z € S,y ¢ S, and z is a string for which yz € L, then z distinguishes
z from y.

5.5. Suppose zIyA and x # A. Then for any i > 1, z*+'I;z*. (For any y, consider
z'y = A(z'y) and 'y = z(z'y); since Az, either both these strings are in L or neither
is.) Since [A] contains all the strings z*, it must be infinite. (Note: the same argument
shows that if there are strings z and zy for which zIyzy and y # A, then [z] is infinite.)

5.6. If there were some string z that were not a prefix of any element of L, then for every
y, zy would also not be a prefix of any element of L, and so the set of strings that are not
prefixes of elements of L would be infinite. By Exercise 5.4, however, this set is one of the
equivalence classes. Therefore, if all equivalence classes are finite, there cannot be any such
z. '

5.7.

5.9.

5.10. Denote the three sets by B, BA, and N, respectively, and let Q = {B,BA,N}. If
we consider an FA with state set Q, the picture looks like the one below except that the
picture below doesn’t indicate accepting states. There are eight different FAs, accepting
eight different languages, obtained by making all possible choices of A C @. However, the
question asks only for languages L for which I has three equivalence classes, and some of
the eight languages can be accepted by FAs with fewer than three states. Obvious examples |
are the languages @ and {a, b}*, obtained by making none or all states accepting. The two
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other examples are {a,b}*{b} and its complement, obtained by making B either the only
accepting state or the only nonaccepting state, because both B and B’ can be accepted by

2-state FAs. b
' . v ' o

D

There are four remaining languages, all of which have the desired property: BA, N,
BUBA,and BUN.

5.11. Denote the three sets by AB, A, and B, respectively. By an argument similar to
that in Exercise 5.10, there are four such languages: B, A, BUAB, and AU AB.

5.12. The partition is the same. The sets {A} and {0°1* | i > 0} are both subsets in the
partition, just as before. The only difference is that before these were {A} and L, now they
are {A} and L — {A}.

5.13. (a) and (b) Consider a string z € {0,1}*, and let k = ng(z) — ni(z). Saying that
k = 0 is the same as saying that = € L. If £ > 0, then z has an excess of k 0’s, so that
for any 2, zz € L if and only if z has an excess of k 1’s. Similarly, if Kk < 0, zz € L if and
only if z has an excess of —k 0’s. This means that if no(z) —n1(z) = no(y) — n1(y), then z
and y have the property that zz and yz will be in L for precisely the same strings z—i.e.,
z and y are equivalent. Conversely, if ng(z) — n1(z) # no(y) — n1(y), then any string z for
which n3(z) — no(2) = no(z) — n1(z) distinguishes z from y.

(c) Parts (a) and (b) say that an equivalence class containing a string z is determined
by the difference ng(z) — ny(z): another string y will be in this equivalence class precisely
if ng(y) — n1(y) is the same value as for . This means that for every integer &, there is an
equivalence class containing all those strings z for which the difference is k. Another way
to say this is to say that the equivalence classes are

.., [111], [11], [1], [A] = L, [0], [00], [000], . ..
For each k > 0, [1¥] = {z | nl(r) —no(z) = k}, and [0%] = {z | no(z) — n1(z) = k}.

5.14. An easy induction proof shows that for every ¢ € Q; and every z € ¥, §*(q,z) € Q1.
Now let p,qg € Q1 and z € &*, and consider the states §*(p,z) and §*(¢,z). In (a) we can
say that neither is in A, and in (b) we can say that both are in A.

5.15. (a) For z and y to be distinguishable with respect to {0,1}*{010}, one of the two
strings must end with a longer prefix of 010 than the other. In this case, if the longer prefix
is &, and a8 = 010, the string B distinguishes the two strings. Therefore, the longest string
that might be necessary is one of length 2. (Another way to say it is that if a string of
length 3 was required to distinguish z and y, they wouldn’t be distinguishable at all, since
adding a string of length 3 or more would have the same effect in both cases.)
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(b) If z has ¢ more left parentheses than right, and y has j more left than right, then saying
r and y are distinguishable with respect to L means that i # j. If k is the smaller of the
two numbers 4 and j, a string of & right parentheses is the shortest string distinguishing z
and y: Since ¢ can be no larger than m, and j no larger than n, the smaller of 4 and j can
be no larger than the smaller of m and n.

5.16. The FAs in parts (b), (c), and (f) are already minimal.

5.18. (a) Suppose the FA has n states. For the FA shown below, the only pair marked on
the first pass is (gn-2,gn—1). If starting with pass 2 the pairs are considered in the order
(g0, 91), (41,92), - -+, (gn—3,qn-2), then one pair is marked on each pass. The total number
of passes is n — 1, and no order would require more.

. ab . ab .“'5 b . «,b . l’
' 6
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(b) For a pair (p,q) that is ultimately marked, let n(,q be the length of the shortest
string z for which §*(p,2) € A and §*(q, 2) ¢ A (or vice versa). If we process the pairs in
nondecreasing order of n(, 4 (i.e., first all the pairs (p, ¢) with n(, ¢y = 1, then all the pairs
(p, @) with n(, o) = 2, and so forth), then every pair that will ever be marked will be marked
on the second pass.

5.20. Assume in each part that 0 <7 < j.
) The string 10% distinguishes 0° and 7.
) The string 10**2 distinguishes 0° and 0’.
(c) The string 1% distinguishes 0° and (.
(d) The string 01°*! distinguishes 0* and 0’.
(e) If 4 is odd, say i = 2p + 1, the string 1P*! distinguishes 0° and 0’; if 7 is even, say
i = 2p, the string 017*! distinguishes 0° and (.
(f) The string 17 distinguishes 0* and 0.

5.21. Suppose L is regular. Then by Theorem 5.3, there are strings u, v, and w so that
|v| > 0 and wv™w € L for every m > 0. However, this is impossible, because if v = 0* or
v = 1%, then for sufficiently large m the string uv™w will have more of one symbol than
the other; and if v contains both 0’s and 1’s, then uv?w contains 1’s before 0’s. In both
cases, therefore, wv™w ¢ L.

5.22. Consider the two strings ab’ and ab*, where j and k are any numbers satisfying
0 < j < k. Then the string ¢/ distinguishes the two strings. This means that all the
equivalence classes [ab’], where j > 0, are distinct, so that by Corollary 5.1 L cannot be
regular. ’

5.23. (a) L = {0"10%" | n > 0}. Suppose L is regular, and let n be the integer in the
statement of the pumping lemma. Let x = 0"10?". Then z € L, and |z| > n. Therefore,
by the statement of the pumping lemma, z = uvw for some strings u, v, and w satisfying
luv| < n, |v] > 0, and uv™w € L for every m > 0. The first of these three conditions
implies that v is a string of 0’s from the first group of 0’s in z, and the second implies that
v # A. Therefore, for some j > 0, uv?w = 0™*710%". However, the third condition says
that uv?w must be in L. This contradiction proves that L cannot be regular.

(b) L = {0'190* | k > i + j}. Suppose L is regular, let n be the integer in the pumping
lemma, and let z = 0"1"0?"*!. Then |z| > n and z € L. Therefore, z = uvw for some u,
v, w satisfying the same three conditions as in the first part. As before, v must be 07 for

66




some j > 0, and the 0’s making up v come from the first group of 0’s in z. Thus uv?w =
0"*71"02"*1 and this cannot be in L because 2n+ J 2 2n+1. Again we have a contradiction,
proving that L is not regular.

(¢) L = {0°17 | j =diorj = 2i}. Suppose L is regular, let n be the integer in the
pumping lemma, and let z = 0"1". Then z = wvw for some u, v, and w satisfying the
usual three conditions. As before, v must be 07 for some j > 0. Therefore, uv?w = 0"+717
and this string cannot be in L because n is neither n + j nor 2(n + j). This contradiction
implies that L is not regular.

(d) L = {017 | j is a multiple of i}. Suppose L is regular, let n be the integer in the
pumping lemma, and let z = 0"1". Then z = wvw for some u, v, and w satisfying the
usual three conditions. As before, v must be 07 for some j > 0, and wv?w = 01", Since
n cannot be a multiple of n + 7, this is a contradiction.

(e) L = {z € {0,1}* | no(z) < 2n1(z)}. Suppose L is regular, let n be the integer in
the pumping lemma, and let z = 0*~11". Then z = wvw for some u, v, and w satisfying
the usual three conditions. As before, v must be 07 for some j > 0, and wv?w = 02*+-117,
Since j —1 >0, 2n 4+ j — 1 > 2n, and this contradiction implies that L is not regular.

(f) L = {z € {0,1}* | no prefix of  has more 1’s than 0’s}. Suppose L is regular, let
n be the integer in the pumping lemma, and let z = 0"1". Then z = uvw, where u, v,
and w satisfy the usual three conditions. As above, v = 0/ for some j > 0. Therefore,
uv’w = ww = 0™ 71", and this string cannot be in L because the string itself (which is a
prefix of itself) has more 1’s than 0’s.

5.24. (a) Suppose L is regular, let n be the integer in the pumping lemma, and let z =
0"1"0™1". Then z = wvw, where the usual three conditions on u, v, and w hold. Then
v = (/ for some j > 0, and z = wv?w = 0"10"1". According to the pumping lemma,
z € L. However, 4n < 2] < 5n, so that 2n < |z|/2 < 5n/2. This means that even if |2]
is even, its midpoint is somewhere in the first string of 1’s. However, this implies that the
second half of z begins with 1. Since z itself begins with 0, z cannot be ww for any w, and
this contradiction implies that L is not regular.

(b) L = {zy | z,y € {0,1}* and y is either x or z"}. Suppose L is regular, let n be
the integer in the pumping lemma, and let £ = 0"1"0"1". Then z = uvw, where u, v, and
w satisfy the usual three conditions. v must be 0’ for some j, and the 0’s in v come from
the first part of z. Therefore, uv?w = 0"*170"1". The length of this string is 4n + ;.
If j is odd we have a contradiction immediately, since all strings in L have even length;
otherwise, the midpoint is between two of the 1’s in the first group of 1’s. This means that
0™+ 170"™1" cannot be of the form zz, since the first half starts with 0 and the second with
1. This string cannot be of the form 22" either, because its initial and final symbols are
different. This contradiction proves that L is not regular.

(c) Suppose L is regular, let n be the integer in the pumping lemma, and let = ("a)™
(that is, a preceded by n left parentheses and followed by n right parentheses). Then
z = wvw, where the usual three conditions hold. It follows that v = (Y for some j > 0, so
that uv?w = ("*7a)". This string is not in L, and this contradiction implies that L is not
" regular.
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5.25. No. Let L be the language of nonpalindromes over {0, 1}. L is not regular because
its complement is not. However, if z begins with 0, z1 € L; if z begins with 1, z0 € L; and
if £ = A, z01 € L. Therefore, L satisfies the condition for k = 2.

5.26. (a) False. * has a nonregular subset.

(b) False. Nonregular languages have finite subsets, and finite languages are regular.

(c) False. The union of any language and its complement is ¥*, which is regular.

(d) False. The intersection of a nonregular language and its complement is empty, and
the empty language is regular.

(e) True. The complement of a regular language is regular.

(f) False. Lg could be a subset of L, for example.

(g) True. Since Ly N Lq is regular, so is Ly — (L1 N Lg) = Ly — L. Now Ly =
(L1 U Lg) — (Ly — L3). Therefore, if L; U Ly were regular, Ly would also be regular.

(h) False. L; could be I*, for example.

(i) False. Any language is the union of one-element languages; for example, {0"1" | n >
0} ={A}u{01}u {0011} U....

(j) False. Here is a counterexample. For each k > 1, let Sy = {02*12"* | ; > 0}. Thus
S = {A,021%2,0%14,0°1%,. ..}, Sy = {A,0%1%,0818,.. .}, and so forth. Then Si,; C Si for
each k. The set NSk is {A}, which is regular, but it is easy to show that for every k,
Sk is nonregular. Now let Ly = S;. It follows that Ly is nonregular and Ly C L1, but

21Lk = (N2,Sk) = T* — {A}, and this set is regular.

5.27. (a) Nonregular. For ¢ > 0, let z; = 01°. Then for any i and j with i < j, the string
01° distinguishes z; and z, since 01701" has no nonnull prefix of the form ww.

(b) Regular. For any z, z € L if and only if z contains one of the substrings 00, 11,
0101, or 1010. (Reason: if z contains neither 00 nor 11, then z must consist of alternating
1’s and 0’s; therefore, if x contains a nonnull substring ww, it must contain either 0101 or
1010.)

(c) Nonregular. This can easily be proved using the pumping lemma, starting with a
string of the form 1"01™.

(d) Nonregular. Let S = {0% | i > 0}. Then if 0 < i < 7, the strings 0% and 0% are
distinguished by 1%, because the middle two symbols of 0%1% are unequal and the middle
two symbols of 0271% are both 0. S is therefore an infinite set, any two elements of which
are distinguishable with respect to L.

(e) Nonregular. Suppose L is regular, and let n be the integer in the pumping lemma.
Let z = 0"1"0"1" = (0"1")A(0"1"). Then z = wvw, where u, v, and w satisfy the usual
three conditions. As usual, v must consist of one or more 0’s from the first group of 0’s,
say v = 0. Then wv?w = 0"*1™0"1", and it is easy to see that this string is not of the
form zyz for any z with |z| > 1.

(f) Nonregular, since the set of palindromes is nonregular.

(g) Nonregular. Let S = {001’ | i > 0}. For any ¢ and j with 0 < i < j, the two
elements 001° and 0017 of S are distinguished by the string 01°00.

(h) Nonregular. First we observe that if L were regular, then {a" | n > 0} would be
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also. Now we can use Theorem 5.4. If the set of perfect squares contained an arithmetic
progression, then there would be integers p and ¢, with ¢ > 0, so that p + iq was a perfect
square for every ¢ > 0. In particular, two perfect squares could be found that were as large
as we liked but differed by exactly g. However, (n + 1)? — n? = 2n + 1, which means that
if two distinct perfect squares are both > ¢2, their difference is at least 2q + 1.

5.28. (a) We have an algorithm to construct an FA accepting the complement of the
language accepted by a given FA. Apply this to find M] and M} accepting L(M;) and
L(Ms)', respectively. Now construct the FA accepting L(M]) N L(Ms)'; finally, apply the
algorithm on page 187 to determine whether this FA accepts any strings.

(c) On page 187 there is an algorithm to determine the states reachable from the initial
state go of an FA. This algorithm can be easily modified so that it determines the states
reachable from ¢ using nonnull strings. (The set Ty is initialized to be @ instead of ¢.) The
problem is then reduced to determining whether ¢ is an element of this set.

(g) Apply the minimization algorithm described in Section 5.2 to obtain a minimum-
state FA M; = (Q1, L, g1, A1,6) accepting L. = and y are distinguishable with respect to
L if and only if 6](q1,z) # 67(q1,y)-

(h) If 6*(go,z) = q, then z is a prefix of an element of L if and only if the set of states
reachable from ¢ includes at least one accepting state.

(j) The string z is a substring of an element of L if and only if there is a pair (p, q) of
states in M satisfying these three conditions: i) p is reachable from go, the initial state; ii)
8*(p,x) = g, iii) the set of states reachable from g includes an accepting state. By testing
each pair (p, q) if necessary, we can determine whether there is such a pair.

5.29. One example is the language L of all strings having equal numbers of 0’s and 1’s. L
is nonregular and L* = L.

5.30. One example is pal, the set of palindromes. For this L, L* = {0, 1}*, since A and all
strings of length 1 are palindromes.

5.31. Suppose z and y are distinguishable with respect to L;, and specifically that for
some z, vz € L; and yz ¢ L;. Then for some w, rzw € L, since zz is a prefix of an
element of L; and yzw ¢ L, since yz is not a prefix of an element of L. Therefore, if z and
y are in different equivalence classes with respect to I, they are in different equivalence
classes with respect to Ir,. This means that the partition determined by I is at least as
fine as that determined by Ir,: Any equivalence class with respect to I, is the union of
equivalence classes with respect to Ir.

5.32. Onme obvious way to approach this problem is to think about two-state FAs. If there
are exactly two equivalence classes, then both states must be reachable from the initial
state, and there must be exactly one accepting state. To answer (a), we don’t need to
worry about which is the accepting state; we only need to draw the transitions in every
possible way. There are three ways of drawing transitions from the initial state, since the
other state must be reachable, and there are four ways of drawing transitions from the
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other state. Each of these twelve combinations gives a different set of strings corresponding
to the initial state, and each of these sets is a possible answer to (a). They are described
as follows, using regular expressions: '

A 1* 0*
((0 + 1)0*1)* (1+00*1)*  (0+10*1)*
((0 + 1)1%0)* (1+01%0)* (0 + 11%0)*

(00 + 01 + 10 + 11)* (1400 +01)* (0 + 10 + 11)*

Each column represents a possible way of drawing transitions from the initial state, and
each row represents a possible way of drawing transitions from the other state. For example,
the entry in the second column, third row is obtained by drawing the FA shown here:

(o, Ot

(b) For each of these twelve sets, there are two languages L for which the equivalence
class [A] is this set: one obtained by designating the initial state as the accepting state, the
other obtained by designating the other state as the accepting state. In other words, the
set could be either the language or the complement of the language.

5.33. It follows from Exercise 3.45 that the equivalence classes are all of the form {z},
where z € {0,1}*.

5.34. According to Exercise 5.4, one equivalence class is the set of all strings that are
not prefixes of any element of L. These are the strings having a prefix with more right
parentheses than left. Of the strings that are prefixes of balanced strings of parentheses,
the equivalence class is determined by the number of excess left parentheses. (If z; and
x9 are both prefixes of balanced strings, and z; has k more left parentheses than right,
and zg has j more left parentheses than right, then z; and z5 are equivalent if k¥ = j, and
otherwise the string )* distinguishes z; and z, relative to L.)

This means that the equivalence classes are N, L = [A] = [(%), [(|, [(®], [(], ..., where
N is the set of nonprefixes of elements of L and [(¥] is the set of all strings of parentheses
that are prefixes of elements of L and have k more left parentheses than right.

5.35. (a) {A}, L, and the set of strings that are not prefixes of any element of L are three
of the equivalence classes. We can describe the general form of all the other equivalence
classes by considering a specific example. Consider a string that is a prefix of an element
of L, in which there are 3 unmatched left parentheses (parentheses without the matching
right parentheses). Then there are sixteen “archetypal” pairwise inequivalent strings of
this type: (((, (G, (G, ((G+5, (G+ G G+ G, (G + G, (G4 G+s, G+ (G G+ (G
i+ ((i+, G+ (40, G+E+( G+ @+ G, G+ @+ @+, and (G4 (G + (i +4. It is not hard to
see that any two of these are distinguishable with respect to L. (For example, consider the
two strings ¢ = ((¢ + (: and y = (s + ((: +4. Let z = +4)) +4). Then zz € L and yz ¢ L.)
Furthermore, every other string that is a prefix of an element of L and that has exactly
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three unmatched left parentheses is equivalent to one of these, and looks like one of these
except that one or more of the i’'s may be replaced by other elements of L. For example,
a string in the same equivalence class as ((i + (¢i+ is (((¢ +¢) + (((z + ¢) + i)+. (The first
has been replaced by (i + ¢) and the second by ((i + i) +4).)

We can enumerate these sixteen as follows. For each of the first two unmatched left
parentheses, there are two possibilities: either it is followed immediately by another un-
matched left parenthesis, or it is followed immediately by an element of L and a +. For
the third unmatched left parenthesis, there are four possibilities: there is nothing after it;
it is followed by an element of L and nothing else; it is followed by an element of L and a
+; or it is followed by an element of L, a +, and another element of L. Altogether, then,
there are 2 x 2 x 4 = 16 combinations.

In general, for each n > 0, there are 2" !4 equivalence classes, which can be enumerated
by considering the 2 possibilities for each of the first n — 1 unmatched parentheses and the
4 possibilities for the last.

(b) If the expressions are not required to be “fully parenthesized”, it is much easier to
describe the equivalence classes. The first three are the same as in (a). In addition, for
each n > 0, there are two equivalence classes corresponding to n: the set of all strings with
n unmatched left parentheses in which the last unmatched parenthesis is followed either
by nothing or by an element of L and a +; and the set of all strings with n unmatched
left parentheses in which the last unmatched parenthesis is followed by an element of L.
We can see by looking at the sixteen strings in (a) why there are fewer equivalence classes
in this case: the strings (¢ + (( + ¢ and (((z, for example, are equivalent, because of the
additional options regarding parentheses.

5.36. (a) Every equivalence class has exactly one element, which means that any two
distinct strings are distinguishable with respect to L. The proof is very similar to the proof
of Exercise 3.45.

(b) Every equivalence class has exactly two elements, except the one containing A, which
has only one. For any « # A, z and =™ are equivalent, but no other string is equivalent to
either of these.

5.37. We show that any two distinct strings are distinguishable with respect to L, so that
every equivalence class has exactly one element. Suppose z,y € {0,1}* and z # y. We
denote ng(z) by ¢, no(y) by j, ni(z) by ¢ + p, and ny(y) by 5 + q.

We consider two cases. First, suppose p = ¢—i.e., z has the same excess of one symbol
as y. Then since z # y, the two numbers 7 and j are different. In this case we choose z
containing N 0’s and (2N +:¢—p) 1’s, where N is yet to be described. Then ng(zz) =i+ N,
and ni(zz) =i+p+2N +i—p = 2(N +1), so that ny(z2)/no(zz) = 2. On the other hand,

ni(yz) j+p+2N+i—p 2+
no(yz) j+ N 1+ 4

Now it is clear that since i + j # 27, N can be chosen large enough so that this fraction is
not an integer. This means that zz € L and yz ¢ L.
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In the second case, when p # ¢, we choose z containing N 0’s and (N —p) 1’s. Then zz
has (i+ N)0’sand i+p+N —p = (i + N) I's, while yz has ( + N) 0’s and (j +¢+ N —p)
I’s. It is easy to see that since ¢ — p # 0, then by choosing N sufficiently large we can
guarantee that (7 + ¢+ N —p)/(j + N) is not an integer, so that zz € L and yz ¢ L.

5.38. Suppose R is a right invariant equivalence relation on X* so that the set of equivalence
classes of R is finite and L is the union of some of the equivalence classes. If zRy, then
for any z, zzRyz, since R is right invariant. This means that zz and yz are in the same
equivalence class with respect to R. But since L is the union of some of the equivalence
classes, any equivalence class that intersects L must be completely within L; therefore, for
any z, xz € L if and only if yz € L. Therefore, zIyy. This means that the partition of £*
determined by R is finer than that determined by Iy, which means that every equivalence
class with respect to I, is the union of equivalence classes with respect to R. Since the
number of equivalence classes with respect to R is finite, the number of equivalence classes
with respect to I; must be finite.

5.39. (a) Suppose on the one hand that there is a right invariant partition of {0,1}*, so
that S is one of the subsets in the partition. Right invariant means that whenever z and
y are in the same subset, then for any z, zz and yz are in the same subset. Therefore, if
and y are both in S, then for any z, zz and yz are in the same subset of the partition, so
that if one of the two is in S, the other must be also.

On the other hand, suppose S has the property that for any z,y € S and any 2, =z
and yz are either both in S or both not in 5. We consider the following sets: first, all the
one-element sets {z}, where no prefix of z is in S; second, the set S; finally, all sets of the
form S{a}, where S{a} € S and S{y} C S for every proper prefix v of a. (We summarize
this last condition by saying that a is a minimal string so that S{a} € S.)

A useful observation is that if + € S{a} and z € S{B3}, where S{a} € S, S{B} Z S,
and o and g are both minimal strings with this property, then a = 8. To see this, suppose
a 7# B and z = sy = s9f, where s, 53 € S. The strings o and 3 can’t be the same length;
suppose |a| > |8|. Then a = 78, for some 7, so that s;y = s,. Because of the assumption
on S, it follows that S{y} C S, so that o can’t be minimal.

Now we check that these subsets of £* form a partition. Obviously, if z is a string such
that no prefix of z is in S, then z cannot be in S or any of the sets S{a}. If S{a} € S,
then S{a} and S must be disjoint, because of the assumption on S. Finally, as we observed
in the previous paragraph, if S{a} N S{8} # 0, S{a} Z S, S{B} € S, and « and B are
both minimal, then a = .

Finally, we check that this partition is right invariant. Because of the assumption on
S, it is sufficient to show that if z,y € S{a}, and zz € S{B}, where @ and $ are minimal
as defined above, then yz is also in S{B}. We know that 2 = s;a and y = sp, for
some s1,s2 € S; therefore, zz and yz are both in S{az}. Let v be the longest prefix
of az satisfying S{v} C S. Then our previous discussion shows that az = 48, so that
S{az} C S{B}, and y € S{B}.

(b) In the case where S is finite, the condition reduces to saying that no element of S
is a prefix of any other element of S.
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(c) If S is finite and satisfies this condition, let M be the maximum length of elements of
S. We can consider the following partition of £*: first, all the one-element sets {z}, where
|z| < M and no prefix of z is in S; second, the set S; third, the single set T containing
all other strings. This is obviously a finite partition. It is right invariant, because of the
assumption on § and the fact that for any z € T and any string y, zy € T

(d) If S satisfies the condition in (a), then S is one of the subsets of a finite right
invariant partition if and only if S is regular. On the one hand, if P is a finite right
invariant partition, then there is an FA M so that the states of M correspond to the
subsets in P, each of which is therefore regular. On the other hand, if S is regular, let
M be a minimum-state FA accepting S. The subsets L,, for the states p of M, form a
finite right invariant partition, and L is the union of all the L,’s for which p is accepting.
However, the condition in A implies (by Lemma 5.2) that p = ¢ for any two accepting
states p and ¢; therefore, since M is minimal, there is only one accepting state. (Of course,
at this point, we have several other ways to characterize regular sets.)

5.40. Suppose M = (Q,%,qo,A,6) is an FA accepting L;. Then for a string z € X*,
x € Ly/Ly if and only if there is a string y € L, with zy € L; and this is true if and only
if there is a string y € Lo so that §*(qo, zy) = 6*(6*(q0,z),y) € A. With this in mind, we
define B = {q € Q | for some y € Ly,6*(q,y) € A}. Then we have observed that for any
z, ¢ € L1/Ly if and only if §*(go,z) € B. In other words, the FA M’ = (Q, X, g0, B, §)
accepts the language L1/ Lo.

Notice that the argument does not really use the fact that L, is regular. However, if
L, is not regular, there may be no way to determine exactly which states are in the set B.
If L, is regular, on the other hand, there is an algorithm to do this. We do not present all
the details, but the idea is that for ¢ € @, we can determine for each r € A the language
L(q,r) = {z € ¥* | §*(¢,z) = r}, and we can then determine whether the intersection
L(g,7)N Ly is nonempty. (See the proof of Theorem 4.5, and the discussion in Section 5.4.)

5.41. Using the paintcan analogy, we observe that with p distinct primary colors, there
are 2P possible combinations that can be used to create distinct colors, since there are 27
subsets of a set of p elements. If we want the number of distinct colors to be at least n,
then p must satisfy 27 > n. Therefore, p > log, n. We conclude that in order to distinguish
all possible pairs from among n strings, at least log, n strings are required.

5.42. For z = ajay...an,, let p; = §*(p,a;...a;) and ¢; = 6*(q, a1 ...a;), for each 7 with
1 < i < n. We observe that if 2z has the property we want (that is, exactly one of the two
states §*(p, z) and 6*(q, z) isin A), and if the pairs (p;, ¢;) and (pi+agi+q) are identical, then
we can shorten z by omitting the substring a;,1a;12a:14, and the shortened string will still
have the desired property. Therefore, we may assume that all the pairs (p;, ¢;) are distinct,
for 1 < i < n, and thus that n is no larger than the maximum number of distinct ordered
pairs of states, which is s (where s = |Q]).

5.43. If L is regular, and M is an s-state FA accepting L, then any two strings z and y
distinguishable with respect to L can be distinguished by a string of length s2 or less. (We
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let p = 6*(qo, z) and ¢ = 6*(go, y) and use the result of Exercise 5.42.) On the other hand, if
there is an n so that any two strings distinguishable with respect to L can be distinguished
by a string of length n or less, then L must be regular. (According to Exercise 5.41, using
only the finite set S of strings of length < n, it is impossible to have an infinite set of
strings, any two of which can be distinguished by an element of S.)

5.44. Asis pointed out in the statement of the problem, each state in either FA corresponds
to one of the equivalence classes of I;,. This means that the L, partition determined by
one of the FA’s is the same as that determined by the other. So the bijection 7 : Q1 — Q1
is described as follows: if ¢ € @y, and 67(q1,z) = ¢, then i(q) = §5(q2, z).

We must show these three things:
(i) i(q1) = go; (ii) For any q € Q1, ¢ € Ay if and only if i(q) € Ag; and (iii) For any q € Q;
and any a € X, i(61(q,a)) = 62(i(q), a).

Statement (i) follows from our definition of 7 and the fact that 67(q1, A) = g1 = 83(g2, A).
To show (ii), we take a state ¢ € A; and a string z such that §7(¢q1,z) = ¢. Then 65(qqe, z) =
i(g) € Ag, because the string z is in L (since M7 accepts L). The argument is also reversible:
If i(qg) € Ag, then z € L because M, accepts L, so that ¢ € A;. Finally, for ¢ € Q; and
a € %, if 67(q1,2) = ¢, then

i(61(g, 0)) = i(61(q1, 2a)) = 63(q2, za) = 62(83(q2, 2), a) = 62(i(q), a)

5.46. (a) This follows immediately from the fact that if M is any FA accepting L relative
to L;+1, then M accepts L relative to L;.

(b) Suppose there is a constant N so that n; < N for every ¢. Let M; be an FA with n;
states that accepts L relative to L;. We may assume that the states of each M; are elements
of the set {qo,q1,-..,qn,}. Therefore, there must be infinitely many i’s for which the FAs
M; are all equal, say to M. Then M must accept L relative to L; for every i; therefore,
since Uj2;L; = X%, M accepts L, which is assumed to be nonregular.

5.47. Let n be the number of states in an FA M = (Q, %, g0, A, §) accepting L, and
suppose z € L and z = z1z923 = z1{a1as3...ak)z3, where k > n. Denote by p; the state
8*(qo, T1a1G2 . . . a;) for each ¢ with 0 < ¢ < k. Then just as in the proof of the pumping
lemma, at least two of the states p; must be the same; suppose p; = p;;, where j > 0. Then
let w=ay...0;, v = aiq1...0ai4+j, and W = @j4j41...ax. We have zo = wow and |v| > 0,
and the same argument as in the proof of the pumping lemma shows that z;uv™wz3 € L
for every m > 0.

5.48. The language L in Example 5.11 is such a language. Suppose L is regular, let n
be the integer in the statement, and let z = ab"c", and let z; = a, o = b", and z3 = ™.
The statement says that for some u, v, and w with |uv| < n and |v| > 0, 4" = vvw and
auv™wc™ € L for every m > 0. This would mean that there are strings ab’c™ in L for which
i # n, which contradicts the definition of L.
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5.50. (a) Nonregular. We use the pumping lemma to show L’ is nonregular, and it will
follow that L is also. Suppose L’ is regular, let n be the integer in the pumping lemma,
and let z be a string in L’ with |z| > n. (The fact that there is such an z follows from
the parenthetical statement in the exercise.) Then z = wvw for some strings u, v, w such
that |v| > 0 and uv'w € L’ for every i > 0. In particular, uvw € L’. However, this string
contains three consecutive occurrences of v and is therefore an element of L by definition.

(b) Regular. There is an FA recognizing L having 6 states. Five of the states correspond
to the five possible values of ng(z) — n;(z) between —2 and 2, and the sixth is the “dead”
state for strings not in L.

(c) Nonregular. Any two of the strings 1, 12, 13, ..., say 1° and 1/ (where i < j), can
be distinguished with respect to L by the string 0*+3.

(d) Regular. One way to construct an FA is to have states corresponding to the possible
pairs (ng(z) mod 5, ni(z) mod 5), 25 states in all. The initial state, which is the only
accepting state, is (0, 0).

(e) Nonregular. For each 1 > 1, let z; = 0P, where p; is the i¢th prime (p; = 2, po = 3,
ps =5, ...). If i # 7, then z; and z; are distinguished by the string 1.

(f) Regular. Let M = (Q, {0,1}, qo, A, ) be an FA accepting L, and let M; = (Q, {0, 1},
qo, A1,6), where A, is the set of states ¢ in A for which there is no string z satisfying
6*(q,z) € A. Then M, accepts Max(L).

(g) Regular. Let M = (Q,{0,1},q0,A,6) be an FA accepting L, and let M; =
(@,{0,1}, qo, A1,6), where A; is the set of states ¢ in A for which there do not exist
strings w and z satisfying |2| > 0, §*(go,w) € A, and §*(qo, wz) = ¢. In other words, A; is
the set of states ¢ in A for which no path from gg to q reaches an accepting state until the
last step. Then My accepts Min(L).

5.51. (b) Notice that this definition of arithmetic progression does not require the integer p
to be positive; if it did, every arithmetic progression would be an infinite set, and the result
would not be true. Suppose A is accepted by the FA M = (Q, {0}, o, F, §). Since Q is finite,
there are integers m and p so that p > 0 and 6*(go, 0™) = 6*(qo, 0™*?). It follows that for
every n > m, §*(qo, 0™) = 6*(qo, 0™*?). In particular, for every n satisfying m < n < m +p,
if 0™ € A, then 0™ ¢ A for every i > 0, and if 0" ¢ A, then 0" ¢ A for every i > 0. If
ni, Ng, ..., n, are the values of n between m and m + p — 1 for which 0™ € A, and Py, ...,
P, are the corresponding arithmetic progressions (that is, P; = {n; +ip | ¢ > 0}), then S
is the union of the sets Py, ..., P, and the finite set of all ¥ with 0 < k < m for which
0% € A. Therefore, S is the union of a finite number of arithmetic progressions.

5.52. (c) We show the result in the case where f is periodic—i.e., where f(n) = f(n + p)
for every n. It is sufficient to show that the equivalence relation Iy, has only a finite number
of equivalence classes, and to do that it is sufficient to find a finite set S of strings so that
any string is indistinguishable with respect to L from some element of S. Let M be the
maximum value taken by the function f. For each i with 0 < i < p and each j with
0<j<M,letxz; =bal, and let zg = a™*l. Now let z be any string. If n,(z) > M,
then zz cannot be in L for any z, and so zI;z¢. Otherwise, let ny(z) = ¢ and nq(z) = j.
Clearly xIb'a?, since the order of the symbols in a string is irrelevant as far as whether
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the string is in L. Moreover, since f(n) = f(n + p) for every n, the only significant thing
about the number of b’s is the the value mod p; therefore, zI z;, ;, where i; = ¢ mod p.

(d) Suppose L is regular, and let n be the integer in the pumping lemma. Consider the
string z = b™af(™, where m is any integer with m > n. By the pumping lemma, z = uvw,
where [uv] < n, |v| > 0, and wv*w € L for every i > 0. Since m > n, v = bP for some p > 0.
This means that each of the strings b™t®af(™ is in L. It follows from the definition of L
that f(m +1ip) = f(m) for every : > 0. To summarize: for every m > n, there is a number
Pm s0 that 0 < p,, < n and f(m + ip) = f(m) for every i > 0. Now there are only a finite
number of integers p that can be p,, for some m > n, since for any such p,,, p < n. Let
P be the Jeast common multiple of all of them—i.e., the smallest positive integer that is
evenly divisible by all of them. Then for any m > n, P = kp,, for some k. Therefore, for
any i > 0, f(m +1iP) = f(m + (ik)pm) = f(m). Therefore, f is eventually periodic.

5.53. Let L be the set {0™ | n > 0 and n is not prime}. L? contains all sufficiently long
strings of 0’s, because every sufficiently large integer (7 or greater, say) is the sum of two
positive nonprimes. (If n is even, n is the sum of two even numbers, each 4 or larger; if n
is 0odd, n is 1+ (n — 1).) Therefore, L? is regular. However, L is not, by Example 5.10.

5.54. Let D be the set of integers that are lengths of strings in L*. Then D is a subset of
N that is closed under addition. We will show this implies that D is the union of a finite
number of arithmetic progressions, and the result we want will follow (see Exercise 5.51).

Let p be the smallest positive integer so that p is an integer combination of elements
of D (i.e., of the form Ele a;n;, where the a;’s are integers, either positive or negative,
and the n;’s are elements of D). We show first that the set of all integer combinations of
elements of D is precisely the set of all integer multiples of p. It is clear that every multiple
of p has this form. On the other hand, suppose that j is an integer combination of elements
of D but not a multiple of p. We can divide j by p, and get a quotient and a remainder:
that is, 7 = gp + r, where 0 < r < p. But since j and p are both integer combinations
of elements of D, so is r. However, p is defined to be the smallest positive one, so r = 0;
this contradicts the fact that j is not divisible by p. At this point, we have p = 3% a;n;,
where each n; € D; we know that every integer combination of the n;’s is a multiple of p;
and we know that every integer combination of the n;’s for which the coefficients are all
nonnegative is itself in D (since D is closed under addition). Finally, since n; is a multiple
of p, let ny = mp. We can now show that all sufficiently large multiples of p are elements
of D. To be specific, let N = Y7 ; mq|a;|n;. (Except for the extra factor of my, this is just
the formula for p, but with any negative coefficients replaced by their absolute values.) We
show that for every j > 0, N 4+ jp € D. It is sufficient to show that N + jp is an integer
combination of the n;’s, with nonnegative coefficients.

Let us first consider j satisfying 0 < j < m;. For such a j,

n
N +jp =) (mi]a;| + jai)ni

i=1

and all the coefficients of this sum are nonnegative. This takes care of all multiples of p
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with values between N and N + n;. However, it is clear that the same argument will work
for the multiples of p between N + rn; and N + (r 4+ 1)ny, where r is any natural number.
We have shown that {n € D | n > N} = {N +jp | j > 0}. We conclude that D is the
union of a finite set and an arithmetic progression, which means that it is the union of a
finite number of arithmetic progressions.
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